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Abstract. As representatives of a larger class of elliptic boundary value problems of mathematical
physicals, we study the Dirichlet problem for the Laplace operator and the electric boundary
problem for the Maxwell operator. We state regularity results in two families of weighted
Sobolev spaces: A classical isotropic family, and a new anisotropic family, where the hy-
poellipticity along an edge of a polyhedral domain is taken into acc@r2003 Aca@mie
des scienceBHitions scientifiques et atlicales Elsevier SAS

Régularitéanisotrope pour le Laplacien et I’ opérateur de Maxwell dansun polyedre

Résumé. Nous choisissons d’ étudier le probleme de Dirichlet pour le Laplacien et le probléme de
Maxwell éectrique, comme représentants de classes plus larges de problemes intéressant
la modélisation de phénomenes physiques stationnaires. Nous énongons des résultats de
régularité dans deux familles d’ espaces de Sobolev a poids: I'une, classique, isotrope, et
I"autre, nouvelle, anisotrope, ol I’ on tient compte del’ hypoellipticitélelong desarétesd un
domaine polyédral. (©) 2003 Aca@mie des science&ditions scientifiques et edicales El-
sevier SAS

Version francaise abrégée

Nous consiérons dans cette Note le prébie de Dirichlet pour le Laplacien et le prébie de Maxwell
électrique sur un poldre) C R3. Les solutions de ces praishes ont des singulags aupés des dtes et
coins du domaine. Notre but est deatire le plus peci€ment possible laégularié des solutions lorsque
le second membre eses egulier. Comme les conditions aux limites hordags impliquent suffisamment
d'annulation aux dtes et coins, les espa(?msoidsK’ﬂ”(Q) du type de ceux de Kondrat'ev semblent bien
adapeés.

Pourtant, du fait de I'hypoelliptici le long des arétes, les solutions peuvent avoir un supplent de
régularie quand on lesétive le long des &tes. C’est pourquoi nous introduisons des espaces anisotropes
a poidsMJ' ($2) et donnons desesultats de&gularie dans le cadre de ces espaces. L'existence de tels
résultats est le fondement deg&tinodes d’approximation paements finis avec maillages anisotropes.

Soite etc les aktes et coins du domairfe. Soit 7.6, ¥, 7.0 et 0 des souségions de? soumises
respectivemer l'influence

e conjointe de 'aétee et du coinc (applicable sic est une ex&mité dee),

e delaseule &tee, e duseulcoinc, e daucun coin ni agte.
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Anisotropic regularity in polyhedra

Avec r,, et r. lesfonctions distance ae €t ¢, et [,, (. des exposants associés a e et c, les poids dans les
régions 7.2, 72, 7.9 et 7° prennent respectivement laforme

rPe (E)ﬁe, e, rle et 1,
Te
ce qui définit les premiers espaces Kf3(Q2) = M{(Q2) des deux familles. Lafamille K73 (92) est obtenue en

décalant régulierement le poids en fonction de I’ ordre de dérivation: pletlel pfetlel g pour la dérivée
d'ordre cx. Par contre, pour les espaces M’ (£2), le poids ne dépend pas de |’ ordre de dérivation de long de

I'aréte. Aingi, pour @ = (a , r3) avec az indiquant la direction de e, le poids ree”"“ est remplacé par
rf”'"‘”. L es définitions précises sont données en (3.3) et (3.5).

Laplacien

Soit pour f € H™Y(Q), v € H{(Q) la solution du probleme de Dirichlet Au = f. Pour tout multi-
exposant § = {fe, B} avec fe, B > 0, I'espace K§_ ;(02) est contenu dans H™*(12). Si  est assez petit
pour satisfaire la condition (3.4), alors f € KY_5(Q2) impliqueu € K2, 5().

Le resultat général de régularite isotrope est que si f € K" 5(€2) dlorsu € K’_”fﬂ(Q) pour le méme
ensemble de multi-exposants 3 satisfaisant la condition (3.4). Quant au résultat de régularité anisotrope, il
énoncequesi f € M7 45(Q2), dorsu € M™,_4(§2) , Théoreme 3.3,

M axwell

La difficulté spécifique du probleme de Maxwell est que son espace variationnel naturel Xy qui est
I’ espace des champs u dans 1.2, avec divergence et rotationnel dans L2 et composante tangentielle 0 sur
09, n'est pas contenu dans H'(Q2)* dés que €2 est non-convexe. C'est pourquoi I’on doit dé&a prendre
guelques précautions avec |e second membre de |’ équation pour s assurer qu'il soit dans X', voir (4.8).

D’autre part, tout résultat un peu précis sur la régularité de la solution u passe par une déecomposition
en potentiel singulier V¢ plus champ moins singulier ug, sur le méme modele que ce que I’ on a dga pour
I espace variationnel Xy lui-méme [2]. Nous obtenons que si le second membre f € M7 _ (©2)* pour un
multi-exposant v, 0 < v < 1 convenable, alorsil existe un autre multi-exposant 5, 0 < 8 < « tel que

u=ug+Vg, aec ugeM” 4(Q)° e geM" Q) NHQ).

1. Introduction

Many stationary phenomena are modelled by elliptic boundary value problems, which in general possess
extra coercivity properties. In this Note, we choose two of them. (i) The Dirichlet problem for the Laplace
operator, whose analysis can serve as model for systems like linear elasticity with clamped boundary con-
ditions. (ii) The Maxwell operator with electric boundary conditions (zero tangential component on the
boundary), which has its own peculiarities and isinteresting by itself.

The corners and edges of a three-dimensional domain 2 stop the regularity of solutions, even if the
right hand side is very smooth. The description of the optimal regularity can be done in the standard scale
of Sobolev spaces [8], or in classical weighted spaces of Kondrat’ev type [10, 12]. The results in such
scales are, in some sense, not optimal when the right hand side is very smooth: In this case, the underlying
coerciveness of the operator yields extra regularity along the edges, and, for piecewise smooth domains
containing only edges (but no corners) improved results can be obtained in anisotropic scales of Sobolev
spaces[11, 5].

We want to combine such improved regularity results with the presence of corners. For the Laplace
operator, we obtain a kind of shift theorem. For the Maxwell operator, the main singularities having non
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Anisotropic regularity in polyhedra

square-integrable gradients in general, an optimal result will be obtained via the splitting of solutions into
the gradient of a very singular potential, and a less singular part. Such results are essential for the method
of anisotropic finite elements.

2. Subregionsand distance functions

Let ©2 be a three-dimensional polyhedral domain with plane faces. We denote by & and ¥ the set of
edges and corners of 2. Moreover for every c € %, we denote by &, the set of edges e such that ¢ C €,
and for every c, by %, the set of the two corners which are the endpoints of e.

Forany c € ¥ and e € &, we define the distance functions on Q:

re(x) = dist(x,e), 7rc(x) = dist(x,c), x € ). (2.1

We are going to identify subregions of the domain §2 governed by acorner c, an edge e, or both, cf [9, 7].
Let c € % and B.(c) be aball centered in ¢ and with radius € which is not intersecting any other corner
of 2. We denote by G. C S? the spherical polygona domain corresponding to e —* (8B€(c) N Q) There
is a hijection between the vertices x. of G and the edges e in &.. For every e € &, let ¥'(x.) be a
neighborhood of x, in G. such that ¥'(x.) does not contain any other vertex of G...

We introduce spherical coordinates (rc, 9. ), 9 € S? associated with the corner c. This allows to define:

A :{(rc,ﬂc),rc<8, 19c€7/(xe)},

a//co = {(Tmﬂc) ,re <e, Y€ Ge \ (Ueegc V(Xe))}- (22)

Besides the neighborhoods 7° and 7, we introduce 7 such that_ZO does not contain any other edge
than e, nor any corner and such that € is contained in 0 U (... 7). And finally let 70 such that 770
contains no edge and no corner and such that

a=rulJul (o).

ecé cE? ec&e

cEbe

Finally, in 72 we also make use of the angular distance pe . defined as pe c = 7¢/7c-
3. TheLaplace operator

3.1. Isotropic spacesand isotropic regularity

Foreverye € & andc € %, let B, and 3. be real numbers. We denote by 3 the collection: {fe}ece U
{Be}cew and we call 5 multi-exponent. We say that 5 < ¢, for a constant ¢, when each component of 3
is smaller than ¢. For any fixed multi-exponent 3, we introduce the scale of isotropic weighted Sobolev
spaces K () D Ki(Q) O... D KF(Q).. ., cf[10,12]:

K77(Q) 1= { well () : Y]a| <m, 8% eL2(¥Y),

loc
Vees, rltlelgey e 12(70) (3.3)
Vee &, rltelgoy c12(49) and pletledpfetlalgey ¢ LZ(“I/:)}.

We call this space “isotropic” because the transverse and longitudinal derivatives along the edge are
treated in the same way, in contrast with the “anisotropic” weighted Sobolev spaces introduced later. As
in the case of cones, see [10], these spaces are well suited for the functional analysis of eliptic boundary
value problemsin polyhedra, see[12].

Concerning the Dirichlet problem for the Laplace operator, a precise statement needs the introduction,
for each corner c, of the smallest eigenvalue p. of the Laplace-Beltrami operator with Dirichlet boundary
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Anisotropic regularity in polyhedra

condition on G, defining the real number Ac = —3 + (pc + 1) /2 We also need the opening angle w, of
the edge e. For the following theorem we refer to [12, 8, 7].

THEOREM 3.1. — The Laplace operator A isanisomorphismfromK?, _;(€2) NHg(Q) toKY_;(92) for
every 3 = (B, ) verifying:

Veed, 0<fe<m/we and VceE, 0<[c<A+1/2. (3.9

Note that if 3 < 1, the space K§_; of right hand sides is contained in H~" and contains L?, whereas
K?,_;iscontainedin H'. If Q2 is not convex, some 3. hastobe < 1 andthen K* |, ¢ H>.

The Dirichlet boundary conditions are important here, because they allow the variational space H} to
be a subspace of K! ;. In the case of Neumann of boundary conditions, either the weight associated with
a = 0 hasto berelaxed, or the solution has to be split in a part belonging to a space K as above and another
part taking into account the non-zero traces along the edges.

Thefollowing statement, still very classical, see[10, 12], provides ageneral shift theorem for the Laplace
operator (with homogeneous Dirichlet boundary condition) in isotropic weighted Sobolev spaces.

THEOREM 3.2. — Let 3 be a multi-exponent verifying (3.4), then for any m € N
A K2 (Q) NHG(Q) — K" 5(2)  isan isomorphism.

The proof of this theorem relies on Theorem 3.1 combined with local elliptic estimates on a “dyadic’
covering of © by countable families of similar domains, adapted to edges or corners.

3.2.  Anisotropic spaces and anisotropic regularity

Although this result is optimal in a certain sense, it does not describe the extra regularity which can be
obtained by differentiating along the edges (see [11, 5]). Moreover, some important applications, like the
analysis of approximation by anisotropic finite elements[1, 4, 9], take advantage of thisimproved behaviour
of the solution. More precisely, in ¥ and 7,° for afixed e € &, we want sharper statements about the
differentiability in the direction of the edge. For that, we introduce anisotropic spaces.

To thisaim, in the regions 7.2 and 7,¢ we choose alocal system of coordinates in which the direction of
the edge is the third one (0, 0, 1). The subindex L will always denote the directions transverse to the edge:
for example let o be a derivation multi-index, then o = (1, as) means ) derivatives in the transverse
direction and a3 in the longitudinal one. We then define the scale of anisotropic weighted Sobolev spaces
MZ(9) D Mj(Q2) O ... D MZF(Q)...

M7(Q) = { weLX(Q) : V|a| <m 0% e LA(7Y),
Veed, rltlalgey e 12(70) (35)
Vee &, rletletlgay e 12(v?) and rLa|+ﬁ°pgfc+‘°‘i|8°‘u € L2(“I/e°)}.

Note te presence of |« | instead of |«| inthelast two conditions. This meansthat the weight isindependent
of the number of derivativesin the longitudinal direction. Our main result concerning the Laplacian is:

THEOREM 3.3. — Let 3 be a multi-exponent satisfying (3.4). For every m € N, if u € H}(Q) and
Au € M 45(2), thenu € M, _ 5(Q) with the estimate ||u|vm, (o) < CllAullmy (o)-

The proof uses alocal estimate along the edge based on the coercivity of the operator, combined with the
technique of differential quotients.

Note that if 3 < 1, any right hand side in H™ also belongs to MT" ;. Thus, if the right hand side is
smooth up to the boundary, the statement yields that the solution belongsto M™, _; for any m € N.
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4. TheMaxwell operator
The Maxwell operator acts on 3-component fields. We denote by bold letters the spaces of complex
vector fields, like L*(2), H'(Q), K7 (), M3 (Q) for L*()°, H'(Q)?, K7(Q)?, Mj(Q)® respectively.
The space associated with Maxwell electric boundary conditionsis:
Xy = {u c L2(Q) divu € LZ(Q) , curlu € LQ(Q) ,uxn=0on 89}.

We call Maxwell operator the operator A associated with the bilinear form
a(u,v) = / (curlu-curlv +divu divv)dx, u,veXy.
Q

The coercivity of a gives that A induces an isomorphism between X and X/ and that the equation
Au = f, with f € X'y, corresponds to the boundary value problem (see e.g., [3]):

—Au=fonQ and uxn=0, divu=0 onoQ. (4.6)

The difficulty with this problem is the lack of regularity of the variational space X y: if €2 is not convex,
Xy can be decomposed as the sum of its subspace Xy N H'(Q2) and of the space V(DP'"(A)) where
DP'"(A) isthe domain of the Dirichlet problem for the Laplacian {q € H}(Q) : Aq € L2(Q)}, see[2].

The boundary conditions allow to prove that X y N H* () is contained in K! ; (€2). From Theorem 3.1,
we seethat DP'(A) is contained in K2, 5(Q)foral g < 1 satisfying (3.4), therefore we have

VueXy, u=uo+Vg, ueK.(Q), geKi,_4QNHiQ) VB<1 st (34). (47

Asaconsequence, V(DP"(A)) and also X v, isasubset of K! ;(Q) for al 5 < 1 satisfying (3.4). Thus
for such 8 we have the embedding K%(Q) C X/y. Introducing another multi-exponent v = {ve, Ve }, We

have obtained that K9 __ (€2) = M{__ () iscontained in X'y if v > 0 and
Veed, 1—9ge<m/we ad VceF, 1—rv.<A+1/2. (4.8)

The main result of our Note can be expressed as the weighted anisotropic elliptic regularity of the de-
composition (4.7):

THEOREM 4.1. — Let v be a multi-exponent satisfying: 0 < v < 1 and (4.8). Let u € Xy be
the solution of problem (4.6) with right hand side f € M{"_ (). Then, there exists a multi-exponent
8= p5(v,Q),0< g <~,suchthat

w=ug+ Vg, ug €M7 (@) g€ ML (@) nHYQ), (49)

Moreover, we have the estimate [[ug[m=, (o) + Hq”MTf}ﬁ(Q) < Clflmy_(0)-

The proof of this theorem is more involved than that of Theorem 3.3, because the arguments of scaling
of local dlliptic estimates and of differential quotients have to be combined with afull edge-corner decom-
position of the solution in regular and singular parts, along the lines of [6]: Roughly, the solution u can be
split into

u = U + Z uc + Z Ue, U € MTI_A{(Q). (4.20)
ce€ ecé
Each term u, and u, isitself made of several contributions, the most singular ones are of “Type 1" in the
terminology of [6], and consequently can be written as gradients. The gradients are gathered in one part to
make ¢, whereas the remainder u,eq plusless singular partsin u. and u. are gathered in uy.
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As acorollary of Theorem 4.1, we find a global anisotropic weighted regularity for u and its curl. In
fact, examining the structure of the singular gradient part V¢ we find that u has locally a more regular
component, that is, itslongitudinal component along the edge. Thisisthe reason for the introduction of the
new space
ﬁg”(Q) = {u €EMF(Q) : Vee & andwithue 3 thecomponent of u along e, @10
tos € ME 1 5 (70) and ues € ME_y 5 (%)}

whereas any component u; of u € M () belongsto M3 ; (7)) and M7 ; (7.°) only.

COROLLARY 4.2. — Under the assumptions of Theorem4.1, curlu € M Tgl (Q)andu e M’_’%(Q).

Proof. — We use the decomposition (4.9). We have curl u = curl ug and since any partia derivative
of order 1 is continuous from M™; _;(Q2) into M""; (), we obtain the regularity of the curl. Concerning
u itself, we Ioo/kvat the two terms in (4.9) separately. For the gradient part, it is enough to noteAt/hat Vv
M’_”fr_lﬂ(Q) — M™,(€2) iscontinuous. Ontheother hand, M™; _ 5(€2) C M™;(€2). Whenceu € M Tﬁ(Qé
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