ON THE KLEINMAN-MARTIN INTEGRAL EQUATION METHOD
FOR ELECTROMAGNETIC SCATTERING BY A DIELECTRIC
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Abstract. The interface problem describing the scattering of time-harmonic electromagnetic
waves by a dielectric body is often formulated as a pair of coupled boundary integral equations
for the electric and magnetic current densities on the interface I'. In this paper, following an idea
developed by Kleinman and Martin [19] for acoustic scattering problems, we consider methods for
solving the dielectric scattering problem using a single integral equation over I" for a single unknown
density. One knows that such boundary integral formulations of the Maxwell equations are not
uniquely solvable when the exterior wave number is an eigenvalue of an associated interior Maxwell
boundary value problem. We obtain four different families of integral equations for which we can
show that by choosing some parameters in an appropriate way, they become uniquely solvable for all
real frequencies. We analyze the well-posedness of the integral equations in the space of finite energy
on smooth and non-smooth boundaries.
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1. Introduction. We consider the scattering of time-harmonic electromagnetic
waves in R? by a bounded Lipschitz obstacle. We assume that the dielectric permit-
tivity and the magnetic permeability take constant, in general different, values in the
interior and in the exterior of the domain. This problem is described by the system
of Maxwell’s equations, valid in the sense of distributions in R3, which implies two
transmission conditions expressing the continuity of the tangential components of the
fields across the interface. The transmission problem is completed by the Silver-Miiller
radiation condition at infinity (see [26] and [28]).

It is well known that this problem can be reduced in several different ways to
systems of two boundary integral equations for two unknown tangential vector fields on
the interface. Such formulations are analyzed in Harrington’s book [16] and in Martin
and Ola’s comprehensive paper [22]. Some pairs of boundary integral equations, such
as Miiller’s [27], are uniquely solvable for all real values of the exterior wave number
and others, such as the so-called electric-field formulations [22] are not, although
the underlying Maxwell interface problem is always uniquely solvable under standard
assumptions on the material coefficients.

More recent research works in the scientific and engineering community show that
there are computational advantages to solve dielectric scattering problems via a single
integral equation for a single unknown, rather than a system of two equations of two
unknowns. For two-dimensional dielectric scattering problems, one can find various
formulations and numerical results in [29, 30, 32]. In [23] Marx develops single source
integral formulations for three-dimensional homogeneous dielectric objects using an
ansatz on the exterior electric field and in [34] Yeung presents electric-field (EFIE)
and magnetic-field (MFIE) integral equations for a single unknown based on an ansatz
on the interior scattered field. Computational results in [34] show higher convergence
speed for the MFIE and the EFIE than for the pairs of boundary integral equations.

*IRMAR, Institut Mathématique, Université de Rennes 1, 35042 Rennes, France,
martin.costabel@univ-rennesl.fr
TIRMAR, Institut Mathématique, Université de Rennes 1, 35042 Rennes

1



However, both of these single integral formulations suffer from spurious non-unique
solvability due to interior resonances.

In this paper, we study methods for solving the transmission problem using a
single boundary integral equation for a single unknown tangential vector field on the
interface by eliminating irregular frequencies. We follow ideas of [19] where Kleinman
and Martin considered the analogous question for the acoustic interface scattering
problem. The method consists of representing the solution in one domain by some
combination of a single layer potential and a double layer potential, and inserting this
representation into the transmission conditions and the Calderon relations of the other
domain. Several different integral equations of the first kind or of the second kind,
containing two arbitrary parameters, can be obtained in this way, and in the scalar
case, the parameters can be chosen in such a way that no spurious real frequencies are
introduced. Following the same procedure in the electromagnetic case, one encounters
two main difficulties:

The first problem is that some boundary integral operators that are compact in
the scalar case are no longer compact, and therefore arguments based on the theory
of Fredholm integral equations of the second kind have to be refined in order to show
well-posedness of the corresponding integral equations.

The second problem comes from a lack of ellipticity. The spurious frequencies
are associated with the spectrum of a certain interior boundary value problem of the
third kind, and whereas in the scalar case this is an elliptic boundary value problem
whose spectrum can be moved off the real line by the right choice of parameters,
in the Maxwell case this boundary value problem is not elliptic, in general. Thus
an additional idea is needed to avoid real irregular frequencies. Mautz presents in
[24] an alternative that leads to an associated interior problem with an impedance
boundary condition, which ensures the uniqueness of the solution. However Mautz’s
equation is not adapted to our point of view of variational methods and energy spaces.
Since the Kleinman-Martin method has similarities to the combined field integral
equation method, we use a regularizer introduced by Steinbach and Windisch in [31]
in the context of combined field integral equations for the time-harmonic Maxwell
equations. This regularizer is a positive definite boundary integral operator with a
similar structure as the operator of the electrical field integral equation, but it is
not a compact operator like those used in [10] and [6] for regularizing the exterior
electromagnetic scattering problem. Its introduction changes the boundary condition
in the associated interior boundary value problem from a non-elliptic local impedance-
like condition to a non-local, but elliptic, boundary condition.

This work contains results from the thesis [21] where this integral formulation of
the transmission problem is used to study the shape derivatives of the solution of the
dielectric scattering problem, in the context of a problem of optimizing the shape of
a dielectric lens in order to obtain a prescribed radiation pattern.

In Section 3 we recall some results about traces and potentials for Maxwell’s
equations in Sobolev spaces. We use the notation of [7] and [6] and quote some
important properties of the boundary integral operators that constitute the Calderén
projector for Maxwell’s equations.

Sections 4 and 5 contain the details of the method for solving the transmission
problem using single-source boundary integral equations. In Section 4, we start from
a layer representation for the exterior field whereas in Section 5, we use a layer rep-
resentation for the interior field. In either case, we derive two boundary integral
equations of the second kind and we show uniqueness of their solutions under suitable
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conditions on an associated interior boundary value problem. Moreover, we show
that the integral operators in each integral equation are Fredholm of index zero. We
also construct the solution of the transmission problem using the solution of any of
the four integral equations. We finally show how to choose the free parameters so
that the associated interior boundary value problem is uniquely solvable, and as a
consequence, we can construct an integral representation of the solution which yields
uniquely solvable boundary integral equations for all real frequencies.

For smooth domains, we base the analysis of the integral operators on the tech-
nique of Helmholtz decomposition, which represents a tangential vector field by two
scalar field and each integral operator acting on tangential fields by a two-by-two
matrix of scalar operators. Since these operators then act between standard Sobolev
spaces instead of the complicated mixed-order energy space, it is easy to check for
compactness or ellipticity. Using this technique, we find rather general sufficient condi-
tions on the physical parameters to ensure unique solvability of the integral equations.
If the boundary is only Lipschitz, we show that under more restrictive conditions one
still has strong ellipticity of the integral operators. This conditions include the phys-
ically relevant case of positive permeabilities, permittivities, and frequencies.

2. The dielectric scattering problem. Let €2 denote a bounded domain in
R3 and let Q¢ denote the exterior domain R3\(2. In this paper, we will assume that
the boundary T" of Q is a Lipschitz continuous and simply connected closed surface.
Let n denote the outer unit normal vector on the boundary I'.

In Q (resp. Q°) the electric permittivity €; (resp. €.) and the magnetic perme-
ability u; (resp. pe) are positive constants. The frequency w is the same in 2 and
in Q¢ The interior wave number k; and the exterior wave number k. are complex
constants of non negative imaginary part.

Notation: For a domain G C R® we denote by H*(G) the usual L?-based
Sobolev space of order s € R, and by H} . (G) the space of functions whose restrictions
to any bounded subdomain B of G belong to H*(B), with the convention H® = L?.
Spaces of vector functions will be denoted by boldface letters, thus

H*(G) = (H*(G)).
If D is a differential operator, we write:

H(D,Q) = {u € L*(Q) : Du € L*(N)}
HlOC(D’W) = {U € LIQOC(W) : DU € LIQOC(W)}

The space H(D, Q) is endowed with the natural graph norm. This defines in particular
the Hilbert spaces H(curl, Q) and H(curl curl, Q).

The time-harmonic dielectric scattering problem is formulated as follows.

The dielectric scattering problem : ‘ ‘
Given an incident field E'® € Hj,.(curl, R3) that satisfies curl curl E"¢ — k2E"¢ = 0
in a neighborhood of Q, we seek two fields E* € H(curl, Q) and E* € Hjo.(curl, Q°)
satisfying the time-harmonic Maxwell equations

curlcurl E" — k2E' =0 in ©,
curlcurl E* — x?E® = 0 in Q°, (2.2)
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the two transmission conditions,
nx E' =nx (E° + E™) onT (2.3)
w7t (n x curl EY) = - 'n x curl(E® + E™°) on T’ (2.4)
and the Silver-Miiller radiation condition:

lim |z

curl E°(z) x LA ikeE*(x)
|z|—+o00 ‘.’E|

= 0. (2.5)

It is well known that this problem has at most one solution under some mild
restrictions on the dielectric constants. We give sufficient conditions in the next
theorem, and for completeness we give its simple proof.

THEOREM 2.1 Assume that the constants u;, ki, e and K. satisfy:

(i) ke is real and positive or Im(k.) > 0,

(#) ITm (neﬂe) <0 and Im <fie'uefff) > 0.
Hi i
Then the dielectric scattering problem has at most one solution.

Proof. We use similar arguments as in the acoustic case [19]. Assume that E™¢ =
0. Let (Ei7 E®) be a solution of the homogeneous scattering problem. Let Bg be a
ball of radius R large enough such that {2 C B and let ny the unit outer normal
vector to Bg. Integration by parts using the Maxwell equations (2.1) and (2.2) and
the transmission conditions (2.3) and (2.4) gives :

/ (curlE° x ng) - E* = / {| curl E*|? —%§|ES|2}+&/{|curlEi|2—n?\Ei\2}
OBr Hi Ja
BR\Q

We multiply this by &; and take the imaginary part:
Im (Koe/ (curlE° x ng) ES> = Im(%;) / {| curl E®*|? + |k.E®|?}
OBr Br\Q

+Im </%Me>/ |curl E'[> — Im </1eﬂemf>/|El|2
Hi /) Ja Hi Q

Under the hypotheses (i) and (ii), all terms on the right hand side are non-positive.
Thanks to the Silver-Miiller condition, we have

lim |curl E® x ng — ik E®|* = 0.
R—+o0 9BR
Developing this expression, we get
lim |curl E® x ng|® + |k.E®|* — 2Re (curl E° X ng - meES) =0.
As we have seen, we have

/ Re(curlEanR-ineE) =Im (/TecurlES an~E) <0.
aBR aBR

It follows that

lim |E°|> = 0.
R—+o0 OBr

Thus, by Rellich’s lemma [10], E* = 0 in Q°. Using the transmission conditions, we
obtain ypE" =y, E' = 0. It follows that E' =01in Q. O
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3. Traces and electromagnetic potentials. We use some well known results
about traces of vector fields and integral representations of time-harmonic electro-
magnetic fields on a bounded domain . Details can be found in [3, 4, 5, 7, 11, 28|.
Recall that the boundary I' is only assumed to be Lipschitz continuous, unless stated
otherwise.

DEFINITION 3.1 For a wvector function u € (€°°(Q))® and a scalar function v €
> (Q) we define the traces :

=)

ypu = (n x u)|,. (Dirichlet)

Yn.u = k"' (nx curlu). (Neumann).

We use standard Sobolev spaces H!(T'), t € [—1, 1], endowed with standard norms
|| ||e(ry and with the convention H(T') = L*(T'). Spaces of vector densities are
denoted by boldface letters, thus H(I') = (H? (I‘))S. We define spaces of tangential
vector fields as H, (T') = n x H(T). Note that on non-smooth boundaries, the latter
space different, in general, from the other space of tangential vector fields Hﬁ(F) =
n x H,(I'). On smooth boundaries, the two spaces coincide. For s = 0 we set
HO (1) = L2 (D).

The trace maps

v HF3(Q) — H (D),
vp + H2(Q) = H3 (D)

are continuous for all s > 0, if the domain is smooth. On a polyhedron, the trace
maps are continuous for s € (0, 2), whereas for a general bounded Lipschitz domain in
general, the validity is only given for s € (0,1). For s = 1, the trace operator +y fails,
in general, to map H2 () to H(I'), although H*(T") is well defined on the boundary
T, see [18].

The dual spaces of H*(T') and H’, (T') with respect to the L? (or L?) scalar product
is denoted by H—*(T") and H*(I"), respectively.

We use the surface differential operators: The tangential gradient denoted by Vr,
the surface divergence denoted by divr, the tangential vector curl denoted by curlp
and the surface scalar curl denoted by curlp. For their definitions we refer to [5], [11]
and [28].

DEFINITION 3.2 We define the Hilbert space

H® (div, ) = fie H2 (D), divrj € H-H(r)}
endowed with the norm

. - divp - .
I ||H;%(dwr7p) | HH;%(F)JFH el g4 oy

The skew-symmetric bilinear form

Nl

B: HLZ(divr,T) x H 2 (divp,I) — C

(i,m) o B(i m):/rj~(m><n)da



_1
defines a non-degenerate duality product on H, 2 (divp,T).

LEMMA 3.3 The operators yp and yx are linear and continuous from (€°°(2))3 to
L2 (T) and they can be extended to continuous linear operators from H(curl, Q) and

H(curl, ) N H(curl curl, Q), respectively, to H;%(divF,F). Moreover, for allu, v €
H(curl, 2), we have:

/Q [(curlu-v) — (u- curlv)]dx = B(ypv,ypu). (3.1)

For u € Hj,c(curl, Q¢) and v € Hy,(curlcurl, Q¢)) we define v4u and v4v in
the same way and the same mapping properties hold true.

Let k be a complex number such that Im(x) > 0 and let

etrlz—yl
G(k, |z —y]) = m

be the fundamental solution of the Helmholtz equation
Au+ k?u = 0.

The single layer potential 1, is given by :

(ben)@) = [ Glrlo—yhulhdoty) @€ BT,
and its trace by

V() = [ Gl lo = sut)doly)  wer.
r

For a proof of the following well-known result, see [17, 28].
LEMMA 3.4 The operators
3(T) — H, (R?)
(1) = Hi(T)

Vi

cH™
V., ‘H~™

N

are continuous.
1

We define the electric potential ¥, generated by j € H, 2 (divp,T') by
\I/Emj = ’an +K‘_1V¢H diVFj

This can be written as U, j := k~! curlcurl 1, j because of the Helmholtz equation
and the identity curlcurl = —A + Vdiv (cf. [3]).

We define the magnetic potential Wy, generated by m € H;%(divF, I') by
W, m = curly,.m.
These potentials satisfy
£~ ! curl Vg =Ty, and k! curl WYy, =Vg, .

We denote the identity operator by I.



_1
LEMMA 3.5 The potential operators Vg, and Wy, are continuous from H, 2 (divr,T')
_1
to Hioc(curl,R3). Forj € H., ?(divr,T) we have

(curlcurl —x?T)¥ g, j =0 and (curl curl —x*T) ¥, m = 0 in R3\T

and Vg, j and ¥ m satisfy the Silver-Miiller condition.
It follows that the traces yp, vn,, 7p and 7%, can be applied to Wg, and Wy, ,

1
resulting in continuous mappings from H, 2 (divp,T") to itself satisfying

W Ve, =7p¥Yym, and N Yy, =7DVE, .

Defining
C 1 C
['YD] = YD — VD> {’VD} = 3 ('7D + VD),
1
N e R O (VN +75%.) -

we have the following jump relations (see [7]):
olVYe, = 0, bwl¥s = -L
(vol¥ar, = =L [n]%m, = 0.

Now assume that E € L?_(R?) belongs to H(curl, Q) in the interior domain and

to Hioc(curl, Q°) in the exterior domain and satisfies the equation
(curlcurl —<*T)E =0 (3.2)

in R\ T and the Silver-Miiller condition. Then if we set j = [yx, ]E, m = [yp]E, we
have on R? \ T' the Stratton-Chu integral representation

E=-Tp j— Ty m. (3.3)

Special cases of (3.3) are: If (E*, E®) solves the dielectric scattering problem, then

. —E° ze€Q°
o c s cES _
\I/Ene’yNNeE \IJM»;C’YDE { 0 = QO (34)
s nc s inc ES MS Q°
Ve, VN, (E°+E™) + U, vh (E°+E™) = { —E™ zeQ (3.5)
i i |0 zeQe

We can now define the main boundary integral operators:
Co ={10}¥E, = {w.}V¥um,,
My = {p ¥, = (N IV,
These are bounded operators in H, % (divr, T').
As tools, we will need variants of these operators:
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DEFINITION 3.6 Define the operators My, Cy o and C§ for j € H, ?(divy,T) by -

My j= —{yp} curl ¥,
Ceoj=—rnxWj +x "L curlp Vp divr j,

Cij=nxVyj+curlp Vydivrj.

Note that Cj differs from C' ¢ by the relative sign of the two terms.

We collect now some properties of these boundary integral operators that are
known for Lipschitz domains.

First we note the following useful relations:

curlp Vr = 0 and divp curly =0 (3.7

divp(n x j) = —curlpj and curlp(n x j) = divpj (3.8)
The following lemma is proved in [4, 7].
LEMMA 3.7 (i) The operators C,, — Cy o and M, — My are compact in H;%(divlﬂ7 I).
(i) Both C\, and M, are antisymmetric with respect to the bilinear form B.

The Calderén projectors for the time-harmonic Maxwell system (3.2) are P = %I—i—AH
and P° = %I — A,. where
M, C,
A= ( b ) .

We have P o P¢ = 0 and therefore
C2=311-M? and C.M, = —M,C,. (3.9)

It is a classical result that when the boundary I' is smooth, the operator M, is compact

from H;%(din,F) to itself (see [28]). From identity (3.9) one can then immediately
deduce that the “electric” operator C}; is Fredholm of index zero. The latter result is
also true for a Lipschitz boundary T' (see [7] for more details). Later on, we need the
corresponding result for the “magnetic” operator %I + M. This has been proved for
Lipschitz domains in [25, Thm. 4.8] and in [31, Thm. 3.2]:

LEMMA 3.8 The operator 31+ M, : H;%(divF,F) — H;%(divF,F) is Fredholm of
index zero.

In fact, for Im x > 0 this operator is an isomorphism. Later on, we use the result for
K = 0, where we don’t know whether it is an isomorphism. But we only need that is
an isomorphism up to a compact perturbation, that is, Fredholm of index zero, so we
will not pursue this further.
The following theorem was proved in [31, Thm. 2.6].
LEMMA 3.9 The operator C§ is self-adjoint and elliptic for the bilinear form B and
_1
invertible on H, 2 (divp, I'). Ellipticity means here that there exists a positive constant

a such that for all j € H;%(din, )

B(C:id) > allill? .
(C5ini) = HJHH;%(diVF,r)

8
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Indeed, for j € H, 2 (divp,T') we have

BG.C3]) = / (5-Vo] + divr j Vo divej) (3.10)
T

and the result follows from the H~2 (T)-ellipticity of the scalar single layer potential
operator V.

4. Integral equations 1. In this section, we present the first method for solving

the dielectric problem, following the procedure of R. E. Kleinman and P. A. Martin
[19]: We use a layer ansatz on the exterior field to construct two alternative boundary
integral equations.
In the scalar case, one represents the exterior field as a linear combination of a single
layer potential and a double layer potential, both generated by the same density. It
turns out that this simple idea does not suffice in the electromagnetic case if one
wants to avoid irregular frequencies. Our approach is related to the idea of “modified
combined field integral equations” We compose one of the electromagnetic potential
operators with an elliptic and invertible boundary integral operator, namely Cg. More
precisely, we assume that E® admits the following integral representation :

E*(x) = —a(¥p, J)(x) —b(Wn, C3 j)(z)  forweQe. (4.1)

_1
Here j € H, 2(divp,T') is the unknown density and a and b are arbitrary complex
constants.

We set p = ki

HiKe

. The transmission conditions can be rewritten :

pE' = yHE” + ypE™ and yn, E' = p! (’ﬁvﬂe E* + ., E”) :
Using this in the integral representation formula (3.6) in 2, we get:
, 1 , ,
B = —wp, (5 B+, ™)~ W, (HE +90E™) @ (42)

We take traces in (4.1) and obtain the Calderon relations

7EES — {aC,% _b(%I_Mme) Cg}j =L.jonT, (43)
. E = {—a (31— M,,) +bC,,C5}j= Nej on T.

On the other hand, taking traces in (4.2) gives:
0 (—;I + M,ﬂ) (V5 E® + ypE™) + C, (ﬁvﬁe E* + 7w, E") —0onT, (4.5)
(—;1 + Mm> (me E° + ., E”) + pC; (YHE®* +ypE™) =0 on T. (4.6)
We can now substitute (4.3) and (4.4) into (4.5) and get our first integral equation:
sj'zp(—;HMm) Lej+CoNei=f (4.7)

1 , ,
where f = —p (21 + MH> YpE™ — Cpyw, E™C. (4.8)

9



If we substitute (4.3) and (4.4) into (4.6), we get our second integral equation:
. . 1 .
TJ:pCKiLeJ-I-(—QI-i-Mm) Nej=g (4.9)
inc 1 inc
where g = —pC,,,ypE"™ — (21 + M,ﬂ> N, B (4.10)

Thus we obtain two boundary integral equations for the unknown j. Having solved
either one, we construct E* using (4.1) and E" using (4.2), (4.3), (4.4):

. 1 ] i
B = (Yo, v BT Ned}) = (Var (0B 4 Lej)) . (411)

THEOREM 4.1 If j € H;%(din,F) solves (4.7) or (4.9), then E® and E' given by
(4.1) and (4.11) solve the transmission problem.

Proof. We know that E' and E® satisfy the Maxwell equations and the Silver-
Miiller condition. It remains to verify that E® and E’ satisfy the transmission condi-
tions (2.3) and (2.4). Using the integral representation (4.1) and (4.2) of E* and E',
a simple computation gives:

p(YHE® +ypE™ —ypE') = Sj—f (4.12)
and
Vi, E®+ N, E™ = pyn, B = Tj—yg (4.13)
We deduce that
- if j solves (4.7), then relation (4.12) proves that the condition (2.3) is satisfied,
- if j solves (4.9), then relation (4.13) proves that the condition (2.4) is satisfied.
Now we show that (4.7) and (4.9) are in fact equivalent. Define :

u(z) =Yg, {~.. E™° 4+ N.j}(z) — ¥, {YpE"™ + L.j}(z) for z € Q°.
This field u is in Hioc(curl, ¢) and satisfies the Maxwell system

curlcurlu — x?u = 0 (4.14)
in Q°¢. On the boundary I" we have:
ypu=Sj—f and ’YJCVMU =Tj—g.
Since u solves (4.14) in Q¢ and satisfies the Silver-Miiller condition, it follows:

j satisfies (4.7) = 15u=0=u=0in QO = Yy, u=0=j satisfies (4.9).

j satisfies (4.9) = 7§, u=0=u=0in Q° = ypu =0 = j satisfies (4.7).

As a consequence, if j solves one of the two integral equations, it solves both, and
then both transmission conditions (2.3) and (2.4) are satisfied. O
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The next theorem is concerned with the uniqueness of the solutions of the bound-
ary integral equations (4.7) and (4.9), i.e., with the existence of nontrivial solutions
of the following homogeneous forms of (4.7) and (4.9):

p (=314 My,) Lejo +Cr, Nejo = 0, (4.15)

1
pC. Lejo + <21 + Mm) N.j, = 0. (4.16)

As in the scalar case [19], we associate with the dielectric scattering problem a
new interior boundary value problem, the eigenvalues of which determine uniqueness
for the integral equations.

Associated interior problem: For a,b € C, consider the boundary value problem

curlcurlu — k2u=0 in Q, aypu —bCiyn,u=0 onT. (4.17)

LEMMA 4.2 . Let a,b € C\ {0} and let k. € C. Assume that
. a .
(i) Im (5) #0 ’Lfl:le €R,
) >0 if ke € C\R,

(ii) Im(k2) - Im (Iﬁ:eg
2 is not an eigenvalue of the the associated interior problem (4.17).

then K

Proof. Let k2 be an eigenvalue of the interior problem and let u # 0 be an
eigenfunction. Using Green’s theorem we have:

/ | curlu|® — ffi/ u]* = ke B(vpu, yw,, 0) = Fe B(ypu,7n,_0)
Q Q

|
/N

ke ) BOpu, (C5)~'758) if b # 0

b
EEB(CSVNNCUWNNGU) ifa#0

Since Cf is elliptic for the bilinear form B, taking the imaginary part, we obtain
~tn(ed) [ o =<1 () BUC) 0,750
Q

b
= —me|21m<
K

e

a) B(yn,, u, CiN, ).

Under the hypotheses of the lemma the left-hand side and the right-hand side have
opposite sign, and it follows

B((CS)_I(PYDU%’YDiU) =0 and B(yn, u,Cy7n,_u) = 0.

As Cf is elliptic for the bilinear form B, the traces ypu and 7y, u then vanish.
Thanks to the Stratton-Chu representation formula (3.3) in Q, we deduce that u = 0,
which contradicts the initial assumption. O

REMARK 4.3 Note that this associated interior problem is not an impedance problem
(or Robin problem) as in the scalar case [19]. If we replace in (4.17) the operator C§
by the identity, we obtain a “pseudo-impedance” type problem. This is a non-elliptic
problem, about whose spectrum we have no information. That the problem is non-
elliptic can be seen as follows: If it were elliptic, its principal part would be elliptic, too.
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This would be the vector Laplace operator with the “Neumann” condition yn, u = 0.
Any gradient of a harmonic function in H'(Q) will satisfy the homogeneous problem,
which therefore has an infinite-dimensional nullspace, contradicting ellipticity. Note
that the issue here is mot the apparent non-elliptic nature of the interior Mazwell
curl curl operator, which can easily be remedied by the usual reqularization that adds
—Vdiv, but the manifestly non-elliptic nature of the Mazwell “Neumann” boundary
operator. For a “true” impedance problem, the operator Cg would have to be replaced
not by the identity, but by the rotation operator j — n X j which is used in Mautz’s

formulation [24]. This operator leads out of the space H, 2 (divr,T), however, which
rules it out for our purposes.

For our integral equations, the problem (4.17) plays the same role as the Robin
problem for the scalar case in [19].

THEOREM 4.4 Assume that the hypotheses of Theorem 2.1 are satisfied. Then for
(a,b) # (0,0), the homogeneous integral equations (4.15) and (4.16) admit nontrivial
solutions if and only if k? is an eigenvalue of the associated interior problem.

Proof. Assume that j, # 0 solves (4.15) or (4.16).
We construct ug and u; as follows:

ux(z) = —aVp, jo(x) — bV, Cfjo(z) for z € Q°
1 . .
ui(z) = *;‘I’EM (Nejo)(z) — W, (Lejo)(x) for x € Q

By Theorem 4.1, u; and uy together solve the transmission problem with Ei"¢ = 0.
Since this problem admits at most one solution, we have us = 0 in ¢ and u; =0 in
Q.

Now we set u(z) = —aVg, jo(z)— bV, CFjo(z) for z € Q.

We have on T :

’YIC:)UQ — Ypu :bCSjO, (418)
YN, U2 — YN, U= ajg. (4.19)
Since YpHuz =5 uz =0 on I', we find
aypu —bCqyn, u=0onT.

Thus u is an eigenfunction associated with the eigenvalue k2 of the interior problem
or u = 0. But this latter possibility can be eliminated since it implies that ypu =
YnN,.,u = 0, whence j, = 0 by (4.18) and (4.19), which is contrary to the assumption.
Conversely, assume that 2 is an eigenvalue of the associated interior problem. Let
vp # 0 be a corresponding eigenfunction. The Calderdn relations in €2 imply that :

—C. YN, V0 + (31— My.,) vpvo = 0,
(31— M,.,) .., vo — Cr, D0 = 0.

Using the equality aypvg — b Cgyn, vo = 0, we obtain
Le(cg)ilfyD'UO =0, Ne(cg)717DUO =0, LeFYNNeUO =0, ]Ve’)/NNe vg = 0.

If b # 0, then ypvy # 0, and j, = (C§)~'ypwo is a nontrivial solution of (4.15) and
(4.16).
12



If b = 0, then yn, vo # 0, and j, = 7n,_vo is a nontrivial solution of (4.15) and
(4.16). O

Whereas until now we only assumed that the boundary I' is Lipschitz, we now
present two theorems on the operators S and T that are, in this generality, only valid
for smooth boundaries. By smooth we mean, for simplicity, ¥°° regularity, although
a careful check of the proof would show that some finite regularity, such as €2, would
be sufficient.

THEOREM 4.5 Assume that
(i) the boundary T is smooth and simply connected,
(ii) the constants a, b, pe, i, ke and k; satisfy:

(bric + 2a) # 0, <1+ze,) £0, (b— 2ar.) # 0 and <1+“€”?) £0.

2
ile

Then S is a Fredholm operator of index zero on H;% (divp, T).

Proof. We can rewrite S as follows:

S = ibpcg - %bp(Mm + Mne)cg +bpM,, M, Cj — %ap(CK/e - 0%70)
750’(0572 - Om:,O) - %G(Pcne,o + Om,O) +apMy,Cy, +aCy; M,
+b(Cx, — Ck;0)Crx,C§ + bCl, 0(Cr, — Cr, 0)C§ + bCl, 0Ck..0C-

Thus S is a compact perturbation of the operator
1
S1 = b (11 + Cr0Crr0) € = 50 (pCres0 + Cry0)

We have to show that the operator S; is Fredholm of index zero. For this we use the
1
Helmholtz decomposition of H, 2 (divp,T') :

Nl

H_ 2 (divp,T) = Ve H2(I') @ curlp H3(T) . (4.20)

For a detailed proof of (4.20) see [15]. Note that we are assuming that the boundary
T" is smooth and simply connected. For a proof of the following result, we refer to
[3, 11, 28).

LEMMA 4.6 Let T' be smooth and simply connected and t € R. The Laplace-Beltrami
operator

Ar = divp Vr = — curlr curlr (4.21)

is linear and continuous from H'T2(T) to HY(T).
It is an isomorphism from H*T2(T')/R to the space HL(T') defined by

ue Hi(IT) <+ uth(F)and/u:O.
r

_1
The terms in the decomposition j = Vrp + curly ¢ for j € H, 2 (divp,I') are obtained
by solving the Laplace-Beltrami equation:

PZAfldiVFL qz—Aglcurlpj )
13



The mapping

H%(divp,I) — H3(T)/R x H¥([)/R

4.22
Jj=Vrp+curlpq — (5) ( )

is an isomorphism. Using this isomorphism, we can rewrite the operator S; as an
operator Sy defined from H2(I')/R x Hz(T')/R into itself. Then to show that Sy it is
Fredholm of index zero it suffices to show that S; has this property. Let us begin by
rewriting C§ and C\ o as operators Cj and C,, o defined on H3(T)/Rx Hz(T)/R. We
have to determine Py € H?(I')/R and Qo € Hz(I')/R such that C}(Vpp+curlp q) =
V1 Py + curlr Qo, and this defines Cg by:

s(5)-(a)

Po = AEl diV]" CS(V]"]) + CUI'IF q)

We have

and
Qo = — A" curly C (Vrp + curlr g).

Using the integral representation of C§ and the equalities (3.7) and (3.8) we obtain:

CF — Cu Ci2
0 Co11+Ca12 Coo )’

where

Cii = -AftcwlrVoVr, Cia = —Ap!cuwlr Vg curlr,
Corn = —Ap'dive VoV, Ca —Aptdive Vg curlp,
Co2 = VoAr.

Some of these operators are of lower order than what a simple counting of orders
(with -1 for the order of V4) would give:

LEMMA 4.7 Let I' be smooth. Then the operators curlp VoV and divp Vj curly are
linear and continuous from H'(T) into itself.

Proof. These results are due to the equalities (3.7). One can write (see [28, page
240)):

curlp Vo Vru(z) = /F n(z) - curl” {G(0, |z — y|)Vru(y)} do(y)

- / {(n() — n(y)) x V*C(0, |z — y])} - Vru(y)do(y)

—Vp curlp Vyu.
The second term on the right hand side vanishes, and the kernel

(n(z) —n(y)) x V*G(0, |z — y|)
14



has the same weak singularity as the fundamental solution G(0, |x — y|). We deduce
the lemma using similar arguments for the other operator. O

As a consequence, the operators C1; and Cao are of order -2, the operators C12 and
Ca21,1 are of order -1 and the operator Cy; 5 is of order 1. Therefore, Cj is a compact

perturbation of
0 Ci2
Co1o O

By definition of C o, the operator C,; o can be written as:

CK70 _ ( —HCH —/@Cm )

1
—kCa11 + K Co1,2  —KCa2

=k 0 N N (R
- (0 /@_1>CO (rk+r )(021,1 CQ2>'

The second term on the right hand side is compact on H2 (I')/R x H=(T')/R.

Since Cy o is a compact perturbation of

-k 0 "
<0 kL )CO’

the sum Cy, o + pCp_ 0 is a compact perturbation of

—(Ki + pke) 0 C*
0 (k"4 prgt) )7

The operator Cy, 0Cp. 0 is @ compact perturbation of

—Iii,‘ie_l 0 %2
( 0 *Iﬁ:i_lﬂe Co™

REMARK 4.8 Notice that lemma 4.7 is not true in the Lipschitz case. Nevertheless,
one can use the Helmholtz decomposition also for a Lipschitz boundary. One only has
to replace the space H%(I‘) by the more general space

H([) = {ue H'(T), Arue H 2(I)},

see [4, 7]. Then a large part of the previous arguments is still valid. For example, the
operators Cy1 and Cag, being of order —1, are still compact from H(T) and H%(F),
respectively, to themselves. By the compactness of the embedding H(T') < Hz(T') we
deduce that the operator Cai1 1 is still compact from H(T') to H3(T). The complete
proof of the theorem does not go through, however, because it uses the compactness of

M,,.

LEMMA 4.9 For smooth T, the operator C3? is a compact perturbation of —il.

Proof. 1t suffices to consider the principal part of (3.9). O
Collecting all the results, we find that S; is a compact perturbation of

$b(p + mins ) = gasi + prc) 0

4 ifve 3 i e *

( 0 %b(l)“‘ Ii;l,‘-@e) + %a(n;l +pK;1) >CO (423)
15



Ko
M. The matrix written above is invertible if:

HiRe

We recall that p =

1 1 1 i
Eb(p +rik, ) — ia(m +pke) 0 & Z(b — 2ake) <1 + Z) #0

and

1 4 1 -1 1 frifig

zb(p—l— K; Ke) + §a(l€i +pr. ) #0 & Z(lme + 2a) (1 + - Z2) # 0.
Since the operator C§ is invertible, we conclude that under the conditions of the
theorem the operator S; is Fredholm of index zero and therefore S too. The theorem
is proved. [

Using similar arguments we obtain the following theorem.

THEOREM 4.10 Assume that
(i) the boundary T is smooth and simply connected,
(ii) the constants a, b, e, Wi, ke and k; satisfy:

(brse —2a) # 0, (1+ /’j) 40, (b+2ar.) # 0 and <1+ “6”?) £ 0.

K2
1
Then T is a Fredholm operator of index zero in H, 2 (divp,T).

Proof. The operator T is a compact perturbation of

b
5 (Cne,O + pcm,,O) CS'

1
T, = —1 .. 0O -
1=a (4 + pCl, 0C ,e,0> 2

1
We use again the Helmholtz decomposition of H, 2 (divp,I') and rewrite the operators

Cy0 as operators defined on H2(I')/R x H2([')/R. Collecting the results from the
previews proof we found that the term (Cne,o + pC,%O)C{)“ is a compact perturbation

of
1 [ (ke + pri) 0
4 0 —(k;7 Y )

Finally the operator T, is a compact perturbation of

1 1) L )
—( (1 T prike ) 30 (e + pri) -1 O1 -1 -1 . (4.24)
4 0 a(l+pl-@eni )+§b(me + pK; )
0 Note that under standard hypotheses on the materials and for real frequencies, the
2
material factors such as (1 + &) and (1 + Meﬁ;) are always non-zero.
Hi Hikg

REMARK 4.11 Thanks to the explicit representations (4.23) and (4.24) one can de-
1

duce Gérding inequalities (positivity modulo compact perturbations) in H, ? (divy,T")

for'S (via the bilinear form B) and for T (via the L*-duality pairing) in the case of a

domain diffeomorphic to a ball.

When T' is a only a Lipschitz continuous surface, one can still prove that the
operators S and T are Fredholm operators of index zero, if one imposes more restrictive
hypotheses on the physical parameters. We have the following Garding inequalities.

16



THEOREM 4.12 Assume that
(i) e, i, ke and K; are positive real numbers.
(ii) a =1 and b= —in withn € R, n > 0,
Then the operators S and T satisfy the following Garding inequalities

tn (B(S3.9)+ es(0.0)) = Cslill o 0

*—1 e = HE > 1
Re (BTG 50) + (i) = Crllilly -3

where cg and cp are compact bilinear forms and Cg and Cr are positive real constants.

Proof. According to the definitions (4.3)—(4.7) and Lemma 3.7, the operator S is
a compact perturbation of

. 2 *
S1= - (P( — 31+ M) +Cni,OCne,O) Co—2 (pCh. 0 + Ciy 0)+pCr. oMo+ MoCl, o

Let j € H;%(divF, I'). The term B((pCy, 0 + Cx; 0)i»]j) is real. We also have
B(Cy. 0Moj,J) = —B(Moj, Cr, 0d) = B(i, MoCi, 0) = —B(MoCi, i, ])

The term MyCj, o is a compact perturbation of M, C,. and M, C,. = —C. M,_,
thus

B(Cme,OM()jaj) = B(Cne,OMOjaj) + compact = Re B(Clie,OMOjvj) + Compact
In the same way we have
B(MyCly, 0j,§) = Re B(MCl, 0j,j) + compact.

Using now the Caldero6n relations (3.9) and the fact that Cj = iCl o for £ = i, we

see that MoC{ is a compact perturbation of —C§My. It follows that (— 31+ M0)2Cg
is a compact perturbation of ( — %I + MO)CS( — % — MO) and we have

B((= 31+ Mo)C5( = 51— Mo)jj) = B(Ci(— 51— Mo)j (= 51— Mo)j)

Since Cj is elliptic for the bilinear form B we have with Lemma 3.8

B (= 31+ Mo)*Ci3i§) + e1(i0) = =B (G (3T+ Mo) J, (31 + Mo)i)

> aq||(31+ M) jlI?

= 1\|(2 O)JHH;%(divr,F)

Za2‘|j||2_l X _62(j7j)7
HX2(d1Vp,F)

where ¢ (-, ) and ca(+, ) are compact bilinear forms and a; and «y are positive con-
stants.
Now for brevity write S§ = n x V; and T = curly Vp divp. Taking into account

that (T;)? = 0 and that (Sg)? : H;%(din,F) — H;%(din,I‘) is compact (it maps
1
continuously into HY, (divp, ') which is compactly imbedded in H. * (divp, I')), we get
from the definitions
Cr; 00, 008 = —rik 7 ST SE — Ky Yke Ty S§Ty 4 compact.
17



The terms ST Sy and T SGT give positive contributions, namely we have
~B(SiT35350) = [ (curle Vi) - V(eurle Vo) = 0
r
—B(TS‘S{;TJj,j) = /(curlp Vo divrj) - Vo(curly Vg divr j) > 0
r

Therefore there exists a compact bilinear form c3 such that
~B(Cr;,0C%. 005 §:3) +e3(iy §) > 0.
Collecting all the results, we can write
Im B(Sj.j) =1 (=B (Cg (31 + Mo) J, (31 + Mo)j) = B(Ch, 0Cx, 003 3.3)) — es(i J)

where —cs(3.) = n(c1(.J) + c2(.3) + e3(,0) + ImB((pCh,,0Mo + MoCl,0)5.3) +
B((S —S4)j,J) is a compact bilinear form and

Im (B(Sj,j) +¢s(.0) > Cslli HH’%(divF )

with Cs = nay. Similar arguments can be used for the operator TC{ .o

5. Integral equations 2. The second method is based on a layer ansatz for the
interior field: We assume that the interior electric field E* can be represented either

_1
by W, jor by Wy, j where the density j € H,?(divr,I') is the unknown function
we have to determine. We begin with the Stratton-Chu representation formula (3.5)
in Q¢

E*(z) = Yok, (E°+E™)(2)+ Un, vp (E°+E™) () 2€Q°  (51)

We then apply the exterior traces 7§, and 'Yzcvme and use on both sides of (5.1) the
transmission conditions. The result is a relation between the traces of E* on I':

pE' — yHE™ = —pCp N, E' + (=31 + M,.,) 7pE’, (5.2)

PN, E =, E"C = —Cu,7pE + p (—31+ M,,) v, E". (5.3)

In the scalar case, to construct the integral equations one would simply take a linear

combination of (5.2) and (5.3). Here we multiply (5.2) by a and (5.3) by bC§ and
subtract to obtain:

pLN,, E'— NypE' =h sur I’ (5.4)

where the operators L, and N/ are defined for all j € H;% (divp,T') by :
Lij= {aCy, —bCj (314 My, )} ],
Néj = {—CL (%I + Mme) + bcgcme}.]a
and
h = aypE™ — bCiy, E™ € H,? (divp,T). (5.5)

, 1
If E' is represented by the potential ¥ E,., applied to a density j € H, * (divp, T)

E'(z) = -(¥g,, j)(2), x €, (5.6)
18



we obtain
vpE' = Cy, j and N E = (31+ M,,) onT (5.7)
Substituting (5.7) in (5.4), we obtain a first integral equation:
S'i={pL, (31+ M,,) —N.C..}j=h onT (5.8)

1
This is an integral equation for the unknown j € H, 2 (divp,I"). Having solved
this equation, we construct E* and E® by the representations (5.6) in © and

E° = p (U, (A1+M,,)i) @)+ (Var, Cui) (z)  x€QC (5.9)
If E' is represented by the potential ¥ M, applied to a density m € H;% (divp, T)
E'(z) = — (Y, m)(z), x€Q, (5.10)
we obtain:
ypE" = (%I + M,ﬁ.) m and YN, E' = Ci,m on I (5.11)
Substituting (5.11) in (5.4), we obtain a second integral equation:

Tm={pL.C,, — N, (31+ M,,)}m="h on I (5.12)

St
This is an integral equation for the unknown m € H, 2 (divr,T"). Having solved
this equation, we construct E* and E® by the representations (5.10) in Q and:

E*(z) =p (¥p, Cuym) () + (Yo, (314 My,)m) (2), x € Q°. (5.13)

Contrary to the preceding method from the previous section, the two integral
equations are not equivalent, in general. The following theorem corresponds to The-
orem 4.1. The proof is similar to the scalar case.

THEOREM 5.1 We assume that k2 is not an eigenvalue of the associated interior prob-
lem (4.17).

Ifje H;%(din,F) solves (5.8), then E' and E*, given by (5.6) and (5.9) respectively,
solve the dielectric scattering problem.

1 :
Ifme H,_ 2(divp,T') solves (5.12), then E* and E®, given by (5.10) and (5.13) respec-
tively, solve the dielectric scattering problem.

Proof. In each case the integral representations of E' and E® satisfy the Maxwell
equations and the Silver-Miiller condition. It remains to prove that the transmission
conditions are satisfied. We prove it for the equation (5.12), the arguments being
similar for (5.8).

Assume that m solves (5.12) which we rewrite as :
a{pCr. Crm+ (314 M,,) (31+ M,,) m — ypE™}

. (5.14)
=bC§ {p (31+ M, ) Coom+ Cy, (31+ M,,)m—~y, E™} =0.

Then, using the integral representation (5.13) of E®, we obtain :
(YHE® +7pE™ —pE") = —pCh, Crym — (314 M,.,) (31 + M,,) m +ypE™,
(V. E+75, E"— pyw, E') = —p (3T+M,.,) Cym — Ci, (31+M,,) m 45, E™.

We have to show that the right hand sides of these equalities vanish.
We introduce the function v defined on 2 by
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v(z) = —pUp, Com— Ty, (314 M, )m—E™.

By equation (5.14) we have aypv—bCiyn, v = 0. Since E™* satisfies the Maxwell
system curlcurlv — k2v = 0 in €, v satisfies it, too. By hypothesis, 2 is not an
eigenvalue of the associated interior problem, which implies v = 0 in 2. In particular,
vpv and 7y, v vanish, which shows that the above right hand sides are indeed zero

and that the transmission conditions are satisfied. O

THEOREM 5.2 Assume that the hypotheses of Theorem 2.1 are satisfied and that k>
is not an eigenvalue of the associated interior problem (4.17). Then the operators S’
and T’ are injective.

Proof. We prove the result for the operator T’, similar arguments being valid for
S
Assume that mg € H,

N

(divp,T") solves the homogeneous equation :
T/m() = pL’eC,ﬂmO — Né (%I + Mnl) mg = 0. (515)

We want to show that mg = 0.
We construct v; and vs as follows:
vo(z) = p(U i, Crymo)(z) + (War,, {31+ My, } mo) (2), r € e,
and
vi(z) = —(Vu, mo)(z), x e Q.
By Theorem 5.1, these functions solve the homogeneous scattering problem (i.e.
when E¢ = 0), and therefore v; =0 in  and vo = 0 in Q°. Now we define
v(z) = —(Vpr, mo)(z) x € Q°
We have 7§, v = Cy,mg = yn,,v1 = 0. Since v satisfies the Silver-Miiller condition,
we have v =0 in Q°¢. Thus v=0is R® and [ypJv=my =0. O

REMARK 5.3 The operators S’ and T' are the dual operators of S and T, respectively,
for the bilinear form B. Therefore they are Fredholm of index zero under the same
hypotheses as those given in Theorems 4.5, 4.10 and 4.12.

In order that each of the four integral equations admit a unique solution for all
positive real values of k., we will now give an example of how to choose the constants
a and b such that the associated interior problem does not admit any real eigenvalue.

We summarize all the previous results in the final theorem.

THEOREM 5.4 Assume that the boundary I' is smooth and simply connected and
(i) ke is a positive real number or Im(k.) > 0 and Re(k?) # 0,
I | in with n € R\{0} if k2 € R
() a=1andb= { —inke - sign(Im(k2))  withn € R, n > 0 otherwise,
2
RN & Heky
— # -1 —1.
i) 41, e

1"ve

Then the operators S, T, S" and T' are invertible in H;%(din,F). Moreover, given
the electric incident field E™ € Hyc(curl,R?), the four integral equations (4.7),
(4.9), (5.8), (5.12) each have a unique solution, and the integral representations {(4.1),
(4.11)}, {(5.6), (5.9)} and {(5.10), (5.13)} of E' and E® give the solution of the di-
electric scattering problem.
If T is only Lipschitz, then the conclusions remain valid if the conditions (i) to (iii)
are replaced by the more restrictive assumptions

() e, Wi, ke and K; are positive real numbers.

(v) a=1 and b= —in withn € R, n > 0,
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6. Discussion. In this paper we have described and analyzed modified boundary
integral equations to solve a radiation problem for the Maxwell system that are stable
for all wave numbers. Generalizing the approach of Kleinman and Martin to the
Maxwell system by employing a suitable regularizing operator introduced by Steinbach
and Windisch, in Section 4 we have derived two boundary integral equations using an
ansatz for the exterior field and in Section 5 we have derived two integral equations
using an ansatz for the interior field. Note that if it is only the exterior field that is of
interest, one can choose an integral equation which gives a simple representation for
E®, e.g. (4.7) or (4.9). This choice was used in the PhD thesis [21] for an application
to a shape optimization problem involving the far field pattern [12]. For numerical
results using this method, we refer to [21].

In [22] P. A. Martin and P. Ola established the existence and the uniqueness
of the solution to an integral equation analogous to (4.7) for all real values of the
exterior wave number by adapting a regularization method that was introduced by
Kress [9] in the framework of spaces of continuous functions, namely by using the
operator j — n x VZj in the place of our C. This technique would not yield four

families of Fredholm boundary integral operators of index zero in H;% (divp,T") since
the invertibility of the regularizing operator is needed in our arguments (see the proof
of Theorem 4.5). A more interesting advantage of the operator C{ is the possibility
to use our regularization method on Lipschitz boundaries since this operator still is
elliptic.

Numerical analysis using similar CFIE-based methods for the scattering of homo-
geneous penetrable objects are presented in [33]. The proposed integral equation also
contains double and triple operator products. Stable discretization of these operator
products can be obtained by multiplying matrices arising from the discretization of
the various operators using specific basis and testing functions [1]. As is shown there,
preconditioners from the same class of operators are also easily constructed. The con-
clusion is that appropriately preconditioned CFIE-based single-source formulations
are more efficient than the coupled integral equations.
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