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DIFFERENTIAL FORMS*

DANIELE BOFFIT, MARTIN COSTABEL?, MONIQUE DAUGEf, LESZEK DEMKOWICZ§,
AND RALF HIPTMAIRY

Abstract. In this paper we prove the discrete compactness property for a wide class of p finite
element approximations of nonelliptic variational eigenvalue problems in two and three space dimen-
sions. In a very general framework, we find sufficient conditions for the p-version of a generalized
discrete compactness property, which is formulated in the setting of discrete differential forms of
order £ on a polyhedral domain in R? (0 < £ < d). One of the main tools for the analysis is a recently
introduced smoothed Poincaré lifting operator [M. Costabel and A. McIntosh, Math. Z., 265 (2010),
pp. 297-320]. In the case £ = 1 our analysis shows that several widely used families of edge finite
elements satisfy the discrete compactness property in p and hence provide convergent solutions to
the Maxwell eigenvalue problem. In particular, Nédélec elements on triangles and tetrahedra (first
and second kind) and on parallelograms and parallelepipeds (first kind) are covered by our theory.
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1. Introduction. Maxwell eigenvalue problem. The Maxwell eigenvalue
problem in a closed cavity 2 € R3 with perfectly conducting walls can be written
as follows by means of the Maxwell-Ampere and Faraday laws: Find the resonance
frequencies w € R and the electromagnetic fields (E, H) # (0,0) such that

(1.1) curlE = iwpH and curlH = —iweE  in Q,
' Exn=0 and H-n=0 on 02,

where € and p denote the dielectric permittivity and magnetic permeability, respec-
tively. The fields E and H are sought in L?(Q)3.

For simplicity, we consider the case of homogeneous isotropic material with nor-
malized material constants (¢, ¢ = 1)—we will come back to the general setting in
Remark 6.3. In a classical way, the elimination of the magnetic field from equations
(1.1) yields the Maxwell eigenvalue problem with perfectly electrically conducting
(PEC) walls in variational form:

(12) Seck u € H(curl,Q)\ {0}, we R such that
' (curlu,curlv) o) = w? (u, V)i2g) VVE ﬁ(curl, Q).
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136 BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

The elimination of the electric field would correspond to the same problem modeled
through replacing H (curl, Q) with H (curl, ).!

One aim in this paper is to prove the convergence of H (curl)-conforming Galerkin
discretizations of Maxwell eigenvalue problem (1.2) in the framework of the p-version
of the finite element method. The finite element approximation of Maxwell eigenvalues
has been the object of intense investigations for more than 20 years. It was soon
recognized that the H (curl)-conforming Galerkin finite element discretizations need
special finite element spaces that are generally termed edge finite elements (see [44,
45, 14)).

The first attempts to analyze the discretized eigenvalue problem were made for
the h-version of edge finite elements. We mention [39] as a pioneering work on lowest
order edge finite elements, where the discrete compactness property (see [2]) has been
indicated as a key ingredient in the analysis. Other relevant works are [13, 8, 19, 43,
40, 24, 9], and we refer the interested reader to [37, 42] and to the references therein
for a review on this topic.

In the literature, the Maxwell eigenvalue problem is often studied using varia-
tional formulations different from (1.2), such as mixed formulations [9], regularized
formulations [23, 25], or mixed regularized formulations [5, 17]. With the exception
of the method of weighted regularization [23, 25, 17], where H'-conforming elements
can be used, these formulations use the H (curl)-conforming edge elements. In the
analysis of edge element methods, special conditions implying convergence of the dis-
crete eigenvalue problems are presented, such as the so-called Fortid property [8],
or the GAP property [16]. As explained there, these conditions are related to the
discrete compactness property. Here we choose to work with the simple variational
formulation (1.2) and its generalization to differential forms. The role of the discrete
compactness property in this context has been discussed in detail in [19].

The analysis presented in the references above covers the h-version for basically
all known families of edge finite elements. It soon turned out, however, that the anal-
ysis of the p- and hp-versions of edge finite elements needed tools different from those
developed for the h-version. In [12] the two-dimensional (2D) triangular case has been
studied for the hp-version, but the analysis depends on a conjectured estimate which
has only been demonstrated numerically. In [11] a rigorous proof for the hp-version
of 2D rectangular edge elements has been proposed (allowing for one-irregular hang-
ing nodes) which, in particular, contains the first proof of eigenvalue/eigenfunction
convergence for the pure spectral method (p-version with one element) on a rectangle.

What paved the way for a successful attack on a general p-version analysis was the
regularized Poincaré lifting recently introduced in [26]: it enjoys excellent continuity
properties and at the same time respects discrete differential forms. In this paper we
are going to show how the regularized Poincaré lifting can be combined with another
recent invention, the projection-based interpolation operators (see [27, 29]), to clinch
the analysis of the p-version of edge elements. This allows us to prove the discrete
compactness (and hence the convergence of the discrete eigensolutions) for a wide
class of finite elements related to discrete differential forms: for (1.2) this includes, in
particular, Nédélec elements on triangles and tetrahedra (first and second kind) and
on parallelograms and parallelepipeds (first kind).

As already mentioned, one of the key ingredients in the convergence analysis is the
discrete compactness property. Much insight can be gained from investigating it in the
more general framework of discrete differential forms (see [4] for a lucid introduction

1By and large, we adopt the standard notations for Sobolev spaces; see [34, Chap. 2].
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DISCRETE COMPACTNESS FOR THE p-VERSION 137

to this subject). In this setting, the proofs are more natural and simultaneously cover,
in particular, 2D and 3D Maxwell eigenvalue problems.

Plan of the paper. The structure of the paper is as follows. We start in
section 2 with a generalization of (1.2) to eigenvalue problems associated with the
de Rham complex on differential forms. Then we define the discrete compactness
property and discuss its significance in the context of Galerkin discretization: in
association with two standard completeness properties, it gives a crucial sufficient
condition for the convergence of eigenvalues and eigenvectors. Section 3 is the core of
our paper and contains the description of our abstract assumptions. Having in mind
the p-version of finite elements, we consider a fized mesh 91 of a bounded Lipschitz
polyhedron Q € R? and a sequence of spaces of discrete differential forms of order ¢
(with 0 < ¢ < d) together with projection operators onto discrete spaces; we prove
that our assumptions imply the validity of the discrete compactness property for such
a sequence of spaces (Theorem 3.2). The abstract theory relies on the existence of
suitable Poincaré lifting operators, which are presented in section 4. The mapping
properties of these lifting operators allow us to specify some of the function spaces
appearing in our abstract assumptions. In section 5 we recall the classical families
of discrete differential forms with high degree polynomial coefficients on simplicial or
tensor product elements.

Our abstract theory applies to any dimension d, but for want of suitable regu-
larity results, embeddings, and projection operators, we can give examples satisfying
all of its assumptions only in dimensions d = 2 and d = 3. This is done in section 6,
where we concretize the function spaces and recall embedding results and properties of
projection-based interpolation operators related to these spaces. All abstract assump-
tions are then satisfied, leading to the main convergence result stated in Theorem 6.1.
The analysis of a p-version edge element discretization of the Maxwell eigenvalue
problem (1.2) is covered as the case where d = 3 and ¢ = 1; see Corollary 6.2.

2. Differential forms and generalized Maxwell eigenvalue problem. The
variational eigenvalue problem (1.2) turns out to be a member of a larger family of
eigenvalue problems, when viewed from the perspective of differential forms. This
more general perspective offers the benefit of a unified theoretical treatment of differ-
ent kinds of eigenvalue problems, e.g., the scalar Laplace eigenproblem, Maxwell cavity
eigenproblems in dimensions 2 and 3, the eigenproblem for the graddiv-operator in
dimension 3. This policy has had remarkable success in numerical analysis recently;
cf. [3]. Thus, in this section we first recall some basic notions related to differential
forms. We refer the interested reader to [4, sect. 2] for an introduction to this subject.

2.1. Function spaces of differential forms. Given a bounded Lipschitz do-
main Q C R?, we denote by C>(Q, A?), 0 < ¢ < d, the space of smooth differential
forms of degree £ on Q and by d; : C®(Q, A*) — C=(Q, A*T1) the exterior derivative.

We rely on the Hilbert spaces

(2.1) H(dg, Q) :={v € L*(Q,A") : d;v € L*(Q, A1)},
where L2(Q, A?) is the space of differential /-forms on €2 with square integrable coef-

ficients in their canonical basis representation; see [26, sect. 2]. Its inner product can
be expressed as

(2.2) (W, v)gq = / uAxv, uveL?QAY,
Q
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138 BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

with % the Hodge star operator induced by the Euclidean metric on R?, which maps /-
forms to (d— ¢)-forms. As above, a o tags the subspaces of forms with vanishing trace
tropq on 0f2, which can also be obtained by the completion of compactly supported
smooth ¢-forms with respect to the H(dg, 2)-norm:

(2.3) H(dg, Q) := {v € H(dy, Q) : traq v = 0}.
The subspace of closed forms is the kernel of d; and is denoted by H (de 0,9):
(2.4) H(d,0,9) := {v e H(d, Q) :dyv =0}

2.2. Variational eigenvalue problems. After choosing bases for the spaces of

alternating multilinear forms on RY, vector fields ( “vector proxies™) Q R() provide
an isomorphic model for differential /-forms on 2. By the choice of standard Euclidean
bases, the operators x, §, trgq, are identified with familiar operators of classical vector
analysis, and are distinct for different dimensions d and degrees ¢; see Table 2.1 and
[4, Table 2.1].

TABLE 2.1
Identification of differential forms with Euclidean vector proxzies in R2 and R3.

Differential form Proxy representation
d=2 [ d=3

do grad grad

£=0 | trgq ¢ blo0 bl00
f(do,©) | () ()
d; curl curl

/—1 | troau (uxmn)jpq | (uxn)an
H(d1,Q) | B(curl, Q) | El(curl,Q)
do 0 div

_ traog q 0 (a-n)jpn

(=2

B(ds,Q) | L2() I (div, Q)

Hence, the eigenvalue problem (1.2) with €, u = 1 is the special case d =3, £ =1
of the following variational eigenvalue problem for differential ¢-forms, 0 < ¢ < d:

Seck u € H(dg, Q)\ {0}, we Ry, such that

2.5 o
(25) (deu,dev)y g = w? (u, V)po VVvE H(dQ).
A key observation is that the bilinear form (u,v) — (deu,d¢v), o has an infinite

dimensional kernel H (d¢ 0,9Q) comprising all closed ¢-forms. It provides the invariant
subspace associated with the essential spectrum {0} of (2.5). This essential spec-
trum can be identified as the main source of difficulties confronted in the Galerkin
discretization of (2.5).

On the other hand, any solution u of (2.5) for w # 0 satisfies (u,d¢—1 %), o = 0 for

all ¥ € H (de—1,9). Thus, the eigenfunctions corresponding to nonzero eigenvalues
belong to the subspace

(2.6) V(de, Q) = {v e H(de, Q) : (vodg19)gq =0 Vo € H(de—1,Q)},
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DISCRETE COMPACTNESS FOR THE p-VERSION 139

which means they belong to the kernel of §,. This is the generalization of the
divergence-free constraint found for electric fields in the Maxwell case. From [46]
we learn of the following theorem.

THEOREM 2.1. For anyd € N, 0 <1 < d, the embedding of Eof(dg, Q) in L%(Q, AY)
18 compact.

By restricting the eigenvalue problem to }O/(d ¢, ), we can therefore use the Riesz—
Schauder theory. This implies that (2.5) gives rise to an unbounded sequence of

positive eigenvalues \¥ = (w*)2,

(2.7) N=0< AN <A< M= 00 (B — o0),

with associated finite dimensional mutually L?(£2)-orthogonal eigenspaces.

Remark 2.2. Owing to the zero trace boundary conditions imposed on its func-
tions, (2.5) may be called a Dirichlet eigenvalue problem. Using H(dg, €2) as variational
space would result in the corresponding Neumann eigenvalue problem. Its analysis
runs utterly parallel to the Dirichlet case.

2.3. Approximation of the eigenvalue problem and the role of discrete
compactness. In what follows we fix the degree ¢, 0 < ¢ < d, of the differential
forms. Spaces of discrete differential forms,

VL C H(d, ), dim V! < oo,

lend themselves to a straightforward discretization of (2.5). In this section, p € N
stands for an abstract discretization parameter, and, loosely speaking, large values of
p hint at trial/test spaces of high resolution.

We consider the approximation of the eigenvalue problem (2.5) by the following
Galerkin method:

Find u, € ]O/f) \ {0}, w € Ry, such that

(2.8) .
(dewy,devy)y g =’ (up,vy)yq VVeED,.

Now, the key issue is convergence of eigenvalues and eigenvectors as p — 0o, rigorously
cast into the concept of spectrally correct, spurious-free approzimation [19, sect. 4].
Let us recall these notions in a few words for the case of self-adjoint nonnegative
operators without continuous spectrum (which is the case here).

The notion of spectral correctness of the approximation of an eigenvalue problem
such as (2.5) by a sequence of finite rank eigenvalue problems (2.8) means the follow-
ing: all eigenvalues and all eigenvectors of (2.5) are approached by the eigenvalues
and eigenvectors of (2.8) as p — oo. If (2.5) has a compact resolvent (which is the
case only when ¢ = 0), the spectral correctness is an optimal notion: it implies that if
{M}e>1 and {Af}r>1 are the increasing eigenvalue sequences of (2.5) and (2.8) (with
eigenvalues repeated according to their multiplicities), then

(2.9) A=A as pooo VR,

and the gaps between eigenspaces (correctly assembled according to multiplicities of
the eigenvalues of (2.5)) tend to 0 as p — co.

If we face an eigenvalue problem for a self-adjoint nonnegative operator with an
infinite dimensional kernel and otherwise discrete positive spectrum (which is the case
for (2.5) for all £ > 1), the spectral correctness implies the same properties as above
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140 BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

with the following modifications of the definitions: now {\*};>; is the increasing
sequence of positive eigenvalues of (2.5) (as specified in (2.7)), and, given a positive
number £ < A, {)\];}kzl is the increasing sequence of the eigenvalues of (2.8) larger
than e (still with repetitions according to multiplicities). With such conventions,
spectral correctness still implies convergence of eigenvalues (2.9) and eigenspaces as
above. In this context, spurious-free approximation means that there exists €9 > 0
such that all eigenvalues of (2.8) less than g¢ are zero. Therefore, spectrally correct,
spurious-free approximation implies the convergence property (2.9), and the corre-
sponding convergence of eigenspaces, if we define {)\’;} k>1 as the increasing sequence
of the positive eigenvalues of (2.8).

There exist several different ways, all well studied and summarized in the litera-
ture of the last decade, for proving the convergence of the discrete eigenvalue problem
(2.8) to the continuous eigenvalue problem (2.5): one can use a reformulation as an
eigenvalue problem in mixed form as analyzed in [9], or one can use a regularization
which gives an elliptic eigenvalue problem for the Hodge—Laplace operator as analyzed
in [4], or one can follow the arguments of [19] and study the nonelliptic problem (2.5)
directly.

Here we outline the latter approach, which employs the analysis of [32] of the
approximation of eigenvalue problems of noncompact self-adjoint operators. Since
[19] deals only with the Maxwell case, i.e., d = 3, £ = 1, we examine the main
arguments in order to verify that they are also valid for the general case. The proofs
we give are adaptations of those of [19] to our more general situation.

Let us define the solution operator A : L2(2,A%) — I(‘_)[(dg,Q) of the source
problem corresponding to the eigenvalue problem (2.5) and its discrete counterpart

Ay V=V by
(de Af,de v)g o + (AF, V) g = (£ V) YV € H(de, ),

(2.10) Y
(de Apf,dev)g g+ (Apf, V) g = (£, v)g g VVEV,.

Note that the operators A and A, have the same eigenfunctions and the same eigen-
values (after a transformation) as the eigenvalue problems (2.5) and (2.8). Namely,
(2.5) and (2.8) are equivalent to the relations

(2.11) u=(w?+1)Au; u, = (W +1)4,u,.

The infinite dimensional eigenspace at w = 0 shows that A is not a compact operator.
Following [19], three conditions are identified that together are necessary and suf-
ficient for a spectrally correct, spurious-free approximation of A by A, or, equivalently,
of the eigenvalue problem (2.5) by the discrete eigenvalue problem (2.8).
The first condition is rather natural. It states that the sequence of discrete
spaces (f)f;)peN is asymptotically dense in I%(dg, Q) (compare [19, Condition (CAS)—
completeness of approximating subspaces]):

(2.12)  (CAS) pli;go in%e |[v — Vol g0 =0 Vv e H(d, Q).
vpE P

The second condition, relevant only for ¢ > 0, states that closed forms can be well
approximated by discrete closed forms (compare [19, Condition (CDK)—completeness
of discrete kernels]):

(2.13)  (CDK) lim inf Iz = 2yl 2y =0 Yz € H(de0,0).

0. (o}
P70 4,e VEN H(de 0,9)
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DISCRETE COMPACTNESS FOR THE p-VERSION 141

The third condition is the most intricate and has been dubbed discrete compactness.
For its formulation, we introduce the orthogonal complement space of the discrete
closed forms:

(2.14) 20={u, e Vo (,2)))0 =0 Yz, € Vi H(de0,2)}.
DEFINITION 2.3. Let us choose ¢ € {1,...,d — 1}. The discrete compactness

property holds for a family (f)f; )peN of finite dimensional subspaces of ﬁ(dg,Q) if,
for any subsequence N’ of N, any bounded sequence

(up)peN/ C H(de, Q) with up € Zf)

contains a subsequence that converges in L?(£, AY).

The convergence proof is based on two lemmas, the first of which corresponds to
[19, Thm. 4.12]. It implies, according to [32, Condition P1 and Thms. 2, 4, 5, 6], the
spectral correctness of the approximation.

LEMMA 2.4. If (2.12) and the discrete compactness property hold, then

(2.15) phjglo . sup | Av, — Apvp”H(de) =0.
vp€E Vﬁ,;”"p”H(de,Q):l

Proof. Note first that for v, € lo)f, N H(dg0,9) there holds Av, = v, = A,v,, 50
that by orthogonal decomposition of loﬂf) one gets

. sup [Avp — APV;DHH(dz,Q) - Sup lAvy — APVPHH(de) :
o€ VL Vo iy =1 v E) Vel se, =1

Furthermore, one has by definition of A and A4,,

[Av, — Apr”H(de) = info [Avp — WPHH(dZ,Q) :
wp€ Ve

Assume now that (2.15) does not hold. Then there exist € > 0, a subsequence N’ of
N, and a sequence (vp,)pern with v, € Z1 satisfying Vol s1(a,.0) = 1 and

(2.16) 1AVy = Wyll g, ) =6 VP EN, wy € V.

We can apply the discrete compactness property to the sequence (v,) and obtain a
subsequence converging in L?(Q, A?) to some v € L?(Q, A?). Since A : L2(Q,A%) —
H (de, ) is continuous, we find Av € H (de, 2), and the approximation property
(2.12) provides us with a sequence (w,) with w), € loﬂf, that converges in f{(dz, Q) to
Av. Hence for the subsequence we obtain

[ Av, — WpHH(dl,Q) < || Avy, — AV”H(de) + [|Av — Wp”H(de) —0,

in contradiction with (2.16). O

The second lemma corresponds to [19, Cor. 2.20]. It gives the discrete Friedrichs
inequality (in [9] also called “ellipticity in the discrete kernel”), and it is easy to see
that this implies that w = 0 is not a limit point of positive discrete eigenvalues, so
that the spurious-free property of the approximation follows.
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142 BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

LEMMA 2.5. If (2.13) and the discrete compactness property hold, then there
exists a > 0 such that for all p € N,

(2.17) Idevlip2) = allVlipz@) Vv e Z.

Proof. Assume that (2.17) does not hold. Then there exist a subsequence N’ of
N and a sequence (v, )pen with v, € 2,071‘; satisfying

(2.18) HVPHL2(Q) =1 and plggo [[de VP||L2(Q) = 0.

The discrete compactness property can be applied to this sequence and gives a
subsequence converging in L2(2, A%) to some z € L2(,A?). From (2.18) follows
that the convergence actually takes place in I(‘_)[(dg,Q) and that z € ﬁ(d@ 0,9Q).
Therefore the approximation property (2.13) provides us with a sequence (z,) with
z, € ]O/f, N ﬁ(d@ 0,9) that converges in L?(Q, A*) to z. Hence for the subsequence we
find

Ve = 2pll o) < IVp = 2l 12 () + |z — szL2(Q) — 0.
But v, € %f) and z, € 1O)f, N ﬁ(d@ 0,9) are L?(Q2)-orthogonal, and hence for all p,

[vp — Zp”iz(g) = HVpHiz(Q) + ||Zp||2Lz(Q) > 1,
which leads to a contradiction. d

To summarize, Lemmas 2.4 and 2.5 together prove the following result.

THEOREM 2.6. If the completeness of approzimating subspaces (2.12), the com-
pleteness of discrete kernels (2.13), and the discrete compactness property hold, then
(2.8) provides a spectrally correct, spurious-free approzimation of the eigenvalue prob-
lem (2.5).

Remark 2.7. The main focus of this section is on the convergence of the eigen-
values and the eigenfunctions of problem (2.8) to those of (2.5). On the other hand,
when considering concrete applications it is crucial to investigate the order of conver-
gence. In order to do so, several strategies are available. A straightforward approach,
which fits well into the theory summarized in this section, makes use of the results
from [33]. Theorem 1 of [33] states in this particular situation that the error in the
eigenfunctions (measured as usual by the gap of Hilbert spaces) is bounded by the best
approximation, and Theorem 3(c) of [33] states that the eigenvalues achieve double
order of convergence since our problem is symmetric. An alternative approach makes
use of the equivalence of problems (2.5) and (2.8) with suitable mixed formulations
[10, Part 4]; in this case an estimate of the order of convergence can be achieved
by the standard Babuska—Osborn theory for the spectral approximation of compact
operators applied to the mixed formulations [10, Thms. 13.8, 13.10, 14.9, 14.11].

3. An abstract framework implying discrete compactness. In this section
we fix a degree of differential forms

te{l,...,d—1},

and we formulate a set of hypotheses which allow us to prove the discrete compactness
property. These hypotheses are organized into the following three groups:
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1. Standard assumptions related to the finite element spaces ]O/f) (subsection 3.1);
2. assumptions on the existence and key properties of “lifting operators” (sub-
section 3.3); and
3. hypotheses on projections onto lo)f, complying with the commuting diagram
property and satisfying an approximation property (subsection 3.4).
To state these assumptions, we have to introduce intermediate spaces X and S of
more regular forms

VEC XM AY) € H(d, Q) and VL SO AT € H(deo1,Q),

allowing compact embedding arguments and precise notions of continuity of lifting
and projection operators.

3.1. Discrete spaces. Our focus is on finite element spaces. For the sake of
simplicity, we restrict ourselves to polyhedral Lipschitz domains 2. We assume that
the finite dimensional trial and test spaces ]O/f,, p € N, are based on a fized finite
partition 9 of 2, composed of elements (cells) K:

Q= |J K, KnK'=0, #K#K, KK em.
Kem

For a cell K € M, let §F,, (K) designate the set of m-dimensional facets of K: for
m = 0 these are the vertices, for m = 1 the edges, and for m = d — 1 the faces, and
Fa(K) = {K}.

We take for granted that the discrete spaces lo)f, can be assembled from local
contributions in the sense that for each mesh cell K € 90 there is a space V(K) C
C>(K, A% of smooth /-forms on K such that

(3.1) VL= Vi) = {ve H(d,Q): v|, € ViK) VK €M} .

In other words, ]O/f, can be defined by specifying the local spaces Vﬁ(K ) and requiring
the continuity of traces across interelement boundaries as well as boundary conditions
on 0f).

In the same fashion, we introduce a corresponding family f}f)_l c i (de—1,9) of
spaces of discrete (¢ — 1)-forms. We will see later that as a consequence of further
hypotheses, the local spaces Vﬁ’l(K ) and Vﬁ(K ) satisfy an exact sequence property.

3.2. Spaces of more regular forms. We introduce a Hilbert space X (9, A¢) C
H (d¢, Q) that captures the extra regularity that distinguishes ¢-forms in the space
SO/(dg, ). We can think of this space as a space of “more regular” ¢-forms on (.

Assumption 1. The space f/(dg,Q) defined in (2.6) is continuously embedded in
X (9, AY).

This means that with C' > 0 depending only on 2,
(32) Iallx@naey) < Cllullgg,0 Yue Y(d,Q).

On the other hand, X (91, A?) has to be small enough to maintain the compact em-
bedding satisfied by }O/(dg, Q); cf. Theorem 2.1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



144 BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

Assumption 2. The space X (9, AY) is compactly embedded in L2(Q, A?).

As with the discrete spaces, the spaces X (90, A?) are built from local contributions
and will therefore depend on the mesh 91. We assume that for each mesh cell K € I
there are Hilbert spaces X (K, A?) so that

(3.3) XA = {ve H(d, Q) : v|, € X(K,A") VK € m},

and, in addition, the norm of X (9, A*) is defined through local contributions:

(3.4) Hu||§<(zm7/\f) = Hqu(d@,Q) + Z ||U‘K‘|1(K7Ae)-
Kem

Finally, the local spaces have to be large enough to contain the discrete forms for any
value of p:

(3.5) VE(K) C X(K,AY).

Correspondingly, we introduce a space S(9, A*~1) C ﬁ](dg,l, Q) of “more regular
potentials.” Similar to X (9, A?), the spaces S(IM, A*~!) are mesh-dependent and
allow for a characterization through local Hilbert spaces S(K, A1), K € 9,

(36)  SOMLATY ={y € H(d1,Q): 9|, € S(K.A"Y) VK e m}.

They are endowed with the norm

(37) H¢||g(9ﬁ,A(*1) = H¢H§{(d5_1,ﬂ) + Z H¢|K||Z’(K,Ae*1) .
Kem

The local spaces are large enough to contain the local discrete potential spaces:
(3.8) VETHK) C S(K AT .

The following assumption establishes the connection between X (9, A?) and
SO, AL,

Assumption 3.  The exterior derivative maps S(9, A*"!) continuously into
X (M, AY):

S AT C {p € H(dr1,0) 1 der ¢ € X (AN},
and the image is maximal:

do—y S, A = dy_y H(dg—1, Q)N X (O, A).

To conclude this subsection, note that in the case of an element K touching the
boundary 99, the discrete spaces Vi(K) and V/~!(K), as well as the local spaces
X(K,A*) and S(K,A*"1), are not required to comply with any boundary conditions.
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3.3. Local liftings. A pair of linear mappings Ry : C®(K,A¥) — C®(K,
A1) k=10, 041, is called a lifting operator of degree £ if it fulfills

(3.9) de—10Re,x + Re1,x 0dg = Idg.

This relation characterizes a “contracting homotopy” of the de Rham complex [5,
sect. 5.1.2].

Besides this algebraic relationship, our approach hinges on smoothing proper-
ties of the lifting operators, expressed by means of the local spaces S(K,A*"!) of
more regular potentials and X (K, A?) of more regular forms. The next assumption
summarizes the continuity expected from the lifting operator.

Assumption 4. For every K € 9 there is a lifting operator (Re i, Re+1,x) whose
components can be extended to continuous mappings

Rer1x @ L2(K, AT = X(K,AY) and Ry : X(K,AY) — S(K,A“Y),
and thus identity (3.9) holds on X (K, A?).

As a consequence, for each cell K € 9, we have the exact sequence

(3.10) S, A 220y X (K, AY) —% s L2(K, AU,

Finally, the local liftings have to be compatible with the local spaces of discrete
differential forms.

Assumption 5. The local operators Rey1 x, when applied to exact local discrete
(¢ + 1)-forms, yield local discrete ¢-forms, i.e.,

Resix ode: Vi(K) = Vi(K).

3.4. Local projectors. As is usual in methods based on discrete commuting
diagrams, we need projection operators 71':];’ x onto discrete spaces for (¢ — 1)-forms

and ¢-forms. For degree £ — 1, our local spaces S(K, A’~1) of more regular potentials
can play the role of domains for the projectors wﬁ}%. For the degree ¢, by generalization

of what we actually need in the case of dimensions d = 2 and d = 3 for Maxwell, we

define our projectors 71';;’ x on smaller spaces than X (K, A?). We denote these new

spaces by S(K,A?) and require that they contain for all p the p-dependent subspaces
(3.11) X,(K,AY) = {ue X(K,A") : dpued Vi(K)}.

On the same model as (3.6)—(3.7), we define the corresponding global spaces S(M, A?)
and

(3.12) X, AY) = {ue X(M,AY) : dyued Vi),
and we have the continuous embeddings

(3.13) X, (M, AY) — SO, AY) — X (9, A°) .

Assumption 6. There are local continuous linear projections
T s S(K, AT = VT HE) and wp gt S(K,AY) = Vi(K)
for all mesh cells K € 1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



146 BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

The standard commuting diagram property is as follows.

Assumption 7.  The projectors Wﬁle and 7T£_ x are compatible with the exterior
derivative in the sense that the diagram

de—y

S(K,A*71) ——— S(K,A")

£—1 £
”p,Kl l’rp,x

de—1
VEEHEK) — VE(K)

commutes for every K € 9.

Let us note that, as a consequence of Assumptions 4 and 7, we find that the
sequence

VEU(K) 2= VIK) —% d, (VY(K))

is exact.
Besides, the local projections acting on (¢ — 1)-forms are assumed to enjoy a
crucial approximation property using the Hilbert space norms ||| gz se-1)-

Assumption 8. There is a function £,_1: N — RT with lim, ,o ¢—1(p) = 0 so that

[de-a(o — 7tda)] <) I llsgreny Vo€ S(KATY).

L2(K,A%)

Finally, we assume for the projections wf;) x anatural condition of conformity: for

all u € X, (K, A%,
(3.14) trpu=0 = trpm,gu=0 VFEF,(K), (<m<d,

and we assume the corresponding condition for the projections wﬁ}%. This makes it
possible to define global linear projections

0. V4 Y14 -1 . 14 Vrl—1
T, SMLAY) =V, and w7 S(LAY) = V),

by patching together the local operators
(3.15) (W;;ll) ‘K = Wﬁ’K (u‘K) and (Wf;*lqb) ‘K = Wﬁ}% (qb‘K) VK e 9.

As a consequence of Assumption 7 and (3.15), the global projectors Wﬁ’l and 7T£
inherit the global commuting diagram property

de—1

S(OM, A1) S(9M, AY)
(3.16) ﬂ;;fll lﬁg
Oy de_1 o
o o e
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3.5. Proof of the discrete compactness property. The estimate of Assump-
tion 8 on “potentials” carries over to {-forms with a discrete exterior derivative, that
is, the elements of the space X, (9, A?); see (3.12).

LEMMA 3.1 (global projection error estimate). Making Assumptions 4-8, the
estimate

la = 70ul| o g aey < Coea () [ullxamney V€ Xp(90, A

holds true, with a constant C' > 0 independent of p.

Proof. Pick any u € X,(9M,A%). The locality of the projector 7/ (cf. (3.15))
and (3.4) allow purely local considerations. Single out one cell K € 9, still write
u=u ‘K € )N(p(K, A%), and split u on K using (3.9) from Assumption 4:

(3.17) u=dy_1 Re,gku+Rep1,kdeu=di—1 ¢+ Repq,xdeu,

with ¢ := Ry xu. The continuity of Ry x from Assumption 4 reveals that

(3.18) 1Bl s(xc.ne-1) < Cllallx g ary »

where here and below we will denote by C constants (possibly different at different
occurrences) which depend neither on u nor on p.

Thanks to identity (3.17) and the commuting diagram property from Assump-
tion 7, we have

(3.19) 7T£)Ku= dy_q Wﬁ}%d)-f—ﬂﬁ)KRHl)K dy u.

Recall that u € )N(p(K , AY) belongs to the domain of wf; x by Assumption 6. Further,
asu € )Z'p(K, A%), from Assumption 5 we infer that

(3.20) Ret1,x deu € V(K.

Thus, owing to the identities (3.17), (3.19) and the projector property of Wﬁ’K, the

task is reduced to an interpolation estimate for 71';;_[%:

(3.21) (Id =7y e )u=de1(1d — 7 )+ (Id — 7y s )Rey1k deua.

=0 by (3.20)

As a consequence, invoking Assumption 8,

(3.21) _
(322) [[0d = 7f )ul o pey = Hde—l(ld - Wﬁ,é)cb‘

L2(K,Af)

(3.18)
<er ) llgarty < Cera(p) ullxxnr

which furnishes a local version of the estimate. This estimate is uniform in K € 9
because 9t is finite. Due to (3.4), squaring (3.22) and summing over all cells finishes
the proof. |

We are now in position to prove the main result of this section.

THEOREM 3.2 (discrete compactness). Under Assumptions 1-8, the discrete

compactness property of Definition 2.3 holds for the family (loif))peN of subspaces of
H(d, Q).
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Proof. The proof resorts to the “standard policy” for tackling the problem of
discrete compactness, introduced by Kikuchi [39, 40] for analyzing the h-version of
Whitney-1-forms. It forms the core of most papers considering the issue of discrete
compactness; see [12, Thm. 2], [11, Thm. 11], [37, Thm. 4.9], and [31, Thm. 2].

Let us introduce the discrete analogue of the space }O/(dg, Q):
(3.23) 3075 ={vp € Vi (vp,dem1 1/’,,)0)Q =0 Vo, € Vi ')

e} . o]
The space y;; contains Zf) as a subspace.

We consider a subsequence N' of N and an H(dy, €2)-bounded sequence (u,),,cx,

with members in 2,071‘; Thus, u, belongs in particular to Joiﬁ, and the sequence (u,)
satisfies

peN’

O

(3.24) u, € VY,
(3.25) (up,de19,) o =0 Vep, € Vi
(3.26) [pll g, 00 <1 VP E N.

We have to confirm that it possesses a subsequence that converges in L2(€2, A%).
We start with the L?(€2, A?)-orthogonal projection of u,, into Sof(dg, Q) and parallel
to dp_q f{(dz_l, Q): let u, be the unique vector field in ﬁ(dg, Q) with

(3.27) U =w, +d1d, &, H(de1,9),

(3.28) (T, de—11p)g g =0 Vb € H(de—1,9).

Obviously, the latter condition implies

(3.29) 1, € Y (d, Q).

Hence, by virtue of Assumption 1, the fact that d, u, = dyu,, and (3.12), u, satisfies
(3.30) u, € Xp(mv Aé)a Hﬁp”x(sm,Al) <C ||uPHH(d£)Q) ;

where C' > 0 does not depend on p.
Since d¢—1 ¢, =1, —u, € X(IM, A*), Assumption 3 implies that we may assume

that ¢, € S(M, A1),
Thus we can use Nédélec’s trick [44] to obtain

~ 2 ~ ~ ~ =~
(3.31) [a, — uPHLQ(QJ\@) = (up — Up,Up — Uy + U, — up)o)g

~ ~ e,\.,
= (8, —up, T, — Wpup)o,g :
This holds because from (3.27) and the projector property of 7r£ we know that
Wf;ﬁp —u, = ﬂﬁup + Wf; de1p, —up = Wf; de—19,,

and by combining the commuting diagram property (3.16) (deduced from Assump-
tion 7) with the orthogonality conditions (3.25) and (3.28), we find

(3.32) (u, — up,wf;ﬁp — up)o,n = (ﬁp —up,doq wﬁ*lap)o 0= 0.

s
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Hence, appealing to Lemma 3.1, with C' > 0 independent of p, we get

[, — upHL2(Q,Af) S Hﬁp o ﬂ—f;ﬁpHLﬂ(Q)Al) < Cep_1(p) ||ﬁpHX(fm,Af)
(3-33) (3.30)
< Cer1(p) [apll y gn pey = 0 for p — oo

From (3.30) we conclude that the sequence (1), is uniformly bounded in X (90, AY).

By Assumption 2 it has a convergent subsequence in L2(Q2, A?). Owing to (3.33), the
same subsequence of (up) ., will converge in L2(Q, AY). O

3.6. Approximation of the eigenvalue problem. As discussed in subsec-
tion 2.3, the discrete compactness property is the cornerstone of the proof of the
convergence of the discrete generalized Maxwell eigenvalue problem (2.8).

COROLLARY 3.3. In addition to the hypotheses of Theorem 3.2, namely,
Assumptions 1-8, assume that property (CAS) (2.12) holds and that the space
X (O, AN f{(dg 0,9Q) is dense in Ici)f(dg 0,Q). Then (2.8) provides a spectrally correct,
spurious-free approximation of the eigenvalue problem (2.5).

Proof. We use Theorem 2.6 from subsection 2.3. Considering that the discrete
compactness property is provided by Theorem 3.2, and that we assume the approxi-
mation property (CAS) (2.12), we need only show the approximation property (CDK)
(2.13), which concerns the approximation of closed forms by closed discrete forms.

Since we assumed the density of X (90T, A¢)N ﬁ(d@ 0,Q)in IO{(dg 0, ), it is sufficient
to prove (CDK) for z € X (9, A%) N ﬁ(dg 0,). Such a z belongs to )?p(ﬁﬁ, A?), and
we can therefore apply Lemma 3.1, which shows that 7)z — z in L?(€2, AY). We will

have accomplished showing (CDK) with z, = 7}

Keeping in mind that z, € f)f, C H(dg, ), we see that it is sufficient to show the
local relation dyz, = 0 in K for every K € 9. This follows finally, as in (3.19) in the
proof of Lemma 3.1, because dy z = 0 implies

z, as soon as we show that d, z, = 0.

l -1
7Tp7KZ = dg,1 7Tp7KRg,KZ.

Hence dgz), = dy w£7Kz =dydy_q Wﬁ}% R¢,xz = 0, which ends the proof. d

Remark 3.4. The abstract theory developed in this section can be applied to the
h-version of discrete differential forms if the dependence of the constants on the size
of the cell K is made explicit by means of scaling arguments. Here, we forgo this
extra technicality and refer the reader to [37, sect. 4.4].

4. Regularized Poincaré lifting. In this section we describe the construction
of a local lifting operator Ry that will satisfy Assumptions 4 and 5 in subsection 3.3
for suitable spaces X (K, A), S(K,A?), and Vﬁ(K). We follow the presentation in
[26], where these operators are analyzed and where it is shown in particular that they
are pseudodifferential operators of order —1.

4.1. Definition. We consider a bounded domain D C R? that is star-shaped
with respect to some subdomain B C D, that is,

(4.1) VaeB,zeD: {(1—ta+tx, 0<t<l1l}CD.

For a € B and 1 < ¢ < d, we define the Poincaré operator, R, ,, acting on a
differential form u € C*°(D, A?), by the path integral

1
(4.2) Requ(z) = (v —a) 2 /0 -1 u(a+t(z —a))dt, z € D.
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Here the symbol L denotes the contraction (also called “interior product”) of the
vector field x — (z — a) with the ¢-form u. It is clear that R, , maps C*°(D, A?) to
C>(D,A*" 1), and it has been shown (see [35] for proofs in the case d = 3) that it
can be extended to a bounded operator from L%(D,A) to L?(D,A*"'). In order to
define the regularized Poincaré operator Ry, we choose a function

6 € Co*(RY), suppf C B, / 0(a)da =1,
B
and set
(4.3) Reu(z /9 JRe,qu(x) da

4.2. Regularity. The substitution y = a + t(x — a), 7 = 1/(1 — t) transforms
the double integral in (4.2), (4.3) into

Reu(z /Rd/ e 1 d- Z@(z—!—r(y—x)) (x —y) su(y)drdy

(4.4)
= /Rd k(y,y — x) su(y) dy,

where the kernel k(y, z) has an expansion into quasi-homogeneous terms:

oo

k(y,z) = —2 s+ 1)y + s2) ds

d— e ; IS
(-5 d—j—1 < )

r O\y+r—
Z IZIdJ/o |z

Jj=

Lo—

(4.5)

The operator Ry is therefore a weakly singular integral operator. In [26, sect. 3.3], the
following result is shown.

PROPOSITION 4.1. For1 < /{ < d, the operator Ry is a pseudodifferential operator
of order —1 on R, It is well defined on C>°(D, "), it maps C>=(D,A") to C>=(D
A=Y and C®(D,A*) to C=(D, A1), and for any s € R it has an extension as a
bounded operator

Ry : H(D,A%) — H**1(D,A* 1) .
Here, H*(D, A*) is the Sobolev space of £-forms on D of order s.

4.3. Lifting property. The lifting property (3.9) is a consequence of the fol-
lowing identity, which is a special case of “Cartan’s magic formula” for Lie derivatives
and for a flow field generated by the dilations with center a:

(4.6) %(teu(a +t(x — a)))

= dg_l(te_l(x —a)su(a+t(z— a))) +t(z —a) odg u(a+t(z —a)).

Here u is an ¢-form. The result is

de-1Rpu+Ryy1dju=u (1<e<d—1);
(4.7) Ridou=u- (9,u)O)D (£=0);
dd,1 Rdu =u (f = d).
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These relations are valid for all u € C§°(R?, A*) and by extension for all u €
H*(D,\"), s € R.

The perfect match of (4.7) with (3.9) from Assumption 4 suggests that the regular-
ized Poincaré lifting R, provides suitable local liftings as stipulated in Assumption 4.
To this end, we can choose as local spaces of “more regular forms”

X(K,A := H(d;, K)N H"(K,A"),

(4.8) , ,
S(K,A"Y):=H"(d;_1,K), and S(K,A"):= H"(dy, K)

for some 0 < r < 1, where we denote by H"(dg, K) the space
H"(dy,, K) := {v € H"(K,A") : dy v € H"(K,A*"1)}.

All these spaces are equipped with the natural Hilbert space norms. Also keep in
mind that the global spaces X (9, A%), S(9, A*~1), and S(9, A?) are determined by
their local definition on the mesh cells K; cf. (3.3) and (3.6). For the particular choice
(4.8) an assumption of Corollary 3.3 can be verified.

LEMMA 4.2. For X (9, A*) arising from (4.8), the space X (9, A*) N f{(dg 0,9Q)
is dense in ﬁ(dg 0,Q).
Proof. By [26, Thm. 4.9(c)] we have a direct decomposition

5 % 0— 00 n 4
(4.9) H(de0,Q) =dey H'(Q,A) @ Cr, CoC CT(R™,AY),

where CZ (RZ, A?) is the space of compactly supported, smooth ¢-forms on RY with
support contained in Q or, equivalently, the space of all smooth ¢-forms on § that
vanish on dQ together with all their derivatives. Since C2°(R? A*™') is dense in

HY(€, A1), we deduce that
C(RY,AY) Ndemy HY(Q,AY) isdensein dp_y H'(Q,A).

As every u € CF° (R4, A?) belongs to X (91, A?), the assertion follows. O

We point out that the choice of r in (4.8) is determined by Assumption 1. Also
note that whenever we opt for (4.8), Rellich’s theorem ensures Assumption 2, because
the mesh is kept fixed.

The construction of Ry entails a constraint on the cell shapes. This is satisfied for
standard finite element meshes, where the cells usually are convex polyhedra.

‘ Assumption 9. Every cell K € 9 is a star-shaped polyhedron. ‘

LEMMA 4.3. Assumption 9 and the choice (4.8) for spaces X (K, A*) and S(K, A1)
imply Assumptions 2, 3, and 4.

Proof. The only fact remaining to be proved is the maximality relation in As-
sumption 3,

doo1 SO, ATY) = dpq H(dp—1,Q) N X (O, AY).

The inclusion C holds by definition. Let us prove the converse inclusion.

Let u € dyq H(de_1,Q) N X (M, AY). Thus u = dy_1 ¢ with ¢ € H(de_1,Q).
Since u € L2(9, AY), using [26, Cor. 4.7] we obtain that there exists ¥ € H'(€, A‘1)
such that u = dy_1 1. In particular, 1/J‘K belongs to H"(K,A'"1) for all K, and,
since u |K belongs to H"(K, A*), we finally find that v ‘K € H™(d¢—1, K). O
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4.4. Preservation of polynomial forms. Fundamental in finite element meth-
ods is the notion of polynomial differential forms. For an ordered /-tuple I =
(il,...,ig), 1 <o < --- <y, {7;1,...,7;@} - {1,...,d}, let

dry :=dx;, A Aday,,

where dzj, j = 1,...,d, are the coordinate 1-forms in Euclidean space R%. The space
Pp(AY) of polynomial ¢-forms on RY is defined as

Pp(AZ) = {u = Zl urdrr : ur € Pp(Rd)} )

where ), indicates summation over all ordered (-tuples, and P,(R?) is the space of
d-variate polynomials of total degree < p. We remark that for d € {2, 3}, polynomial
forms possess polynomial vector proxies.

From definition (4.2) it is clear that the Poincaré operator Ry, maps differential
forms with polynomial coefficients to differential forms with polynomial coefficients.
The same holds for the regularized Poincaré operator Ry by (4.3). If we want R, to
map a space P(A’) of differential forms of order ¢ (e.g., with polynomial coefficients)
into a space P(A‘~1) of differential forms of order £ — 1, it is sufficient to require the
following two properties; see [26, Prop. 4.2].

PROPOSITION 4.4. Assume that P(AY) and P(A*~') are finite dimensional spaces
of differential forms satisfying the following:

(i) The space P(A") is invariant with respect to dilations and translations:

for anyt €R,a € R™ if u € P(AY), then (z—u(tz+a)) € P(AY) .

(ii) The interior product x4 :u s x su maps P(AY) to P(A*~1).
Then Ry maps P(AY) into P(A*1).

For the compatibility Assumption 5 to hold, it is therefore sufficient to make the
following assumption about the local polynomial space Vﬁ(K ).

Assumption 10.
(i) The space VE(K) is invariant with respect to dilations and translations.

(ii) The differential operator 4 d; : u— @ s dyu maps Vi (K) into VS(K).

To summarize,
Assumptions 9, 10, and (4.8) = Assumptions 2, 3, 4, and 5.

5. Discrete differential forms. Now we introduce concrete spaces of discrete
differential forms. We merely summarize the constructions that have emerged from
research in differential geometry (the “Whitney-forms” introduced in [48]) and finite
element theory (“Raviart—Thomas elements” of [47] and “Nédélec finite elements” of
[44, 45]). These schemes were later combined into the concept of discrete differential
forms [14, 36]. Surveys and many more details can be found in [37, 4, 5, 15].

5.1. Simplicial meshes. Let 2t be a conforming simplicial finite element mesh
covering the Lipschitz polyhedron 2 € R?. As elaborated in [4, sects. 3 and 4] for
p € N the choices

(5.1) Vp(K) :i=Pp1(A) | + 2 0 Ppa (AT ]
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and

(5.2) V(K) = Pp(AY) |

of local spaces, through (3.1), give rise to meaningful global finite element spaces
VP(IM) of discrete differential forms.

By construction, both Assumptions 9 and 10 are satisfied for these spaces. The
asymptotic density property also holds.

LEMMA 5.1. The spaces Vi (M) of discrete differential forms built from (5.1) or
(5.2) meet the requirement (2.12).

Proof. 1t is a classical result of finite element theory that the spaces of degree p
Lagrangian finite element functions V3(9) are asymptotically dense in H'(2). Thus
the space of polynomial ¢-forms with coefficients in 1022(93?), which is a subspace of
ﬁf,(sm), is asymptotically dense in H(€, AY). The latter space is obviously dense in
I(‘.)[(dg, ), since this is already true for C§° (9, ). O

5.2. Tensor product meshes. Let 90 be a conforming finite element mesh of
the Lipschitz polyhedron {2 whose cells are affine images of the unit hypercube K in
R?: for K € M we write @ : K — K for the associated unique affine mapping. We
generalize the construction of [44]: on the cube we define (with notation introduced
in subsection 4.4)

d o
> ~ Po1ifjel

4 ._ _ E — | |
VP(K) = V= : urdxy, UI($) = i UI7j($j), ur,; € {'Pz 1fj ¢ 7

The local spaces are obtained by affine pullback
(5.3) VUK) = (®51) VUK.

This affine tensor product construction also complies with Assumptions 9 and 10. In
a way that is completely parallel to Lemma 5.1, one can prove the following result.

LEMMA 5.2. The requirement (2.12) is satisfied for the spaces fﬂg(sm) spawned
by (5.3).

Remark 5.3. For all of the above meshes, the cells are affine images of a single
reference cell, the “unit simplex” or “unit hypercube.” We could allow some non-
affine cells: under the assumption that the transformations are “nearly affine” (see
[22, sect. 4.3]), and the projection operators 771‘;7 x are defined correspondingly, all
crucial estimates such as Lemma 3.1 can be transferred to the reference cell using the

pullback of differential forms.

6. Application in dimensions 2 and 3. We adopt the discrete spaces from
section 5 along with the regularized Poincaré lifting from section 4. We rely on the
choice (4.8) for spaces X and S, with a regularity exponent r € (0, 1] which has to be
chosen suitably.

In order to establish the discrete compactness property from Definition 2.3, it
remains to verify the regularity Assumption 1 and Assumptions 6, 7, and 8 for con-
venient local projectors mf ;.

Local projectors which make the discrete diagram of Assumption 7 commute do
exist in the general framework of differential forms of any degree. They generalize
Nédélec edge element projections and can be referred to as moment-based projection
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operators. They are suitable for the h-version of finite elements in dimensions 2 and 3.
In higher dimensions, some of them (for low degree forms) require a higher regularity
than H? to be defined. In [4, 5], they are modified by an extension-regularization
procedure in order to be defined and bounded on L?. However, such operators cannot
be used for the p-version of finite elements because no estimates (stability or error
bounds) are known with respect to the polynomial degree p.

The proper projection operators for p-version approximation are so-called
projection-based interpolation operators; see [28, 29, 18, 27, 30]. Variants for any
¢ and d are available and are designed to commute in the sense of Assumption 7 [37,
sect. 3.5].

At this point we have to abandon the framework of general £ and d because both
regularity results (Assumption 1) and the analysis of projection operators (Assump-
tion 8) are not presently available for general ¢ and d. We have to discuss them for
special choices of ¢ and d separately, relying on a wide array of sophisticated results
from the literature.

THEOREM 6.1 (convergence of Galerkin approximations). For d = 2, 3, and
0 </ < d, the Galerkin discretization of (2.5) on a Lipschitz polyhedron based on any
of the families of discrete differential forms introduced in section 5 offers a spectrally
correct, spurious-free approximation.

Proof. We skip the case ¢ = 0, for which the standard Galerkin approximation
theory for operators with compact resolvent can be applied; see [41].

To begin, we focus on the discrete compactness property and verify Assump-
tions 1, 6, 7, and 8 for d = 2 and d = 3 separately.

e d=2,¢=1: in terms of vector proxies we find the correspondence

(6.1) Y (dy, Q) ~ H(curl, Q)N H(div0,9) .

Regularity theorems for boundary value problems for —A on the polygon confirm the
existence of 6 = §(2) > 0 such that

(6.2) H (curl, Q) N H(div0,Q) c H*/2(Q),

in the sense of continuous embedding; see [34, sect. 3.2]. This suggests choosing
r=0+1/2in (4.8), and Assumption 1 will hold. Hence, we deal with the concrete
spaces

(6.3) XA = H(cur, Q)0 J] (HFV2(K))?,
Kem
(6.4) S, A% = i @) n J] H**(K) .
Kem

Commuting local projection-based interpolation operators 7, r- and 7  have been

proposed for triangles and for quadrilaterals in [28]. With ‘the choice (6.3)—(6.4),
they live up to Assumptions 6 and 7. Assumption 8 holds with g¢(p) = Cp~1/? and
C > 0 depending only on the shape-regularity of the cells; cf. [27, Thm. 4.3] and
[6, Thm. 4.1]. Finally, these interpolation operators satisfy the natural condition of
conformity (3.14) by construction, which makes them meet all our requirements; cf.
subsection 3.4.

e d=3,¢=1,2: we have the vector proxy incarnation

H(curl, Q) N H(div0,Q) for ¢ =1,
H

(6.5) Y (dg, 2) ~ { (div, Q) N H(curl0,Q) for £ = 2.
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Citing results from [1] and [37, sect. 4.1], we find § = §(©2) € ]0, 3] and continuous
embeddings

(6.6) H(curl, Q) N H(div,Q), H(div, Q)N H(curl, Q) c H*T/2(Q).

Therefore, using the construction (4.8) with » = § +1/2, Assumption 1 is satisfied for
¢ € {1,2}. The relevant spaces of more regular forms now read

(6.7) XM AY) = H(cur, Q)0 J] (H*/2(K))?,
Kem

(6.8) X(,A%) = H(div,Q)n ] (HF2(K))?,
Kem

(6.9) SO, A% = @) n [ H2(K),

Kem

(6.10) S, AY) = H(cur, Q)0 J] H P2 (curl, K).

Kem

The essential commuting local projection-based interpolation operators 7", , m =
0,1,2, have been introduced in [29] for tetrahedral meshes and in [28] for meshes
comprising parallelepipeds. By construction they comply with Assumptions 6 and
7. Relying on [27, Thm. 5.3] we obtain, like in the 2D case, that Assumption 8 is
satisfied with e,,(p) = Cp~'/? for m = 0 and m = 1.

e Finally, we appeal to Lemmas 5.1 and 5.2, together with Lemma 4.2, and apply
the abstract theory of section 3 in the form of Corollary 3.3 to conclude the proof of
the theorem. d

COROLLARY 6.2 (approximation of the Maxwell eigenvalue problem). The p-
version finite element discretization of the Mazwell eigenvalue problem (1.2) based on
edge elements from the first or second Nédélec family on triangles or on tetrahedra, or
from the first Nédélec family on parallelograms or on parallelepipeds, offers a spectrally
correct, spurious-free approximation.

Remark 6.3. Instead of (1.2) we may consider the variational formulation of
the more general Maxwell eigenvalue problem (1.1), corresponding to the case of
anisotropic inhomogeneous material:

(6.11) Seek u € ﬁ(curl, )\ {0}, weRY, such that
A1

(1" curlu, curlv) =w? (eu, V)2 YV E H(curl, Q),

L2(Q)
with uniformly positive material tensors p = p(x), € = €(x). The same edge element
discretizations listed in Corollary 6.2 provide spectrally correct, spurious-free approx-
imations of this problem. This generalization of Corollary 6.2 can be achieved with
standard tools (see, in particular, Propositions 2.25, 2.26, and 2.27 of [19]; see also
[38, sect. 6] and [37, Thm. 4.9]).

Remark 6.4. The restriction on the families of elements mentioned in the corollary
is essentially due to the availability of published results about suitable interpolation
operators. Thus, for example, as soon as a generalization of the p-version error esti-
mates of [29, 27] for projection-based interpolants to meshes containing prismatic or
more general polyhedral elements becomes available, our result about the approxima-
tion of the Maxwell eigenvalue problem will apply to such meshes, too.
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Remark 6.5. Several obstacles prevent us from establishing the assumptions of the
abstract theory for d > 3. On the one hand, continuity properties of projection-based
interpolation operators have not been investigated for d > 3. Also, regularity results
along the lines of (6.6) have not been published for polyhedra in higher dimensions.

On the other hand, the seemingly innocuous requirement (3.14) for the projection
operators—corresponding to the requirement that the global projection operators are
constructed elementwise from local degrees of freedom—requires that the trace of
forms in S(K, A1) onto (¢ — 1)-dimensional facets in F,—1(K) must make sense.
However, we cannot expect more than H? regularity for the space S(K, A*~!). Hence,
by trace theorems for Sobolev spaces, the spaces S(K,A*~!) allow for traces on m-
facets for m > % — 2 at best, which means that ¢ > % — 1 is required to allow for the
construction of a local projection-based interpolation complying with Assumptions 6
and 8.

Perhaps, an analysis in LP-spaces as in [1, Lem. 4.7] can make possible an exten-
sion of the theory to higher dimensions, but this is beyond the scope of the present
article.

Remark 6.6. Our approach does not cover hp-refinement, for various reasons.
One reason is that there exist many variants of hp-refinements in three dimensions,
and covering them would, in any case, require a much longer paper than the present
one.

Another reason is technical: the existing convergence proof of the hp approxima-
tion of the Maxwell eigenvalue problem in [11]—while also based on the proof of the
discrete compactness property—uses a different technical tool, namely, an estimate
of the L? stability of a certain projection operator. This kind of estimate is currently
only available for intervals in one dimension and for rectangles in two dimensions.

The technique used in the present paper is based on the regularized Poincaré
lifting, and adjusting this to a variable polynomial degree poses formidable technical
challenges. Only in two dimensions have these been mastered so far, as was demon-
strated in [7] in the context of boundary element analysis.

7. Conclusion. In this paper we have proved that the p-version of finite elements
based on generalized Nédélec edge elements provides a spurious-free, spectrally correct
approximation of the Maxwell eigenvalue problem. The essential point was the proof of
the discrete compactness property. We showed that this property follows from a set of
rather natural assumptions about the family of finite element spaces and interpolation
operators, and in addition we showed that these assumptions are implied by recent
results on lifting operators and on projection-based interpolants.

In the approach pursued in [4, 5] the discrete compactness property is not ad-
dressed directly: in the framework of the h-version for differential forms, modified
moment-based projection operators are used. These new operators satisfy the strong
property of being uniformly bounded in L? and are constructed by means of a delicate
extension-regularization procedure; see also [21, 20].

On the one hand, this uniform boundedness property is stronger than our
Assumption 6 and replaces in a certain way the discrete compactness property. But
on the other hand, it is currently not known whether a construction of projection op-
erators by extension-regularization could also be employed in the case of the p-version
of finite elements, or whether the construction of a p-uniformly L?-bounded family of
cochain projections is even possible.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



23]

24]

[25]

DISCRETE COMPACTNESS FOR THE p-VERSION 157

REFERENCES

C. AMROUCHE, C. BERNARDI, M. DAUGE, AND V. GIRAULT, Vector potentials in three-
dimensional non-smooth domains, Math. Methods Appl. Sci., 21 (1998), pp. 823-864.

P. ANSELONE, Collectively Compact Operator Approzimation Theory and Applications to In-
tegral Equations, Prentice-Hall, Englewood Cliffs, NJ, 1971.

D. ARrNOLD, Differential complexes and numerical stability, in Proceedings of the Interna-
tional Congress of Mathematicians, Vol. I (Beijing, 2002), Higher Ed. Press, Beijing, 2002,
pp. 137-157.

D. ArRNOLD, R. FALK, AND R. WINTHER, Finite element exterior calculus, homological tech-
niques, and applications, Acta Numer., 15 (2006), pp. 1-155.

D. ArRNOLD, R. FALK, AND R. WINTHER, Finite element exterior calculus: From Hodge theory
to numerical stability, Bull. Amer. Math. Soc., 47 (2010), pp. 281-354.

A. BEspALOV AND N. HEUER, Optimal error estimation for H(curl)-conforming p-interpolation
in two dimensions, SIAM J. Numer. Anal., 47 (2009), pp. 3977-3989.

A. BespaLov, N. HEUER, AND R. HIPTMAIR, Convergence of the natural hp-BEM for the
electric field integral equation on polyhedral surfaces, SIAM J. Numer. Anal., 48 (2010),
pp. 1518-1529.

D. BoOFF1, Fortin operator and discrete compactness for edge elements, Numer. Math., 87
(2000), pp. 229-246.

D. BoFF1, Approzimation of eigenvalues in mized form, discrete compactness property, and
application to hp mized finite elements, Comput. Methods Appl. Mech. Engrg., 196 (2007),
pp. 3672-3681.

D. BOFFI, Finite element approzimation of eigenvalue problems, Acta Numer., 19 (2010), pp. 1-

120.

. Borri, M. COSTABEL, M. DAUGE, AND L. DEMKOWICZ, Discrete compactness for the hp
version of rectangular edge finite elements, SIAM J. Numer. Anal., 44 (2006), pp. 979—
1004.

. Borri, L. DEMKOwICZ, AND M. COSTABEL, Discrete compactness for p and hp 2D edge
finite elements, Math. Models Methods Appl. Sci., 13 (2003), pp. 1673-1687.

. BorF1, P. FERNANDES, L. GASTALDI, AND I. PERUGIA, Computational models of electro-
magnetic resonators: Analysis of edge element approzimation, SIAM J. Numer. Anal., 36
(1999), pp. 1264-1290.

. Bossavit, Whitney forms: A class of finite elements for three-dimensional computations
in electromagnetism, Proc. IEE-A, 135 (1988), pp. 493-500.

. Bossavit, Discretization of electromagnetic problems: The “generalized finite differences,”
in Numerical Methods in Electromagnetics, W. Schilders and W. ter Maten, eds., Handb.
Numer. Anal. XIII, Elsevier, Amsterdam, 2005, pp. 105-197.

A. BUFFA, Remarks on the discretization of some moncoercive operator with applications to

heterogeneous Mazwell equations, STAM J. Numer. Anal., 43 (2005), pp. 1-18.

A. BUFFA, P. CIARLET, JR., AND E. JAMELOT, Solving electromagnetic eigenvalue problems in
polyhedral domains with nodal finite elements, Numer. Math., 113 (2009), pp. 497-518.

W. Ca0 AND L. DEMKOWICZ, Optimal error estimate of a projection based interpolation for the
p-version approzimation in three dimensions, Comput. Math. Appl., 50 (2005), pp. 359—
366.

S. CAORsI, P. FERNANDES, AND M. RAFFETTO, On the convergence of Galerkin finite ele-
ment approzimations of electromagnetic eigenproblems, STAM J. Numer. Anal., 38 (2000),
pp. 580-607.

S. H. CHRISTIANSEN, Foundations of finite element methods for wave equations of Mazwell
type, in Applied Wave Mathematics, Springer, Berlin, 2009, pp. 335-393.

S. H. CHRISTIANSEN AND R. WINTHER, Smoothed projections in finite element exterior calculus,
Math. Comp., 77 (2008), pp. 813-829.

P. CIARLET, The Finite Element Method for Elliptic Problems, Stud. Math. Appl. 4, North-
Holland, Amsterdam, 1978. Reprinted as Classics Appl. Math. 40, STAM, Philadelphia,
2002.

M. COSTABEL AND M. DAUGE, Weighted regularization of Maxwell equations in polyhedral
domains, Numer. Math., 93 (2002), pp. 239-277.

M. COSTABEL AND M. DAUGE, Computation of resonance frequencies for Mazwell equations
in non-smooth domains, in Computational Methods in Wave Propagation, M. Ainsworth,
ed., Springer, New York, 2003, pp. 127-164.

M. COSTABEL, M. DAUGE, AND C. SCHWAB, Ezponential convergence of hp-FEM for Mazwell’s
equations with weighted regularization in polygonal domains, Math. Models Methods Appl.
Sci., 15 (2005), pp. 575-622.

o

o

o

>

>

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



BOFFI, COSTABEL, DAUGE, DEMKOWICZ, AND HIPTMAIR

M. COSTABEL AND A. MCINTOSH, On Bogovskii and reqularized Poincaré integral operators for
de Rham complezes on Lipschitz domains, Math. Z., 265 (2010), pp. 297-320.

L. DEMKOWICZ, Polynomial exact sequences and projection-based interpolation with applica-
tions to Mazwell equations, in Mixed Finite Elements, Compatibility Conditions, and Ap-
plications, D. Boffi and L. Gastaldi, eds., Lecture Notes in Math. 1939, Springer, Berlin,
2008, pp. 101-158.

L. DEMKOWICZ AND I. BABUSKA, p interpolation error estimates for edge finite elements of
variable order in two dimensions, SIAM J. Numer. Anal., 41 (2003), pp. 1195-1208.

L. DEMKOWICZ AND A. Burra, H!, H(curl), and H(div)-conforming projection-based inter-
polation in three dimensions. Quasi-optimal p-interpolation estimates, Comput. Methods
Appl. Mech. Engrg., 194 (2005), pp. 267-296.

L. DEMKOWICZ AND J. KURTZ, Projection-based interpolation and automatic hp-adaptivity for
finite element discretizations of elliptic and Mazwell problems, in Journées d’Analyse Fonc-
tionnelle et Numérique en I’honneur de Michel Crouzeix, ESAIM Proc. 21, EDP Sci., Les
Ulis, 2007, pp. 1-15.

L. DEMKOwICZ, P. MONK, CH. SCHWAB, AND L. VARDAPETYAN, Maxzwell eigenvalues and dis-
crete compactness in two dimensions, Comput. Math. Appl., 40 (2000), pp. 589-605.

J. DEscLOUX, N. NAssIF, AND J. RAPPAZ, On spectral approximation. Part 1. The problem of
convergence, RAIRO Anal. Numér., 12 (1978), pp. 97-112.

J. DEsCLOUX, N. NASsIF, AND J. RAPPAZ, On spectral approximation. Part I1. Error estimates
for the Galerkin method, RAIRO Anal. Numér., 12 (1978), pp. 113-119.

V. GIRAULT AND P. RAVIART, Finite Element Methods for Navier—Stokes Equations, Springer,
Berlin, 1986.

J. GOPALAKRISHNAN AND L. DEMKOWICZ, Quastoptimality of some spectral mized methods, J.
Comput. Appl. Math., 167 (2004), pp. 163-182.

R. HIPTMAIR, Canonical construction of finite elements, Math. Comp., 68 (1999), pp. 1325
1346.

R. HIPTMAIR, Finite elements in computational electromagnetism, Acta Numer., 11 (2002),
pp. 237-339.

R. HIPTMAIR, Discrete Compactness for p-Version of Tetrahedral Edge Elements, Report 2008-
31, Seminar in Applied Mathematics (SAM), ETH Ziirich, Ziirich, Switzerland, 2008. Avail-
able online at http://arxiv.org/abs/0901.0761.

F. KikucHi, On a discrete compactness property for the Nédélec finite elements, J. Fac. Sci.
Univ. Tokyo Sect. IA Math., 36 (1989), pp. 479-490.

F. KikucHl, Theoretical analysis of Nédélec’s edge elements, Japan J. Indust. Appl. Math., 18
(2001), pp. 321-333.

A. V. KNYAazZEV AND J. E. OSBORN, New a priori FEM error estimates for eigenvalues, STAM
J. Numer. Anal., 43 (2006), pp. 2647-2667.

P. MonNkK, Finite Element Methods for Mazwell’s Equations, Clarendon Press, Oxford, UK,
2003.

P. MONK AND L. DEMKOWICZ, Discrete compactness and the approzimation of Mazwell’s equa-
tions in R3, Math. Comp., 70 (2001), pp. 507-523.

J.-C. NEDELEC, Mized finite elements in R3, Numer. Math., 35 (1980), pp. 315-341.

J.-C. NEDELEC, A new family of mized finite elements in R3, Numer. Math., 50 (1986), pp. 57—
81.

R. PICARD, An elementary proof for a compact imbedding result in generalized electromagnetic
theory, Math. Z., 187 (1984), pp. 151-161.

P. A. RAVIART AND J. M. THOMAS, A mized finite element method for 2nd order elliptic
problems, in Mathematical Aspects of Finite Element Methods, Lecture Notes in Math. 606,
Springer, New York, 1977, pp. 292-315.

H. WHITNEY, Geometric Integration Theory, Princeton University Press, Princeton, NJ, 1957.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


