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A system of integral equations for the field and its normal derivative on the
boundary in acoustic or potential scattering by a penetrable homogeneous object in
arbitrary dimensions is presented. The system contains the operators of the single
and double layer potentials, of the normal derivative of the single layer, and of the
normal derivative of the double layer potential. It defines a strongly elliptic system
of pseudodifferential operators. It is shown by the method of Mellin transformation
that a corresponding property, namely a Garding’s inequality in the energy norm,
holds also in the case of a polygonal boundary of a plane domain. This yields
asymptotic quasioptimal error estimates in Sobolev spaces for the corresponding
Galerkin approximation using finite elements on the boundary only. © 1985
Academic Press, Inc.

1. INTRODUCTION

In this paper we investigate the transmission problem in »>2 dimen-
sions for the Helmholtz or Laplace equation. The transmission coefficient u
and the wave numbers k,, k, are assumed to be constant complex numbers
which are restricted by conditions guaranteeing the uniqueness of the
solution of the transmission problem and a certain adjoint problem
(Remark 4.8). The boundary I" of the scatterer is assumed to be a smooth
bounded simply connected surface in R"” for n =2, and for n=2 we also
consider the case of a polygonal boundary I". To some extent, the results
then also carry over to a curved polygon (compare [9, 127).

We use a system of two boundary integral equations which are derived
by Green’s formula for the field and its normal derivative on the boundary.
Thus the Cauchy data of the solution of the transmission problem are
given directly by the solution of the system of integral equations, and
application of the representation formula gives the solution in the whole
space. In particular, in the case of a polygonal plane domain, the corner
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singularities of the solution can be explicitly calculated from the integral
equations. For the exponents of the singular functions we find a transcen-
dental equation which was derived by different methods in [48, 29].

Our system satisfies a Garding inequality in the energy norm. This is
used to show that the uniqueness assumptions on the transmission problem
imply that the system of integral equations has always a unique solution.
Furthermore we obtain asymptotic error estimates for general Galerkin
approximation schemes on I (as in [46]). It is one of the main points of
this paper to show by the method of Mellin transformation that this Gar-
ding inequality remains valid also for a polygonal boundary (see Sect. 5).

Kress and Roach [33] treat the transmission problem in R* by means of
a different system of integral equations. They choose potentials in such a
way that the most singular terms in the operators cancel and only
Fredholm integral operators remain, so that the Riesz-Schauder theory
applies to the system. (Compare also [31, 30, 34, 55].) This is no longer
true for the case of a polygonal boundary because the operator of the
double layer potential is no longer compact.

Our system resembles more an equation of the first kind with a positive
definite principal part which defines in a natural way a coercive bilinear
form on the energy space which is the Sobolev space H*(I') for the field
and H~Y*(I) for its normal derivative.

We have to consider the operator of the normal derivative of the double
layer potential whose kernel is hypersingular. In the case of a smooth
boundary, it is a strongly elliptic pseudodifferential operator of order 1 (see
[49, 40, 17, 45, 20]). The other operators of our system are the operators
of the single layer potential, the double layer potential, and the normal
derivative of the single layer potential, which all are pseudodifferential
operators and can be handled by local Fourier transformation. In the case
of a polygonal boundary in the plane, one can derive corresponding results
using local Mellin transformation (see [10, 137]). In both cases one uses
Sobolev spaces, and one starts with solutions in the energy space which
correspond to Cauchy data of the weak solution of the transmission
problem. For the equivalence of both sets of solutions, we have to assume
that the homogeneous transmission problem as well as the adjoint problem
obtained by interchanging the interior and exterior domains have only the
trivial solution. The conditions on y, k,, and &, given in [33] are sufficient
for uniqueness in the adjoint problem. Thus we need not deal with eigen-
values of interior Dirichlet problems, etc.

In order to obtain higher convergence rates for the Galerkin scheme, we
study the regularity of the solutions. In the case of a polygonal boundary
we derive a decomposition of the solution into corner singularities and a
smooth remainder. This implies higher convergence rates for the Fix
method which means that besides the standard piecewise polynomials the
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explicitly given corner singularities are used as test and trial functions in
the Galerkin procedure (see [10, 11, 54]).

Applications of such transmission problems in acoustics and elec-
tromagnetics are described in [34, 36, 23, 37, 2, 4, 16, 39, 44, 45, 38].

The problem also appears in the scattering of time-harmonic elastic
waves by a body embedded in a half space of different density, e.g., a foun-
dation of a building. If the boundary of the body meets the free surface
nonorthogonally, then the reflection method applied in [5] generates a
domain with corners. In the two-dimensional case this can be treated by
our boundary integral equations.

W. L. Wendland in [49, 50, 51, 52, 53] presented a list of strongly ellip-
tic boundary integral equations, for which our system is a further example.
We want to thank Professor Wendland for many useful discussions.

2. FORMULATION OF THE PROBLEM

Let 2, denote a bounded simply connected domain in R”, n=2, and
Q,=R"\Q,; '=08Q2,=02,. The interface I' is assumed to be sufficiently
smooth, for brevity C*, for n>3 and either C* or a polygon for n=2.
0/on denotes the derivative with respect to the normal to I” pointing from
Q,to Q,.

We study the weak solution (u,, u,) of the transmission problem

(A+kf)uj=0 inQ;(j=1,2) (2.1)
Uy =u,+ vy
0u1_6u2+¢ on I (2.2)
# on  on 0

u, has to satisfy certain conditions at infinity:
Ifk,; #0
uy(x) = 0(|x| ="~ 2

Ouy(x)
a |x]

—ikyuy(x) = o(|x| =7 2), x| - 0 (23)

(Sommerfeld’s radiation condition).
Ifk,=0,fornz=3

u(x)=0(x>~"), x| - o0; (24)
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for n=2 there are constants a and b such that

b
uz(x)=a+£ log |x] + #(1), [x] = 0. (2.5)

The constants a or b may be specified (for example, b = 0 means u bounded
at infinity), and we will discuss different cases below (compare [26]).

Here &, k,, and p+0 are complex constants which will be subject to
certain conditions below (see (4.12), (4.13), Remark 4.8). voe H*(I") and
Woe H™'*(I') are given functions (H*(I") (s € R) denotes the usual Sobolev
space).

In the case of scattering problems, v, and ), represent the boundary
traces of the incident field u,:

8
Do = tg | 1 ¢0=5’-;9 where (4 +k2) up=01in Q,.  (2.6)
I

For k, #0, for example, uy(x)=e***, |&| =1, represents an incident plane
wave, a corresponding example for potential scattering (ie., k, = 0) is given
for n=2 by uy(z)=1log |z — zy|, zo€ 2,. In these cases vy, Yo CP(I).

The scattered field in the exterior domain £, is u,, and the total field u in
§2,1s uy, and in Q, it is given by u=u, + u,. The transmission conditions
(2.2) read

du, 0u

= on I.
“6;1 on

U, =u and

Obviously, the transmission conditions (2.2) can easily be rewritten in the
form

ou, Ou,

Pty — oty =f; E—E=gon r,

which may appear in electromagnetic scattering.

3. CaucHY DATA OF WEAK SOLUTIONS AND CALDERON PROJECTORS

In this section, we collect standard results on Green’s formula, represen-
tation formulas, and boundary integral operators in the Sobolev spaces
corresponding to the weak solutions. The Sobolev spaces H*(R2;) and H*(I")
for smooth I' are defined in the usual way:
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HY(Q))={ul g, | ue H'(R")} (seR)
H()={ul, | ue B 2RY)) (s>0)
HYI'y=LXI")

H (M= (H (D)) (dual space) (s <0).

If I is a polygon in R?, we will use the same definitions. Besides H*(I") we
need another space #°(I"), defined as follows:
Let I'=)/_, I” where I7 are straight line segments. By z;(j=0,.,J) we
denote the corner points where /7 and 77" ' meet. (The indices will be used
cyclically mod J, e.g., zo=2,.) By o, (0 <w,<27m) we denote the interior
angle between /7 and 7+

Let s> 0. Then H*(I”)= {u|, | ue H*(I')}. We define

A := HT) forse[ -1, 1) (3.1)
= {uelX(N) | u|pe H{(IY) (j=1,.,J)

Now we define the spaces in which we look for the weak solutions.
L= {u e H(Q) | (4+k})u;=01in Q,}. (3.2)

Here Au is understood in the distributional sense. In the exterior domain
we incorporate the behaviour at infinity:
P = {ue HL(2) | (A+ k3 u, =0

loc

in Q, and u, satisfies (2.3), (2.4), (2.5)}. (3.3)

Note that in the case n=2, k, =0, for any u, € %, the constants a, b C are
uniquely defined by (2.5).

The elements of % have traces on I in H'*(I") by the usual trace lemma
([35]) for smooth I and by Grisvard’s trace lemma ([217]) for polygonal
r.

For the definition of the normal derivatives on I we use Green's for-
mula:

LeMMA 3.1, Let ue H|,(2;) with Aue L4, (Q)) (p>1) and ve H\(Q))
with bounded support. Then du/on|,e H™V*(I') is defined by

f vAudx+J Vo Vudx
2 Q

, 0
=(—1y+‘<a—z

,vlr> (j=1,2). (34)

409/106/2-6
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Here (") is the duality between H—1/2(I')=H"Y*(I'))’ and H"X(I),
which gives { f, g> r=j r f(2) g(z) ds, for smooth functions [ and g.

The mapping u v ou/on|, is an extension by continuity of the
corresponding natural mapping for smooth funtions.

The proof for smooth I is standard, and for polynomial I” it may be found
in [42].

DEFINITION 3.2. Let u€ H, () with due L{, (2;) (j=1, 2). Then the
“Cauchy data” (},)e H'*(I')® H~"*(I) are defined to be the traces (})=

ulr
(auam,) @S defined above.

The Cauchy data of two elements of % are related:

LEMMA 3.3. Let u,ve % (je {1,2}), where for j=2, n=2, k;=0 we
assume b=0 for u and v, and (4) and () be the Cauchy data of u and v,
respectively. Then ’

¢, v>r— Y, upr=0. (3.5)

Proof. For bounded domains, we use the fact that Green’s formula
(3.4) is symmetric in u and v since

udv= —k}ul):Au-v.

This gives the assertion (3.5) for j=1.
For j=2 we choose a ball B, with radius R and boundary S, containing
,. Then for the bounded domain 2, By, (3.5) gives

ovr= =] (v5g-ugg)d

=ik, L (uv—vu)ds+L O(R'—"2) o(RU="72) ds

=o(R'"")-R""'=5(1) as R- o,

where we use the radiation condition (2.3) if k, # 0. The proof for k, =0
and =0 uses (2.4), (2.5) in the same way. |

For the definition of potentials, we use the following fundamental
solutions which we always denote by ;.
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1
yj(z’C):=Zt-long_Cl for k;=0,n=2
I'((n—=2)/2
12—((—4;;,/2)—/)|Z—C|2*" for k;=0,n>3

j ko \(r-2r2
= (——’———) HY) 50k, 1z—L)) for k;#0,n>2.

T 4\2rn )z -]
(3.6)
DErFINITION 3.4. Let ¢ C®(I'). Then
Vad(2):= =2 | 3(2.0)4(0) ds;
(zeQ)). (3.7)

0
Kafle):==2 | o0) -1z 0)ds,

The same definition is valid for arbitrary distributions ¢ on I since for
z ¢ I the above kernels are C* functions on I

These potentials give the following representation formula:

Lemma 3.5. For ue % with Cauchy data () and for z € Q, there holds

u(z)=(—1Y 3 (Kqu(z) = Vo ¥(2)) +a, (3.8)

where a=0 except for n=2, k, =0, j=2. In the latter case, a is the constant
appearing in (2.5).

Proof. This representation formula is well known for smooth I, where
for exterior potential problems in two dimensions one assumes that u
vanishes at infinity. The additional arguments needed for polygonal I” for
the case of bounded plane domains can be found in [10, Lemma 1.27]. For
the remaining case of the exterior domain with n=2, where I may be
polygonal and k,=0, a, b#0 is possible, we proceed as in the proof of
Lemma 3.3. We enclose Q, by a ball By with R> |z|. Then the represen-
tation formula holds for the bounded domain Q, B yielding

1
uz) =5 (Kqu(z) = V()

0 0
+], 0 gt s = [ om0 G de (9)
Sr 4 R
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For the last two terms we use the asymptotic behaviour as R — o0:

_ b . ou b o
u—a+2n log R+ O(R™), ——an—-———2nR+0(R );
i 1
=1 —1 _ -2
2=5 0g R+ O(R™), an 2= g TORTY)

This yields

5, b
LR u({) o, V2(2, C)dsg=a+§; log R+ 2(1)

f 72(2, {) —— 6u(C) afsg—i log R+ o(1).

Inserting this into (3.9) and taking the limit R — co, we obtain (3.8). |

Remark 3.6. For n=2, k,=0, j=2 one can get (3.8) without the con-
stant a if one changes the fundamental solution y, into

—Zp
1_
{~2z

JAz, ) i= — log with some z,€Q,.

In order to formulate the jump relations for the single and double layer
potentials we define the following boundary integral operators.

DerFINITION 3.7. Let ¢ C®(I). Then for ze I
Viblz)i= =2 | B0z D) dses

0
Kid(2) = =2 | 9(0) 7= 7z 0 doy;

4

0
Kigle) = =2 | 90 70 0= D s

0
Dg(z) i= == Ko d(2).

For a distribution ¢ we define (if possible) V¢ and K;¢ by approximating
¢ with smooth functions and Kj¢ by duality using the relation

(Ki¢ywor=< Kwyr  YweC=(I)

which for smooth ¢ is obviously valid.
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LemMMA 3.8. Let (u,n//)eH‘/z(F)xH Y(I'). Then the potentials Kgv
and VoY belong to %, and their Cauchy data satisfy

KQIU‘I"=(Kj+('_1)j)U; Vleplrz lep; (3.10)

2 Kaplr= Dy 2 VoWlr=(K—(=1))p. (311)

Proof. Obviously, the potentials Vo and Kq v satisfy in Q; the dif-
ferential equation (2.1) and the conditions (2.3)-(2. 5) at infinity, where for
n=2=jand k,=0 we have a=b=0 for Kqovand a=0, b=y, 1) for
V. We show now that K, maps H'*(I) (contmuously) into H} (Q)).

If 7 is smooth, we use the fact that the kernel (6/on;) vz, {) has the
Fourier transform ¢¢,/(¢3 + &3 —k7) which is a rational symbol of order
— 1. It has therefore the transmission property and hence Ko, is a potential
operator in the sense of Boutet de Monvel [6], mapping H*(I") into
H;t V() for any se R (see Eskin's book [18, (8.18)]).

For polygonal I, the result Kove H, (R2;) for ve H(I') will be
obtained by interpolating the two cases:

oC

Kof HP*4(I)— HLEA(Q),  £e(0, 1).

loc

The result for the + sign and k;=0 is contained in [10, Lemma 3.3], and
for the — sign or k;#0 a similar argument is valid which will be given
below (Lemma 5.2). The method is based on the representation of Q;as an
intersection of halfplanes for each of which one can apply Eskin’s results.
For Vg, a simpler argument is valid: The transpose of the restriction
mapping H; ! VA(R")—> H(I') for s>0 gives a natural embedding
i H () - Hso VAR defined by (i, ¢ =, ¢ > pfor ye H(I),

¢ € Hi *(R"). Obviously, Vot can be viewed as the two-dimensional

convolution —2y; (1)), ie., application of the pseudodifferential operator

with symbol a(VQ)(é)zc/(lélz—k}), ¢eR™\ {0}. This operator maps
Hmp(R") = Ht*R") for any teR ([18]). Hence Vo:H *(I')—

Higi*¥2(R") for any s> 0. For s=1 we obtain V: H™ (I )—>$ Note
that this is also valid for polygonal I, since it depends only on the trace
lemma.

The jump relations (3.10) are well known for smooth functions v and ¥

[22]. From the trace lemma we conclude that
W= Vo | H VA —» HYA(I)
and

v Kool HA(I) ~ H(I)
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are continuous mappings. Then we can show (3.10) for (v, y)e H'*(I') x
H~Y}(I') by approximation with smooth functions, as soon as we know
that

VH -V I—>H"I) and K:H"Y(I)>H"I) (3.12)

are continuous.

Now for smooth I', V;and K are pseudodifferential operators of order
—1[19, 18, 15, 27, 1] yielding (3.12).

For polygonal I, (3.12) for the case k;=0 was shown in [10]. It will be
shown below (Lemma 5.2) that the differences V;— V and K;— K, where V'
and K are defined like V;and K but with k;=0, are smoothing operators
mapping into H°(I') with s>1. Thus (3.12) is shown and this implies
(3.10).

The first equality in (3.11) is just the definition of the operator D;. In
order to show the second equality, we first change the domain ;in such a
way that the new domain Qj has the following properties: I" is one of the
components of the boundary I" of ﬁj, f)j is bounded, and k? is not an
eigenvalue of the Dirichlet problem in ;; ie., for any we H"*(I') there is
exactly one solution ue H 1(ﬁj) of the problem

(4+k})u=0 in @, ulr=w

Of course this is always possible by adding a suitable sphere Spto I': ['=
o Sg.

Then we extend y € H~Y*(I") by 0 on I'\I" and note that the relation
(3.11) on I’ implies the desired relation (3.11) on I". Thus we may omit the
distinction between £2; and Qj.

Now we choose an arbitrary we H?(I') and the corresponding solution
ue ¥, with u|-=w. Then with ¢ := (0u/0n)| the representation formula
(3.8) reads

u=(—-1)" %(KQ,W - VQ,¢),
and with (3.10) this gives
(Kj_ (-1 )j)W = Vj¢'

Now we use Lemma 3.3 for » and v= Vg € 4. We obtain

<§— Vablrw) = Vbl 6=V d)r= <, Vs
n r

=, (K= (= 1YW r= UK — (= 1YW, wHp,  (3.13)
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which shows (6/0n) Vo y|r=(K;—(— 1)/, because w was arbitrary.
Here we used the symmetry of the kernel —2y,(z, {) of V;, which yields
Vi, ¢>r=<y, V> first for smooth ¢ and i, and then for all
¢, y € H=VA(I'). The last equality in (3.13) is just the definition of ;. |

LemMa 39. (a) Let v,we H'Y*(I') and ¢,y H V*(I'). Then there
holds

Vg ¥>r=<XdVor; (Ko, y)r=Lv,KY)r;
{Djo,w>r=<v,D;w). (3.14)
(b) The operators
Vi:H "(I')> H"(I); K;: H*(I') - H'A(I');
K: H '*(I'y» H YX(I) D HY(I')—» H™ V(I
are continuous.

Proof. With the exception of the third equality in (3.14), all statements
of the lemma are clear:

The first two equalities in (3.14) as well as the continuity of V, and
K; were shown in the preceding proof. The continuity of K; follows by
duality, and D, is, by definition, composed of the continuous mappings
Ko H*(I''> % (Lemma 38) and  —(3/0n)|: &~ H (I
(Lemma 3.1).

Now let ve HV*(I'). We may assume that the Dirichlet problem ue %,
u| = v is solvable (this can be achieved either by cutting off some ball from
Q; as we did above, or by changing k; and observing that D, depends con-
tinuously on k;#0). For n=2, j=2, k;=0 we assume »=0. Then the
representation formula (3.8) and the jump relation (3.11) give

0 0 Ou
D_/-UZ _—6_}1 K.inll“z —-a—n- <VQ’<-6—]1-

)+2(—1>f'(u—a))|r

Ii

0
— (K= (=) 5

Ou
9 (—1V =
r =D on

r

N
= —(K—(-1)) 5

r

Now let we HY(I'). Then

,w>
nir r

.0
Dyowyr={ ~(K+(=1)) 5

(2
" \on

. -(K,-+(—)f)w> .

r
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(2
on|r
On the other hand we have —K,we % (with b=0 for n=2=j, k,=0).
Therefore we can apply Lemma 3.3 and obtain

By (3.10), this is equal to

a_KQler> .

r

0
<DjU,W>r=<“|r,*a— KQ,W|r> =<, Dwr. 1
n r

Now we define the matrix of operators

-K V.
A = A 3.15
= > K) (3.15)
From Lemma 3.9 it is clear that
Hl/Z([‘) HI/Z(r)
A © - @ is continuous,

H-VAr)  HVYD)

and the relations (3.14) show that the operator 4, is skew—symmetric with
respect to the bilinear form

B((;) (f;)) i= (0> ) (3.16)

Note that B(( *,), (3)) is equivalent to the norm in H"*(I"@ H~"*(I).

PrRoOPOSITION 3.10.  For all v, we HYX(I"), ¢, y € HV*(I') there holds

2((E)-2(H-G) e

The operators A, are the “boundary integral operators” which characterize
the Cauchy data of weak solutions of the Helmholtz, resp. Laplace
equation:

TuEOREM 3.11. The following statements on (%)e H/X(I'\@® H ™ "*(I')
are equivalent:
(i) (y) are Cauchy data of some ue Z,.
(i) (1 +(—1)’Aj)($)=0.
The right-hand side has to be replaced by (%) for n=2=j, k,=0.
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(iii) There exist (§)e HY*(I')@® H™YX(I) such that

<;>;%(1—(—1ij)(§>(+(3> for n=2=}, k2=0>.

Proof. “(i)=(ii)>: For ue ¥, we use the representation formula (3.8)
and express u|,and (du/on)| by means of (3.10) and (3.11). This gives

v 1 ) v a
=={1—-(-1Y 4; ,
(4)=30-cran(y)+(5)
which is the same as (ii).
“(ii) = (iii)”: This implication is trivial. Choose (§)= ().
“(iiiy= (i) Define ue £ by inserting (§) into the representation for-
mula, ie.,

u:(_])!'%(](g/g_ Vszjh)'*’a-

Then again by (3.10), (3.11), the Cauchy data (wu‘;gl”r) of u satisfy

(iom )30 =9 () (3)=(0)

Thus () are the Cauchy data of u. |

COROLLARY 3.12 (compare [43]). The operators
(1= (=1)4))

are projection operators, the so-called “Calderon projectors” [7,15]. They
project in HY*(I'Y@® H~'*(I') onto the Cauchy data of the weak solutions in
%, This means in particular A} =1, which yields the relations

K12+ VD;=1 =D./'Vj+KJ,'2’

Proof. Let(8)e HA(IN@ H~ (') and (3) := 3(1 —(—=1) 4,)(§). Then
by the theorem,

()-to-ca;)- Lol )

which proves the projection property. Note that this is also true for
n=2=j k,=0, because we can choose a=0. |
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Remark 2.13. The Calderon projectors for the interior and exterior
problems (with the same k;) are conjugate:

M1+ 4)+41-4)=1.

For the case of the potential equation in two dimensions (4 := 4, = 4,),
the projector 4(1 — A4), which is conjugate to the projector 3(1+ 4) map-
ping onto the Cauchy data of the interior problem, projects onto Cauchy
data of harmonic functions u, €%, with a=0, b#0 in the asymptotics
(2.5). That there indeed appears the case b # 0 can be seen as follows:

For (}) in the image of 11+ A4), ie, for Cauchy data of harmonic
functions in Q,, there holds

Lwa=0

Now this is not true for every € H~Y*(I'). Hence in the image of (1 — A),
there exists i with

b=L¢m¢a

For the exterior plane potential problem, especially for the Dirichlet
problem, one usually looks for bounded solutions, which means =0, a
arbitrary. The projector onto the Cauchy data of these solutions is given by
1(1— A4), where 4 is defined by use of the modified fundamental solution 7,
of Remark 3.6. Using the formulas of Theorem 3.11 in this case, we obtain
only an approximate projection in HY3(I')x H=Y*(I') or a projection
operator modulo constant functions.

4. THE BOUNDARY INTEGRAL EQUATIONS

Now we return to the transmission problem (2.1)}-(2.5); i.e., we consider
u;e % (j=1,2) satisfying the transmission conditions (2.2), where (;‘;)e
H'YA(IN@® H~Y(I') are given.

By Theorem 3.11, this transmission problem is equivalent to the follow-
ing relations for the Cauchy data (Z-) of u;:

U—AJ<$>=Q (4.1)
U+AJ<Z)=Q (4.2)

(6)=4()-() =G ) (43)
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Here we assume a=0 if n=2, k,=0. We shall discuss the case a#0
separately.

Note that (4.1)-(4.3) has the general form of any transmission problem:
(4.1) and (4.2) contain the Calderon projectors for the interior and exterior
problems, respectively, and hence define the respective Cauchy data, and
(4.3) contains a bounded linear operator M, the precise form of which is
irrelevant for most of the following derivations.

In the case of a scattering problem, the right-hand side (52) satisfies (2.6).
By Theorem 3.11, this is equivalent to

(1—A2)<l:(;>=0. (4.4)

LEmMMA 4.1. Let (”f)eH”z( Y®HV¥I) (j=1,2). Then there exist
we? (j=12) satm:fymg the transmission conditions (2.2) and having
Cauchy data ("’) if and only lf(”/) satisfy the relations (4.1)-(4.3). (a=0is
assumed.)

Now from the system (4.1)-(4.3) of six equations for four unknowns, we
derive a system of two equations for two unknowns:
Let () := (”) Substitution of (4.3} into (4.2} gives

(1+A2)M(;> (1+45) (%)

We multiply by M ™' from the left and subtract (4.1). We obtain the
desired boundary integral equation

1 1
H(&i) = 3 (4 + M A M) <;> =5 M1 +4,) (:;‘;) (4.5)

If ( ;‘(’)) satisfy (4.4), this simplifies to

() ()

Lemma 42. (i) If (”f)eH‘/z(F)@H YXIr) (j=1,2) satisfy the
relations (4.1)—(4.3), then (w) = (”‘) satisfy the integral equation (4.5).
(i) If ())eH*(IN@®H" l/2(1") satisfy (4.5), then (J) (j=1,2),

defined by
()= ren ()}

(5) -3

satisfy the relations (4.1)—(4.3).
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Proof. (i) follows from the above derivation of (4.5). If (y) satisfy
(4.5), then the definition (4.7) together with the projection property of the
Calderon operators, ie., (1—4;)(1+ 4,)=0 (Corollary 3.12), yield (4.1)
and (4.2). Equation (4.7) gives

) =m(0) =zl aom ()0 (Ge) e an ()}
() e (G ro-a ()

(oo (3)

If (4.5) holds, this can be written as

()4 (5)= g ()5 - (32

(¢ 0)

Thus any solution () of the boundary integral equation (4.5) generates
by (4.7) a solution of the transmission problem, but () need not be the
Cauchy data of this solution. The difference (j) ) satisfies, by (4.7),
(I+4)((;)— (1)) =0; ie., these are Cauchy data olwan exterior problem.
Therefore we deﬁne

E)=w)-()-Gr (R)-()-G)
()=aea [ (Q)-Go)F - (2)-30-20(3)

and with (4.3) we see (5711): M(Ezz).
Thus ( l/;fz ) are solutions of the homogeneous “adjoint problem”

(1— 4, )(5) 0 (4.9)
(1+4, )<:£. ) 0 (4.10)
2

Gy e
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This problem is related to the original problem (4.1)-(4.3) by
interchanging k, with k, and p with 1/u (or, equivalently, by interchanging
the role of the interior and exterior domains).

Thus the equivalence follows from the

ASSUMPTION A The homogeneous problem (4.9)-(4.11) has only the
trivial solution (";7‘1) = (%27) =0.

Conversely, any nontrivial solution of (4.9)-(4.11) yields a nontrivial
2) of (4.5) and thus gives rise to solutions of the integral

solution (
equation (Z .5) which do not correspond to solutions of the original

transmission problem.

ProOPOSITION 4.2. The relations (4.1)-(4.3) and the boundary integral
equation (4.5) for (,';)=(;,'l) are equivalent if and only if Assumption (A)
holds.

In order to get uniqueness of the solutions of (4.5), we have to assume
uniqueness for the original transmission problem. We make the

ASSUMPTION A. The homogeneous problem (4.1)-(4.3) with ( ;‘(’)) =0 has
only the trivial solution (;‘1) = (;22) =0.

Then we obtain

PrROPOSITION 4.3.  The integral operator
H: H(I@H V(I > H(IN@®H"(I

is injective if and only if the assumptions (A) and (A) hold.

In Sect. 5, Corollary 5.4, we prove an a priori estimate for the operator
H. Therefore it has a closed range and finite-dimensional kernel. The
following lemma shows that this also holds for the adjoint operator.

LEmMA 4.4. The transpose of H with respect to the bilinear form B
defined in (3.16) is the operator —H: ie.,

#(7(5)G)= ()7 ()

(Hp)emns o

Sfor all
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Proof. By Proposition 3.10, the transpose of A4;is —A;. Furthermore,
by definition of M we have

2D ((Ghr ()

i, the transpose of M is uM ~'. Hence, the transpose of M '4, M is
— M !4, M, which shows the desired result by the definition of H. ||

COROLLARY 4.5. The operator H in HY*(I'Y@ H VX (I') is a Fredholm
operator of index zero which is bijective if and only if Assumptions (A) and
(A) hold.

We can now use our integral operator H to prove existence for the
transmission problem in terms of Fredholm’s alternative which was shown
by Kress and Roach [33, Theorem 4.5] using a different integral operator.

COROLLARY 4.6. In order that the transmission problem (4.1)-(4.3) have
a solution it is necessary and sufficient that

ulvo, Y1 r—<vi, Yorr=0

for all solutions (.’,’jj) (j=1,2) of the corresponding homogeneous problem.

Proof. By Lemma 4.2 we know that the transmission problem has a
solution to given (;‘;) if and only if the integral equation

"))
()50 e ()

has a solution. By Lemma 4.4 and Corollary 4.5, this is the case if and only

) e

This is equivalent to

0=5B (% M~'(1+ 4,) <Z°O) (Z)) =i3 ((.7,2) % (1-4:) M <;)>
o () 0-ars(3)

() e ker H means 0= H(}) = 3(1 + A, — M (1—A4,) M)(3)

with
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Hence we obtain the condition

B(M“ (;‘;)%(1 +A1)<Z>>=0 for all <Z>eker H.

Now if (%) runs through ker H, by Lemma 4.2, (l’;ll)zé(l +A4,)(}) runs

through all solutions of the homogeneous transmission problem. Thus we
obtain the necessary and sufficient solvability condition

B <Ml <;‘;>, (;1)) =0  for all such (:;11). |

Now we want to discuss some conditions sufficient for the Assumptions
(A) and (A). Uniqueness proofs are given, e.g. in [33, 23, 34, 47, 56, 8].
For the following we always assume a =0 for the case n=2, k,=0.

ProPOSITION 4.7. Let k, k,e C and pe C\{0} be such that either
k>0 and Imu<0 and Impkiz0 (4.12)
or
Imk,>0 or k,=0 and there exist no a, §,7, >0

with —uk?a— k3B +puy+6=0. (4.13)

Then the homogeneous transmission problem (4.1)-(4.3) has only the
trivial solution, i.e., Assumption (A) holds.

Proof. Let B be a large enough ball with boundary Sz. We apply

Green’s formula (3.4) to Q, and Q, N Bg, use the transmission condition
(4.3) and eliminate the integral over I". We obtain

Ouy _ P 2 2 2
Lﬁzuz ds= — uk? L?l |, |2 dx — K2 LMR || dx
+uj |Vu1|2dx+j Vo> dx.  (4.14)
2 2y Br

In the case Im k, >0 or k, =0, the left-hand side in (4.14) tends to zero for
R — . (Here we need a=0 for n=2, k,=0.) If now (4.13) is satisfied, it
follows that at least one of the integrals

J, lml? dx J92|u2|2dx, J, Valdn [ Vil dx

i
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vanishes. In any case it follows from the transmission condition (4.3) and
the conditions at infinity that u, =u,=0.

If k,>0, we use the radiation condition (2.3), take imaginary parts in
(4.14) and obtain

kzj lusl2 ds + o(1) = —Imykff |u1|2dx+1muf IVu,|? dx.
Sr & (31

From (4.12) it follows that the right-hand side is nonpositive, hence
fsglusl>ds=0(1) as R— oo, and from Rellich’s theorem follows u,=0
implying u, =0.

Remark 4.8. From (4.12), (4.13) one can easily deduce conditions suf-
ficient for both (A) and (A). Note that for the problem (4.9)—(4.11) the
condition a =0 is always satisfied, because the potentials ¥,y and Ko,v
have the asymptotic form (2.5) with a=0 (in general, b #0).

We obtain the following list of sufficient conditions for (A) and (A):

(a) ky=k,=0and peC\(—00,0];

(b) Imk,>0 and k,=0 and there are no a, f, y >0 with —pk?a+
up+y=0;

(c) k;>0and k;=0and Im x> 0;

(d) Imk,>0 and Im k, >0 and (4.13) holds;

(¢) Imk,>0and k,>0 and (4.12) and (4.13) hold;

(f)y k;>0and k,>0and Im u=0.

The condition given by Kress & Roach [33] is (with k,, k, #0)
kl 2
o(efem

2
y<%l> >0 (<0) if Rek, Rek,>0 (<0).
2

and

This is contained in (d)—(f) above.

Now we consider the case n =2, k, =0, where we want to drop the con-
dition a =0 which was assumed above. In particular we look for solutions
bounded at infinity. This means =0 in the asymptotics (2.5) of u,.

Let us first consider the case k,=0. Then every constant function
uy=u,=a is a solution of the homogeneous transmission problem.
Therefore for solutions of the inhomogeneous problem we may always
require @ =0, so we have the situation studied above. On the other hand,
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the constant b cannot be prescribed arbitrarily: From Green’s formula (3.4)
follows <{yr;, 1> =0, hence the transmission condition (4.3) gives

AY, = <o, 1) p= =Yg, 1) (4.15)

From the representation formula (3.8) follows &= (yr,, 1) = AY,, so that
b is determined by the inhomogeneity ¢ in this case.

Now let k; 0. Then we want to prescribe b and admit a # 0. Thus we
have to use the general boundary relations from Theorem 3.1t instead of
(4.2). We obtain

(1+Ag<$)=<%v; A, =b. (4.2)

With this modification, Lemma 4.1 remains valid. This leads to the
modified boundary integral equations

()4 (o))

The additional relation Ay, =5 together with the transmission condition
(4.3) yields

1
Ay =— (Ao +b).
Y #(W+)

Now we treat the constant 4 as an additional unknown (as in [26]) and

obtain the system
v
ﬁ(¢)=F (4.5")
a

) B Uy
—?:M (1+4,) <¢0>

with

F =
(‘1¢ 0 t)

409/106/2-7
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and the operator

! HY Iy  HYA(I)

H < @
A={__1__V:H "IN->H (D),
I
® ®
|
04 1 0 C C

o[5)- (106

Lemma 4.2 has to be replaced by

Lemma 4.2°. (i) If(”f)eH”Z(F)®H_1/2(F)(j=1,2)andae@satisfy

the relations (4.1), (4.2), (4.3), then ( ) (d/i) satisfy the integral equation
(4.5") with some beC.

M (v ) H'(D)@ H- (1@ C satisfy (4.5'), then (), defined by

(0)=z0ea (G ()= se-mw(G)-()]+6)

(4.7)
satisfy the relations (4.1), (4.2'), (4.3) with the same a and b.

Proof. The only difference to the proof of Lemma 4.2 is that in (ii) we
have to show Ay, =b. We note that for any (%), (4)e HV*(I"@ H~"X(TI)

satisfying
u 1 w
()30 (5)

there holds Ay =0 since (¥) are the Cauchy data of a solution of Au=0 in
,. Hence with

()=(g0s ) ()-Go)]() - som e

it follows from (4.5")

A'//2=A(W//)“A|/’0=,U'%(A‘//o+b)—/1‘ﬁo=b- I
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With the definition (4.8), the “adjoint problem” (4.9)-(4.11) remains
unchanged (note that i(1+ A4,)(§)=(4) holds).
Thus, Proposition 4.2 reads

PROPOSITION 4.2'. The relations (4.1), (4.2'), (4.3), and the boundary

v

integral equation (4.5') for <$)=<¢',) are equivalent if and only if
Assumption (A) holds. ¢ 4
The assumption (A) is modified to

ASSUMPTION A'. The homogeneous problem (4.1), (4.2"), (4.3) with
(*y=0 and b=0 has only the trivial solution

Yo
() oo

PrROPOSITION 4.3".  The operator

HHYDNOH "*(N@®C->H*NeH "*(N®C
is injective if and only if assumptions (A') and (A) hold.

LEMMA 4.4". The transpose of H with respect to the bilinear form &

defined by
v w
% <(¢) (l//)) =Y r—m¢drtac
a c

is the operator — H where

COROLLARY 4.5'. The operator H in H'(IN@®H YYIN®C is a
Fredholm operator of index zero which is bijective if and only if assumptions
(A’) and (A) hold.
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Let us omit the Fredholm alternative resulting from this corollary for the
problem (4.1), (4.2"), (4.3).

Concerning sufficient conditions for the uniqueness assumption (A’), we
notice that also for a#0 but 5 =0 it follows

. auz _
lim L Zn u, ds =0,

R~ o R

which implies
—uk%J Iullzdxﬂtj fVu1|2dx+j |Vauy|2dx=0.  (4.14')
2 Q) @2

Now, for k,; # 0, constant functions are no solutions in .%;, hence, again,
vanishing of one of the integrals

[ lldx, [ VwPax, [ Vil
0 £ o,

1

implies the uniqueness assumption (A').
Thus the conditions (b) or (c¢) of Remark 4.8 are also sufficient for (A")

and (A).

COROLLARY 49. Let n=2 and one of the conditions (b) or (c) of
Remark 4.8 be satisfied. Then for any ()€ H'(I')@ H~"*(I') there exists
a solution u;e & (j=1,2) of the transmission problem (2.1), (2.2), (2.5)
which is unique if one of the following choices of the asymprotics (2.5) is
made:

(i) a=0 and b unspecified, or
(i1) beC prescribed arbitrarily and a unspecified.

In the first case, the solution is determined from the integral equation (4.5),
in the second case from (4.5'). Both integral equations are uniquely solvable.

Remark 4.10. The integral operators in (4.5) depend continuously on
k,.If k, and p are such that H is invertible for k, =0, the solution of (4.5)
therefore depends continuously on k, (for fixed (.7,0))' Thus the solution for
k,#0 tends for k, -0 to the solution of (4.5) which corresponds to case
(i) above. We see that in the limiting case of vanishing wave number the
solution of the two-dimensional interface problem in general has
logarithmic growth at infinity.
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5. GARDING’S INEQUALITY FOR THE BOUNDARY INTEGRAL OPERATORS

In this section we prove a Gérding inequality for the system (4.5). We
define the following bilinear form:

DEFINITION 5.1, Let (5), () e H(I@ H™ V(I

()= (GG,

=L Do+ AHPwHr+{~Hv+V ¢ Y )

@ A 1 1 1
%z( ); @=§<D1+;D2>; Jf’=§(K’1+K’2);
fz%(Kl‘f'Kz); 7/=%(V1 +uls).

Note that

H <;) = (2) is equivalent to H (;) = (:)

Thus #: HYX(I)@ H-Y*(I') -» H~Y*(I")@® H"*(I') is continuous, hence

a ((;) (Z))’ <CUl e+ 181 )Wt Wl o) (51)

For smooth I, the operator # is a pseudodifferential operator. The
operators X . H Y(I'y»> H='*(I') and x": H*(I') > H'"*(I') are com-
pact. If we define D, K, XK', and V like D,, K;, K}, and V, respectively, with
k;=0, also the operators D,—D: HY*(I)—>H Y¥I') and V,—V:
H~'*(I') » HY*(I') are compact. Thus we have

s(1+1/w)D 0
0 W+ p)V

; ((;’)) (z)) =%(1 +%) (Do, w3 (14 0V

(GG,

H =+ with 3 = < > and ¥, compact;
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Now D is a pseudodifferential operator of order 1 with principal symbol
a(D)(&) =& (EeR""\{0}), and V is a pseudodifferential operator of
order —1 with principal symbol o(V)(&)=1/|¢] (EeR*~'\{0}) (see
[51, 457).

Thus # is an operator elliptic in the Agmon-Douglas—Nirenberg sense
with order (} °) and principal symbol

L
0 31+ u)/IE]

For u# —1, # is strongly elliptic in the sense of [49, 52, 46], and we have
the following Géarding inequality:

(GHe)) (4G G,

on HYIY@®H YHI)Y with >0 and %:H'*(N®H "I -
H-VY(I'Y@® HY*(I') compact.

Now we turn to the case where I"is a plane polygon. We use the decom-
position

zy(lollfa+ 8122 (52)

1 '
H=Hy+%,  with %:(2(1“/’”1) K )

O )

where the principal part operators D, K', K, and V are defined above. We
shall show that # is strongly elliptic and %, is compact.

We consider the operators Vg and K, defined in (3.7). Let V‘})/ and K‘};/
denote the corresponding operators for k;,=0 and ’ '

V}zj = VQ,- - V(}.:,, K}z,- = KQ, - K(;)z :

!

The following lemma will not only imply the desired compactness of %;,
but also fill the gap which remained in the proof of Lemma 3.8. It will also
be used for the regularity results in Sect. 6. For simplicity we write 2 := €,
and assume £ bounded, ie., 2=Q,.

LEMMA 5.2. The following mappings are continuous:
(i) Ko: LX) - H"(Q);
(i) Ko H(I) > H'™%(Q) (se(~3 1)
(iii) Vi H{I) - H Y 73(Q) (se(— o, 1)).
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Proof. We first treat the case s<0 in (iii). We can apply the same
argument as in the proof of Lemma 3.8:

Vi, is defined by a pseudodifferential operator with symboi

Clk%

oVl = Tarar—a

(EeR?\ {0}, see (5.5) below) (5.4)

which maps H R?) into Hi**R?) for any te R, hence

comp( loc

Vi H(I) > HiVAR?) — Hi 72(R?) - H*7%(Q)  for s <O0.

For the other statements we consider the polygonal domain £ as an
intersection of half-planes €’ (j=1,..,J) whose boundary lines I are
incident with the segments IV which form the polygon I We want to
decompose the operators in the lemma into contributions from each I/ into
Q and write this as operators mapping functions on 77 to functions in Q/.
Thus for functions defined on I” we have to take the restriction on 7 and
then the extension by zero on [7\I7. This is possible for ¢e H'(I),
se(—1,5):dlpe H (),

e H:

comp

#:=¢ on I’ g
0 on ALY

Then we have Vid(z)=3]_, VL@’(z) for ze Q, and similarly for the other
operators.

Now the operators Vg, are potential operators in the sense of Boutet de
Monvel [6] whose continuity properties can be found in Eskin’s book [18,
Lemmas 8.1 and 10.17.

The operators have the following symbols:

¢y

a(ng)(i)Zm, o( gf)(f)—§2+52’ 55
_ €22 ‘ _ 26, .
J(Kg/)(f)—ma U(K?”)(é)—éf+£§’

where ¢,, ¢, are some constants and ¢=(¢&,, &,) are coordinates chosen
such that £, and &, are the dual variables to the tangential and the normal
variables of F respectively. From (5.5) follows (5.4) and

Czkffz
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Thus Ky, K, and V%, have rational symbols of orders —1, —3, and —4,
respectively. Now Eskin’s results imply for an operator W with a rational
symbol of order —a that it maps

W H, (T7) - Hit=—V4(Q)) for all se R. (5.6)

comp

Note that by the above argument (see Lemma 3.8) we also have
W: H(I') - H;}*~ 2(R?) for s <0.
Now (5.6) gives immediately

K?Z'j: H;\;omp

(T)a¢’ - K387 € H, V2(QV),
hence

Ky HN(N) - H P Y4Q)  for se(—14,1),

Nops
N—

s

hence (i). Similarly follows
KL H¥ () » H°*3(Q) and Vi H(Q)— H T 7*(Q)
for se(—214). 1

Taking traces and noting that

0
Dj= —%

Q> j
r

we find the mapping properties of the operator

—pt oy ® - &P for any e>0.  (5.7)

H-12(ry H52-5()

91 f(l HV2() HI2-yry
%0 = ( )'

For the definition of #°°, see (3.1). Here 2':= 4D, — D+ (1/u)(D,— D))
etc,, hence we find as a corollary to Lemma 5.2: For any se (-1, 1),

GEHD) - (D,
K HAL) - H (D),
vl HN(DY - HST3();
A HA) > #X),

(5.8)

Ciearly, €,: H/X(I'Y@ H "*(I') » H~Y*(I'y® H"Y*(I') is compact.
Now we prove Garding’s inequality for 5, (see (5.3)). If we define

(6} ()= (= () 0D,
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then we have

(6} (3)) =G #3) pormas) + (heszarnrng),

2
=3 (143) oo+ ka>,

1 -
- <Kv,¢5>r+5(1+u)<V¢,¢>r

1 1 _ 1 . _
=§(1 +;> { D, v>r+§(l + )V, ¢>r+2iIml¢, Ko ).

Here we use the fact that the kernel of K is real Hence

()l mor o}

Now we know that for D [13] and ¥ [10] there hold Garding’s
inequalities: There are compact operators C,;: HY*(I')»> H Y*(I') and
C,: H-V3(I') > HY}(I') and constants y,, y, >0 such that

D+C)o,byr2y; o,
V+Cy) o, é>r=y, ||¢||271/2

for any ve HYX(I'), ¢ € H~V*(I'). Furthermore, {Dv, 5> and {V¢, §) are
real because of (3.14). Hence we obtain

rea((5)(3))

1
> Rez(142) Iola+72Re3 (14 1912 1

N |
\ 0

If we combine (5.9) with (5.3) and (5.2), we obtain

(1+1/p) C, 0 \

B GIE

ST

Lo =

(5.9)

THEOREM 5.3. There exists a compact operator €:H"(I@
H-YYI)y—» H Y(I'Y@ HYX(I') and a constant y > 0 such that
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(i) for u# —1 and smooth I there holds

(oG} (5)

(i1) for Re(l +1/u)>0 and Re(1 + p) >0 there holds

Re <(9f+(g) <;>, <g>> =y(Ivii} 12t ”¢”271/2)

for all ve HYA(IN), ¢ H V().
In (i), I" may be smooth for n=2 or polygonal for n=2.

yolli + 16112 12);

As a corollary, we obtain an a priori estimate for H, which was used in
the proof of Lemma 4.4.

COROLLARY 54. For any (3)e H'*(I'@ H ™ "(I") there holds

1 v
(loll2a + 1612 )2<-(UH( )
172 2 Y ¢ HY(ry@ H-V2(I)

o)

There is a different method for proving such coerciveness results which
does not use the specific form of the boundary integral operator H but
instead uses a bilinear form related to the “energy” of the scattering
problem. This method works also for other integral equations (see
[2, 19, 14]), but it does not provide the full statement of Theorem 5.3 for
all (5)e HY*(I'yx H™VA(I").

For the following we assume > 0.

Let (”f) be the Cauchy data of ;e % (j= 1, 2) where u,, u, are solutions
of the transmlsswn problem (2. 1) (2 2) with (“") being Cauchy data of
uoe H'(Q,) with (4+k2)u,=0, ie., (”") satlsfy (4 4). We define the ses-
quilinear form

b((@ (tl/ill)) . <”°’W>r+,% 0 ¥odr (5.10)

Then the transmission condition (4.3) gives

- 1 — 1 —
b <<‘Z?)>’ <:/jl1>> = <o, 'ﬂ1>r+; Vo, ‘/’0>r-; vy, YWo> .

H (e Hl/?-(r)>

with v and € as in Theorem 5.3.
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The three terms on the right-hand side are rewritten by using Green'’s for-
mula (3.4)

wnFr=] IVl de—k [
1

o]

Worgdr=| Vuol2dr =3 [ Juol* d;

ou,

— o2 F>r=] ol d— [y 22 ds,

2,1 Br

Viy)|? dx — k2 j

£, Br

where By is some large ball containing 2,
If we take into account the representation formula (3.8), we see that the
integrals

[Cax, | wltayn [l
2 Qo B

1 2

and

aus
—d
J.QR uz an AY

are given by bilinear forms in the respective Cauchy data which are com-
pact on H'(I"y@ HVX(I).
If we eliminate (;22) by the transmission condition, we obtain

() () a1

by Vo
= “u1”§11(91)+ ”uouiﬂ(gl)"‘ ”uzuzl(gzmg,{)_bl <'// >"'b2 (w >
1 0

(||1)1||1/2+ |||p]\|2,1/2+ ||Uo||1/2+ “‘//0“2_1/2)—b1 (:;lll) —b, (t(;),

where y > 0 is a constant arising from the trace lemma, and b,, b, are com-
pact quadratic forms.
Now we assume that (;) is a solution of the integral equation (4.5):
H(p)=iM"'(1 +A2)("‘;) It is no restriction to assume that () satisfies
(4. 4) If not, we replace (;0) by i(1+ Az)("") Furthermore we assume that
(j) also coincides with (') belonging to a solution of the transmission
problem (this is implied by assumption (A), for example). Then we have
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1
, —¥o
<;@;;f%//>: <:;>= #UO ’

hence from (5.10) follows

(G (G)= e rewrs o FET,

=L Do+ A Y, 0+ {—AHT+V Y, Y.

From Definition 5.1 we see

() e (1)
e () g - ) ()

Thus we find Garding’s inequality again, but with this method it can be
proved only for (g‘j) satisfying (1—4A4,)(;)=0, and not for all
(;)e H (Y@ H Y*(I'), as we did in Theorem 5.3. The latter has to be
used for convergence proofs of Galerkin approximations (see Sect. 7),
where we use the bilinear form a on the whole space HV*(I')@® H~"*(I).

6. REGULARITY OF THE SOLUTIONS OF THE BOUNDARY INTEGRAL EQUATIONS

If the boundary I” is smooth, system (4.5) of boundary integral equations
is an elliptic system of pseudodifferential equations. The standard regularity
theory for pseudodifferential operators shows that for given (:,‘:)) eH'(IN®
H*~'(I'), any solution () of (4.5) is contained in H*(I")@® H*~'(I'). This
valid for any se R.

For nonsmooth I, this is not true due to the singularities at the corner
points. We consider the case n =2, I a polygon, in this paragraph. For the
solution of the transmission problem (2.1), (2.2), the corner singularities
can be determined with Kondratiev’s [32] method. This was done by
Weisel [48] (compare [29]) for the case of Laplace’s equation, ie.,
k{=k,=0. But Kondratiev’s work shows that at least the first singularities
are the same also for k;#0 and even for curved polygons. The resulting
form of the solution implies for the Cauchy data on /" the following decom-
position:
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Let ()e H(I@H°~ '(I') (s> 4) be given and () e H'*(I @ H "*(I')
be the Cauchy data of u, € &, solution of (2.1), (2. 2) Then

G2 £ o)) win(g)emnor—n,
J (6.1)
where the v;,(z) are on I/ and I'/*' of the form
d*yfz) |z —z;|* log" |z —z,],
and similarly the (z) are of the form
5”")@(2) lz—z,|*~ Ulog" |z —zj.

Here y,e C§ (R?) are cut-off functions near the corner point z;, the d”*" and
&* are certain complex constants, possibly different for I/ and /%!, r,
r'e{0,1,2}, and ae 4, with 0 <Rea <s—1 for

A= {ae c (sin(7.r—co,-)ot>2 _ <u+ 1)2} ON. (62)
sin 7o u—1

The v;, and ¥, depend only on the geometry of the domain near z; and not
on (*° s)> Whereas the constants c;, and the smooth part () depend on ("°)

We write Z° for the subspace of H"2(IY@ H™YA(I) of all () possessmg
a decomposition (6.1). Z°is a Hilbert space with the norm

WL

2

2 et Y S el (6.3)

j=1¢=1

where
J
I llspsr=Y Il rllde 1)
j=1

Let us introduce the convention that in any place where we write ||| s,
we automatically include the condition s —3# Re o for all ae J7_, 4. It is
our aim to prove the decomposition (6.1) for the solutions of the integral
equations (4.5) by using the method of local Mellin transformation for the
integral operators. The result is

THEOREM 6.1. Let I be a plane polygon and (3)e H/*(IY@ H~"*(I') a

solution of
H(;)=(£> with <{;)6H‘(F)®st“(l") (6.4)
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for some s>14, s—% ¢ Re J/_, A; with A; defined in (6.2). Suppose further
that either ky =k, =0 or s <3. Then (}) € Z* and there is an a priori estimate

”(;) ;<C{ufnf+n¢u3,n.+H(;) 2 } (65)

12
Proof. Mellin transformation is possible only for the principal part H,
of the operator H which is defined by the decomposition

H=H,+ C, as in (5.3), ie.,

H=< —K %(1+u)V> C=<—9f’ "Vl)
= \i(1 + 1/u)D K ) 0 o' A/

From (5.7) we know that for s <3

Co: H*(N@®H (I - H(N@#° (),

hence we can write the integral equation (6.4) as

f))-()- () -efg)emner e

For k,=k,=0 we have C,=0. Therefore we always may assume
ki=k,=0and H=H,.

Now for H, we apply the method of Mellin transformation as developed
in [10, 11, 13, 14]. One has to perform the following steps:

First the operator H, is considered on an infinite angle 1, which locally
corresponds to I at the corner z, with angle w = @;, and H, is decomposed
into H,+ H,, where H, consists of multiplicative convolutions and H, is
finite-dimensional.

Then H, is converted via Mellin transformation into an operator of mul-
tiplication by a meromorphic (4 x 4)-matrix valued function H(1), the
“Mellin symbol” of H.

Finally, the singular parts of the expansion (6.1) are found by determin-
ing the poles of the meromorphic function H(i)~' in the strip
Imie(0,s—1).

More precisely, we proceed as follows:

Let =T~ u{0}ul't withI' =e®“R,and I'* =R, (0e(0,27)). A
function ¥ on I'” can be identified with the pair (x_, u ) of functions on
R, defined by u_(x)=u(xe”); u,(x)=u(x) (x>0). We will choose the
representation of u by its even and odd parts, which are defined by

wi(x)=3u_(x)+u,(x)), wi(x)=3u_(x)—u,(x))
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This induces for any operator A acting on functions on I'® a representation
by a (2 x 2)-matrix of operators acting on functions on R :

da A (A Aw)’ where (Au)*=A, u"+ A,,u

A, A4, (Au)°A, u+ A4, u"

co

We need the following operators acting on functions on R, :

#(y) dy; Vo=V, for =0;

| (o .
V., b(x):= ——j log [t —Ze
T Jo y

Koty i= 1 [ 1o (o) # s

xe —y

Kopt)i= = [ im () o)

xeiw_y
10

Dw¢(x)= ;%Kw¢(x)s D0=l1£n0 Dw

Then we obtain the following representation for H, = H,— H,, where H,
is some finite-dimensional operator which may be neglected:

H=< -K %(1+u)V>
C\ML+/pD K

with
Vot V., 0 K, 0
= = 0 M
\4 < 0 Ve Va)’ K (0 _Kw> (see [10]);
D,— D, 0 K, 0
= @ 13 . l= w .
D ( 0 —(D0+Dw)> (see [131); K < 0 —-K;)

We know that the Mellin transformation defined by
Ba):= [ x"tg(x) dy
0

acts on these operators as follows (for ¢ € CF(0, 0)):

__ cosh(n —w)4

snbar PU4—0 (mie@))

N . N
Vod(A) =V, (4) p(A—1)

__sinh(n-w)i ,

PR R N
Ko$(3)=Ro(2) §(2) o d() (Imie(=1,1)
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AN N N
K,p(A)=K,(A+1i)d(4) (Imie(—2,0));
NN N . — i) .
Dud(A) =D (A+i)d(A+i) = —(A+i) Cos;fl’; n&’)&;’ D 51+ 1)
Im i€ (—2,0))

Note that ﬁw(,{)z —isz(i).
Now we define

Ue fe

_ Uo _ fo
v=\ F={ 4
ye ¢

so that the equation H,(;)=(}) on I is equivalent to H; U=F.
Mellin transformation yields the equation

A U)=F() (6.6)
with
—R, () 0
I:I(/I)= ,\0 R Ka)('l)
H1+1/u)(D ,(2) — Do(2)) 0 A
0 =31+ 1/u)D,(A) + Do(4))
LU+ @) (P (A) + Vo(4)) AO A
0 31+ w)(Vo(A) = V(A)
K, (1) 0
0 R, (1)
and
6(4) 74
POV B (V) I VRPN B V)
R VRN N e
yo(A—1) ¢°(A—i)

Now we have to assume that F is meromorphic with simple poles
4e{0,1i,2i,..} and to find the poles of U from Eq. (6.6). A pole of order
ro+1 at A=ia will correspond to contributions of the form |z —z]|" log”
lz—z| (r=0,1,.,r,) for v, and of the form |z—z|*' log"|z—z,
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(r'=0, 1,.., ro) for ¥. The constants ¢ and 6" can be determined from
the residues of U(1) at A=ix. We will not calculate the residues of U(1)
here (see [10] for examples) but only find the poles of U. They correspond
to poles of A(4)~.

From the equation U(1)= A~'(1) F(A) for Im 4 =s— 1 one also (locally)
finds the regular part (;’ Ye HS(IN @ x#°~YI') and the a priori estimate
(6.5). (See [10, 14].)

Now it only remains to determine the zeroes of det H(). From the
special form of A() it follows easily that

det H(1)=4(1)  4°(A)

with

442)= —K,(2)

2 o X
-2 - E P+ Pula) (Do) - Do)

4°(4)= —K,(4)*— (VulA) = Po())(D,(4) + Do(4)).

(u+1)?
4

We see that 4° = 4°, hence it suffices to look at the equation

A4°(4)=0. (6.7)
We obtain
—1 1 L L . a
4°(4)= sinh? 7/ 4y {4u sinh? nd + (u— 1)? sinh(2n — )4 - sinh w4 }
1 (n+1 )2 . u—1 2
= . _ h2 Ll 2 _
sinh? A 4 { sinh* A + (u n 1) sin“(n w)/l}.

The first form of 4° shows that (6.7) for A=z yields the transcendental
equation obtained by Weisel [48] for the exponents of the singular
functions. The second form shows (6.7) for 4 = ix has the solution sets 4, as
defined in (6.2) (for w=w,). Here we always supposed u# —1 and
¢ Ny |

The equation (6.7) can be used to determine the dependence of the
singularities of the solution on the transmission coefficient . We will do
this for the exponent of the first singular function in the expansion (6.1).
One can also study the dependence of the constants in (6.1) on u by
calculating the residues of U from (6.6).

409/106/2-8



404 COSTABEL AND STEPHAN

We write (6.7) in the form
uiltan%gz —tan(2n—w)§ (= tan (%‘E-kn(l——a))), {6.8)

where both signs in u*! give solutions A = ix of (6.7).

The following lemma shows that the solution of the transmission
problem (2.1), (2.2) for any >0, u# 1 and any angle w # n is in general
not contained in HL () (j=1,2):

LemMa 6.2, Let u>0, u#1, and w #n and define

T T 2n
’ : . . 1
w *mm{w, 27'1—60}6(0, T[), oc,—-2 T ocz—mm{ 7 2 ,}.

Then

(i) the solution Ay of (6.7) with minimal positive imaginary part is
purely imaginary: Ay = io,.
(i) apelay, D, 1)
(iii)  The equation (6.8), i.e., (6.7) for A =i, has in («,, a,) exactly two
real solutions «y<1<a®, and there holds oy — «, and o® — a, if u tends to
zero or to infinity.

Proof. We may assume w = w’. Consider real solutions a € (0, a,) of the
equation

Sfula) := ptan %‘E+ tan(2n — w) ;: 0.
Now u tan(we/2)>0 implies ae(n/(2n—w), 27/(2n—w)); and for
a~oy =7n/(2n—w) we have f,(a)—> —oo, whereas for «a, we have
fu@)—p tan(way/2)>0 if a,=2n/2n—w), ie, for w>2r/3, and
fle)> +o0 if ay=n/ow, ie, w<2n/3. The strict monotonicity of f
implies that there is exactly one zero «, €(xy,a,). Writing f,(x) =
¢ tan(wa/2) — tan(wa/2 + n(1 — ), we see that

o, <1 for u>1 and a, >1for u<l
and also
o, o for y— oo, o, 7o, for u—0.

Let «_e(a,,) be the solution of f,(x)=0 and define
ao=min{a,,x_}, «®=max{a,,«_}. Then «, and «® have the properties
stated in (i) and (iii).
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Now we prove (i): Suppose A=i(a+iff), a, f>0, ae (0, 1). Taking real
and imaginary parts of the equation

sinhmi=g *
u+1

sinh(m —w) A (6= +1),

we obtain
) _ _p—Llcosh(n—w)p .
sin T =g 71 coshp sin(n — w)
and (6.9)
sinh nff u—1 cos(mn—w)a

sinh(t—w)f ~ u+1 cosna

If we choose f>0 such that (Z—1)/(i+1)=(u—-1)/(u+1)
cosh(n — w) B/cosh nf holds, we see that a has to be a zero of f;(«). From
the first part of the proof follows a > a,.

From (6.9) follows

tanhzf tanna
tanh(n —w) f tan(n—w) o

(6.10)

Because of 0 < (n—w) p < nB, the left-hand side in (6.10) is >1. From
no € (may, m) < (n/2, n) follows tan ma <0, hence tan(w —w)x <0, hence
(n—w)a>n/2. Thus i<(r—w)a<na<n, hence tan(n—w)o<tan
na <0, and therefore the right-hand side of (6.10) is < 1. This contradiction
shows that there is no such solution with f#0. Then A,:= i, is the
solution with minimal positive imaginary part because it is the only
solution with Im Ae(0,1). ||

7. GALERKIN APPROXIMATION FOR THE BOUNDARY INTEGRAL EQUATIONS

The Garding inequality derived in Section 5 together with uniqueness
yield quasioptimal error estimates for any Galerkin approximation
procedure for the system (4.5) of boundary integral equations defined by
means of the bilinear form a given in Definition 5.1.

For a smooth boundary I, this implies asymptotic error estimates for
finite element approximation schemes which are known for any strongly
elliptic system of pseudodifferential operators [46, 50, 51, 52, 24]. See
Proposition 7.2.

In this paragraph, we shall concentrate on the case of a plane polygon I’
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and give asymptotic error estimates for the Fix method. From now on we
assume that both assumptions (A) and (A) hold, ie., the operator H is
bijective.

A general Galerkin procedure involves a family of finite dimensional sub-
spaces S, c H/A(I'Y@® H~"*(I') (he (0, hy)) such that |J,., S, is dense in
H'Y (I'y@® H~"*(I'), and the problem:

Find U" = (lz';,) €S, such that

a(U" Wy=a(U, W) for all WeS,, (7.1)

where U= (}) is the exact solution of the system

HU=%M*‘(1+A2) (12) =:F=(£>. (1.2)

By definition, (7.1) means
DI+ AP W) r+ = AV VY D r=L b WD+ i D

for all W=<::)6S,,. (1.3)

Now Garding’s inequality, Theorem 5.3, and the invertibility of the
operator ¢, Corollary 4.5, together imply the following quasioptimal error
estimate for the Galerkin procedure (7.1) by standard arguments [25, 10].

PROPOSITION 7.1. There exists ho>0 such that for any he (0, hy), the
Galerkin equations (7.1) have a unique solution U"€S,, and there exists
C > 0 such that for the exact solution Ue H*(I'Y@ H V*(I') = %" of (1.2)
there holds

||U_Uh”_o!1/2<C inf ||[U— W] g12. (7.4)
We Sy

In order to obtain rates of convergence for U— U”, one has to make
assumptions on the approximation of U on the right-hand side of (7.4). For
a smooth boundary, we may take the S“*-systems [3]:

We define

Syi= SHI@® S+ (1)
(t*=max{l,1—1}, 1eN, ke Ny, 1> k). (7.5)
These spaces satisfy the conformity condition S,< H*(I')@ H* ().
Furthermore, they have the well-known approximation property yielding

asymptotic estimates for the error U— U" in HYX(I'@® H~VY3(I); they
satisfy the inverse assumption yielding estimates in H*(I")@® H*~V*(I') for
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s>1; and from the symmetry of H (Lemma 4.4) we see that the Aubin-
Nitsche lemma [28] can be applied to yield such estimates also for s <3.
We quote from [28] the following result:

PROPOSITION 7.2. Let I’ be smooth, —t+1<s<r<t+3, s<k. Then
there is a C >0 such that for any he (0, hy)

” U- Uh" BN S Ch—* I U“H'(r)eaﬁ'*l(r) <Ch' ™ “F”H’(I")(-BH'"’(F)-
(7.6)

We note that from any estimate on the boundary there follow estimates
for the corresponding approximate solution u of the transmission problem
(2.1)-(2.5) in the domains 2, (j=1, 2). Here u} is defined by means of the
representation formula (3.8) applied to the Galerkin solution U” in the
same way as the exact solution u; is obtained from U. Recall that U=(})
are the Cauchy data of «,, and (“”‘“00) are those of u,.

As an example, for any y € CJ(R") there is an estimate

[l — u;,)H””Z(.Q,) <CIU-U" HY(I)@® H ™))

with C > 0 independent of s e (0, hy) (for any se R, if I" is smooth).
Furthermore, in any compact part Q' of ;, one obtains estimates in any
norm, e.g.,

[~ ul| o2y < Ch' "\ Fluryo we-10r)- (1.7)

Thus in (7.6) and in (7.7) we can obtain arbitrary high convergence rates
by choosing the smoothness of the right-hand side F and the degree ¢ — 1 of
the approximating piecewise polynomials high enough. In the case of a
scattering problem, F is given by the incident field which is smooth and
gives Fe C*(I') (compare (2.6)).

For the case of a polygonal boundary I"c R? this is different: Even for
Fe C™(I'} one finds only (see Theorem 6.1 and Lemma 6.2)

UEHao+(1/2)As(1-')®Hzxof(l/Z)‘a(r)
where ¢ >0 and
J 1
%, = min {Rea |Rea>0, ae | | A’}E(i’ 1).
=1

Therefore in (7.6) one can choose only r <oy + 1 —¢& which, e.g., for s=1,
ie., the energy norm, gives a convergence rate 42 but in general no h° with
o>
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In order to obtain higher convergence rates, according to the Fix

method one includes the explicitly known singular functions U;:= (;1;
from the expansion (6.1) into the spaces .S,. Thus only the smooth part (;’)

in (6.1) of U is approximated by piecewise polynomials. We define as in
[10] the space S by

- - J L
UESﬁ”‘k <~ U:U0+ Z z EjKUjfa

j=1/7=1

UoeSik@ 75k —1. (7.8)

Here for Uj, (¢ =1,..., L?) we take all functions U,= () which have on an
arbitrary segment /™, m=1,.., J, the form !

vlz)=x{z) 1z—z|* log" |z —z|;
it J J 1 / J (7.9)
lﬂ,-f(Z)=x_;(2) ’Z_ZjIDH log” |Z_Z/|,
where r, r'=0,1,2; y;€ C3(R?*) with y,=1 near z, and I'"supp y, <
(Vv {z;}uI’*"), and
aeA; with O<Rea<p—1. (7.10)

S%* as above denotes piecewise polynomials of degree r—1 satisfying
compatibility conditions such that Si*< H*(I'), in particular 1> k.
Correspondingly, we require &4~ 1< #*~(I'), ie.,

JeS | e STA-YIY)  forall j=1,.., J.
Thus the augmented finite element spaces satisfy the conformity condition

Sptk = for k>g>1and any p. (7.11)
They also have the approximation property [54, 10]:

Let Ue Z"and p=r and k=r. Then to any he (0, iy) there
exists U, e SP* such that for all < g <r there holds

NU = Oyl e <SCH Ul 9 (7.12)
with a constant C depending neither on U nor on A.

Furthermore, the spaces S7-%% satisfy the inverse assumption [54, 10]:

For g<r<k and ¢>0 there exist M >0 such that for all
he (0, hy) and any U, e S+* there holds

NOull o < MA*=" = | Tl o (7.13)

where ¢=0 is allowed if Rea ¢ [g—~3, r'—3] for all ae A=
1_ A;; A;is given by (6.2), and r' =max{p, r}.

J=1
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Now we use the Garding inequality, the bijectivity of H in Z"/? and the
regularity result of Theorem 6.1 and obtain by standard arguments using
(7.11)(7.13)

THEOREM 7.3. Let I'c R? be a polygon and Ue &' solve the equation
(72) HU=Fe H'(I@ #"~ '(I') where r =4, r—$#Re a for all a€ A, and
either k,=k,=0 or r<3. Then there exists hy>0 such that to any
he (0, hy) there is exactly one solution U*e Sp* of the Galerkin equations
(7.1) with S, = Sp** (to any given peR, teN, keN with t> k). Further-
more, there is a constant C >0, independent of U and h, such that

[U=U"52<C inf U= W|n.
W

PLR
€Sy,

In addition, for A\<s<r<k and p>=r such that Re a ¢ {r -3, s—3} for all
aeA=J_, A;, and any ¢>0 there exists a constant C, independent of U
and h, such that for he (0, hy)

(U= UM g <CH > Ul SCH ™ " WFl iy -1y (7:14)

Remark 74. (i) The spaces S2"*, as defined in (7.8)—(7.10), may con-
tain more singular functions than actually needed. By a careful study of
Eq. (6.6) and computation of the residues of U(1) at 1 =ix one can derive
relations between the constants ¢, in (7.8) and thereby reduce the numbers
L? (compare [10, Sect.4]), and the definition of 2 and Syt there. For
example, in most cases the logarithmic terms, ie., r, r' >0, in (7.9) are not
necessary.

(ii) The estimate (7.14) contains for s> Re « + 1 also estimates for the
coefficients ¢; of the singular functions with exponent «, due to the
definition (6.3) of the norm in &~

We illustrate our results by an example: Let the L-shaped boundary
I'cR? and the transmission problem be described by Fig. 1. Here, the
angles are 7/2 or 37/2, and from Lemma 6.2 we find

rd
22
rt .
A+ k =0
(A+ky)u Q |9 2
v r2 (A+ky)uy -0
2Zs 4
uy ettgeug x pt 1
du, du du ré u, (z):logiz-z°], 2% R
##—8771. #EFL'/‘DO 0(2)=log l 2

rs Z5

FIGURE 1
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2 2 3u+10u+3

3 <%= arctan PRSI <1, a’=2—0u,(compare [48]).

We include into the augmented finite element spaces the singular functions
with the exponents a4 and . These are

u,= ( v,), (=18, j=1,.,6;

7
valz)=x02)[z—z|® on I,
=0 on [+
vp(z)=0 on [7,

=y/2) Iz —z,|® on [V*!

vi(z) = yxdz) lz— zjl“° on [IY

=0 on I/t!
va(z)=0 on [IY,
=1(2)lz=2z* on IV*Y

Y, are defined correspondingly with exponents &, — 1 and «°— 1. For the
smooth parts v” and iy, we use piecewise quadratic and piecewise linear
polynomials, respectively.

The regularity theorem 6.1 give the decomposition

(0)=2 2 (G )+(0)
11

US s s — —_
<%)€H(F)®H NIy, s= "

ot
and we use the corresponding notation for U*= (4+)- Then Theorem 7.3
yields the convergence rates

e — "]l 12 = O(R*?~*);
leje = cirl = O(h¥> =%~ %) = O(h'?);
ldie—djy| = Oh**~ =) =0(h'?)  (£=1,2);
leje— el = O(h¥2 =" ~¢);

d;s — d},| = O(h¥?=2"¢) (£=3,4).
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We make the following observations: Without singular test and trial

functions there is a higher convergence rate for any finite 4 than in the limit
cases u — 0 or u — oo which correspond to interior or exterior Dirichlet or

N

eumann problems, because the solution of the transmission problem is

more regular—a,>2%. Note that 2 is the exponent of the first singular
function at an angle 3n/2 for the boundary value problems (compare
[117]). On the other hand, by the same reason, the convergence rates of the
coefficients of the first singular function are lower in the transmission
problem than in the boundary value problems.

10.

11.

12.

13.

14.
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