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Synopsis

We study a boundary integral equation method for transmission problems for strongly elliptic
differential operators, which yields a strongly elliptic system of pseudodifferential operators and which
therefore can be used for numerical computations with Galerkin’s procedure. The method is shown to
work for the vector Helmholtz equation in R*® with electromagnetic transmission conditions. We
propose a slightly modified system of boundary values in order for the corresponding bilinear form to
be coercive over H'. We analyse the boundary integral equations using the calculus of
pseudodifferential operators. Here the concept of the principal symbol is used to derive existence and
regularity results for the solution.

1. Introduction

The usefulness of strongly elliptic pseudodifferential operators for numerical
methods is now well established ([9,13,23,29,30,11]). For boundary value
problems, there are many papers dealing with the analytical and computational
aspects of various examples demonstrating this fact. The so-called ‘‘direct
method” leads easily from a strongly elliptic boundary value problem to a
strongly elliptic system of pseudodifferential equations on the boundary. This
method is now well understood and also has, by its simplicity, a wide range of
applications to mixed boundary value problems and to problems with irregular
boundaries [3]. This is one advantage of such first kind integral equations
compared to the traditionally-preferred Fredholm integral equations of the
second kind. For the latter equations, there is no generally applicable method of
derivation, and they lose their Fredholm properties as soon as the coefficients or
the boundaries are not smooth. Other advantages of the direct method are that
the solutions have direct physical meaning, and the appropriate norm is the
energy norm. Therefore the corresponding boundary element methods share
several nice properties of the usual finite element methods [31].
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For acoustic transmission problems, the authors showed in [4] that for the case
of the Helmholtz equation the direct method also leads to strongly elliptic
boundary integral equations. This was done using the symbols of the operators
defined by local Fourier transformation in the case of smooth boundaries in any
dimension, respectively by local Mellin transformation in the case of a two-
dimensional domain with corners (see also [26]).

In the present paper, we show how to derive strongly elliptic boundary integral
equations for a general class of strongly elliptic transmission problems, by the
direct method. We then apply this to electromagnetic transmission problems. To
do this we must have a bilinear form, connected with the boundary data through
Green’s first theorem, that is, coercive over all of H', whereas the usual energy
form is not [8]. To achieve this, we use a modification of the boundary data which
gives rise to a transmission problem equivalent to the original one. Then we
compute the kernels of the integral operators and their principal symbols which
show clearly how the proposed modification transforms the system of operators
into a strongly elliptic one. This kind of transformation of the boundary integral
operators was first used by MacCamy and Stephan in [18] for the perfect
conductor problem, i.e. the exterior boundary value problem for Maxwell’s
equations with given electric data.

Under the assumption of uniqueness we derive existence of the solution of our
integral equation on the transmission manifold. Since the general electromagnetic
transmission problem is equivalent to our boundary integral equation, we have an
analytic solution procedure via the integral equation; in connection with
Galerkin’s method we even have a numerical solution procedure by boundary
elements. Our system of operators for the transmission problem contains the
systems which can be used for electric and magnetic boundary value problems
and for screen scattering problems with electric and with magnetic boundary data.
For all these cases we therefore have strong ellipticity of the corresponding
boundary integral equations. For screen problems, these and corresponding
symbols are the starting point of an analysis of singularities at the screen edge,
see (25, 24].

2. The direct method for transmission problems

The ““direct method” for strongly elliptic boundary value problems was studied
in [5]. Here we present a related analysis of transmission problems. We see that
the case of the scalar Helmholtz equation studied in [4] is representative of a
general class of transmission problems. A similar analysis is possible for very
general combinations of boundary and transmission conditions {21}. .

Let Q, be a bounded domain in R” with boundary T € C” and Q,:=R"\Q,.
We consider the following transmission problem:

Plul =0 in Ql: (2.1)
P2u2 = 0 in 92, (2.2)

u, satisfies some “radiation condition”, see (2.17),
Rz'}’zuZ - Rl'}’lul =Ug On T. (2.3)

Here, for j=1,2, P, are elliptic differential operators of order 2m with C*
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coefficients, for simplicity both defined throughout R"; y;u; are the Cauchy data
of u; on I from €;:
2.4)

a2m—1 .

Y]u] = (uj, anu]', “e ey

where 3, means the normal derivative with respect to the normal pointing from
Q; to Q,; R;y; are systems of 2m differential operators with C* coefficients:

2m—1 )
Ryyw)i = 2_: R} 3kujrs (2.5)
where R}* are tangential differential operators of order
ord R¥=i — k. 2.6)

We assume that R; are Dirichlet systems of order 2m (see [17]), which implies,

as well as (2.6), that the lower triangular matrix
R; = (R;k)i,k=o ..... 2m—1
is invertible, the inverse also being a tangential differential operator.

In order to transform the transmission problem to a problem on the boundary,
we must assume that we know fundamental solutions G; for the differential
operators P, i.e. two-sided inverses on the space €’ of distributions with compact
support on R”. This hypothesis immediately makes available a “second Green
formula” and a “representation formula” as follows: Let

2m
P= 2 P, 3 2.7)

be the representation of F; near I' with differential operators % of order 2m — 1
which are tangential on I'. Let u; € Co(2 ) fii=Pu, lg , and u) be the extension of
u; by zero outside Q;. If we apply P in the dlstnbutlonal sense to u;, the result
dlffers from f} by a dlstrlbutlon supported by I [6 (23.48.13.4)], [1]:

2m—12m—1-

Pul=f+(-1y 2 2 P k11 Oht; ® 35Sy (2.8)
Multipole layers v ® 3%6 appear here, defined by

(v® 36, ¢) := fr vakpdo for ¢ e CHR"), (2.9)
where do is the (n — 1)-dimensional surface measure on I', and 3, is the transpose
of the differential operator 8,. Thus (2.8) is a distributional formulation of

Green’s second formula. By applying the relation G;Pu) = u; to (2.8), we obtain
the representation formula:

) 2m—12m—1—k
W= Gf] + (-1 kZ 120 Ki(Pyiv141 Ony). (2.10)
=0 =
Here the multipole potential operators K, are defined by
Kje¢ = G(¢ ® 3;6r) = fr OninGi(, Y)$(y) do(y) for ¢eC™(I), (2.11)

where G;(x, y) is the kernel of G;.
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If we introduce the matrices

P :=(Brsrs)inss With Py:=0 for k>2m,

XK= (a;Kjk|aQ,» tg,’l:l;(%: (2.12)
then we find from (2.10) by taking Cauchy data, that
Yith = v,Gf} + (=1 HPyu;. (2.13)
The operator
Ci=(-1Y%, (2.14)

is the so-called “Calderén projector”. Its properties are known [22]:

LemMma 2.1. The operator C; is a pseudodifferential operator C; = (C¥)¥3Z5 with
orders ord C¥* =i — k. Thus it is a continuous operator from

2m-—1

— l_[ Hm—k—1/2+s(r) (2 15)
k=0

into itself for any s e R. If P, = P, then
C,+C,=1 (2.16)

Here H*(I) is the usual Sobolev space on I.

From (2.13) it follows immediately that C; are projection operators: C; = C;.
For Q, we can take closures in Sobolev spaces in (2.10), whereas for the exterior
domain Q, we have (2.10) at first only for functions u, with compact support. But
we can use (2.10) for

QF:=Q,N{xeR"||x|=R} (R large enough).
Then (2.10) holds for Q; if and only if the terms coming from Q,\Q¥ and from
QNI = {x e R" | |x| = R} tend to zero as R— . For f, =0 this means

lim J- ,lfy)Gz(', }’)(Pz,k+l+1 aizuZ)(y) do(y)—-) Oforallxe Qz'
R k+l+1<2m IyI=R
(2.17)

Analogously to the classical situation of the Helmholtz and Maxwell equations,
we call this a “radiation condition”.
We can now define the solution spaces for (2.1), (2.2):

DerFINITION 2.2.

Li = {u1 € Hm+s(gl) | P1u1 = 0 in Ql}
Ls:={u, e H"*(Q,) | Pu, =0 in Q, and u; satisfies (2.17)}.

Note that the ellipticity of P, implies u, € C*(Q,), so that the integral in (2.17)
makes sense. If we use the well-known mapping properties of the potential
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operators Ky ([1], [6]), we obtain
LemMa 2.3. Let s € R. For v € ¥° the following are equivalent:

() Cv=uv.
(ii) Cig =v for some g € ".
(i) v =vyu; for some u; € L;.

In this case, u; is given by the representation formula
where K] is the vector (Kjo, ey I<j,2m—1)-

Thus we can write problem (2.1)—(2.3) in the equivalent form

(1-Cy)yu; =0, (2.19)

(1= Cy)y,u,=0, (2.20)

Ryy2us — Ryyiuy = uy. (2.21)

This is a system of 6ém equations on the boundary for the 4m unknowns

Yil1, Yaolds.

We emphasise here that up to now everything remains true if we consider u,
and u, as vector-valued functions with N components and P, and P, as
(N x N)-systems of differential operators. The matrices R;, #, %, C;, etc., must
then be block matrices of (N X N)-blocks. System (2.19), (2.20), (2.21) is then a
(6mN X 4mN)-system.

From this system we can extract a quadratic subsystem by eliminating R,y,u,
from (2.21) and multiplying (2.19), (2.20) by R; and R, respectively. We obtain

a- él)RlYlul =0, (2.22)
(1-C)Ryyuy=—(1- Cz)um (2.23)
with 3
C:=RCR" (j=1,2). (2.24)
Now we subtract (2.22) from (2.23) and obtain the quadratic system
Hv=-(1-C)u, with H:=C,-C, (2.25)

for the unknown v = R,y,u;.
We have the following equivalence theorem:

THEOREM 2.4. Let ug € #° be given.

(@) If u;e Lj(j =1, 2) solve the transmission problem (2.1), (2.2), (2.3) then
v = R y,u, € ¥° solves the equation (2.25).

(i) If v € H° solves (2.25) then with

v:=Cv; vyi= C’z(v + uy) (2.26)
and
ui:=KPR: v in Q; (see (2.18)), (2.27)

u; € L? solve the problem (2.1), (2.2), (2.3).
Proof. (i) This follows from the derivation of (2.25) above.
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(ii) We use Lemma 2.3 which, from (2.26), gives that (for j = 1, 2) (1— C;)v;=0,
hence v; = R;y,u; for some u; € Lj. It remains to show (2.3):
From (2.26) and (2.25) it follows that

Up— VU= (62 - él)v + Czuo =—Hu + ézuo = (1 - Cz + CZ)uO = Up. O

Now we formulate the assumptions which will imply the strong ellipticity of the
operator H. They consist essentially of the strong ellipticity of the boundary value
problems on ; and €, and of two other boundary value problems obtained from
interchanging the domains ; and ,.

We require the existence of a “first Green formula” for P, and R;: Let

B}
B B'k R for k=0,...,m—1
R~:= / » .. . ’ ’ ’} 22
! 7t he h szm—k*l fork=0,...,m—1; (2.28)
o

m—1
and Blv:= >, B¥v* for v e C*(T; C™), Q! correspondingly.
k=0

AssumpTION 2.5. For j=1,2, there exists a sesquilinear form ®;: (u, v)—>
®;(u, v) on C{‘,"(Q) X Cp(£2;) such that

Ref u; . Pu; dx = Re @;(w;, w;) + (—1Y Rej 2 Biyu;. Qlyu;do (2.29)
Q;
for u; € C5(Q)).

AssumpTioN 2.6. (a) (Continuity). For every bounded subset K = R”" there
exists C >0 such that (for j =1, 2)

|®;(u, v)|=C ”u“H'n(Q,») ”v”H”'(Q,-)

for all u, v € C5(Q;N K).
(b) (Gérding’s inequality) For every bounded subset K = R” there exist A >0,
c e R, £>0 such that

Re (Dj(u, u) 2 A ||u||%1m(9j) —C ”u“%.lm—s(gl_) (2.30)
for all u e C5(Q; N K).

It is classical (see e.g. [17]) that these assumptions are satisfied for many
strongly elliptic boundary value problems. For example, let P, be of second order,
i.e.

n

-2 5 "‘ak+2bkak+c (2.31)
k=1

i,k=1

with smooth coefficients ai¥, bf, and ¢;; (3, = 3/3,,).
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Green’s first formula (2.29) holds with

®;(u, v)=L< > 'a“,.a.a;ﬁ"aku+kzla. b¥ akv+a.cjv)dx (2.32)

i k=1
and
Byyu; = ulr,
Q,vju; = 3yulr, (2.33)
with the conormal derivative
dyu= 2 nakdu. (2.34)
i k=1

i

Here u may be an N-vector and af, b¥* and ¢; (N X N)-matrices. The
representation (2.31) is not unique, and, contrary to the scalar case, in the
vector-valued case the validity of Assumption 2.6(b) depends on the choice of this
divergence representation. This is what happens for the case of electromagnetic
problems, see Section 3.

The boundary integral in (2.29) corresponds to the natural duality on the
“energy space” #° with respect to the L*(T; C*™) scalar product:

For v, w e C7(I'; C™) with

Vo Wo
v= : , w= :
Yrm—1 Wom—1
let
2m-—1
(U, W)ggo :=f Z VU « Worm—1-1 do. (2.35)
T k=0

This then extends by continuity to v, w € #° (cf. (2.15)), and we have
m—1 m—1
(Rv, Rw)sw=| X, Bv.Qw+ > Qfv. B,’-‘w} do,
r k=0 k=0
in particular for v =w
m—1
(R, Rv)sw=2Re | 3, Bfv. Q% do. (2.36)
T k=0

We need to consider two more boundary value problems defined by inter-
changing the interior and exterior domains. Thus we write
Pl:=P,onQ;, P}:=P on Qz,}

2.37
Rl:=R,, R}:=R,. (2.37)

AssumMpTiON 2.7. Assumptions 2.5, 2.6 are satisfied if P, is replaced by P} and
R;by R forj=1,2.

Under these assumptions, we can infer the strong ellipticity of our boundary
integral operator H, as follows:

THEOREM 2.8. Let Assumptions 2.5, 2,6, 2.7 be satisfied. Then there exists a
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compact operator C: H°— #° and a constant B >0 such that
Re (v, (H+ C)v)goZ B ||v||%e for all v e ¥°. (2.38)
Here ||[v]130= X207 lvicl|zm-s12ry.
Proof. We first consider the special case
P,=P, R;=R,. (2.39)
In this case, one finds from (2.16), (2.24) that
C,+C=1. (2.40)

It suffices to show (2.38) for v € C*(I'; C™) = #°. Define u; (j=1,2) by the
representation formula (2.27):

u=xK2R v inQ, (2.41)

where y € C5(R") satisfies ¥ = 1 on a neighbourhood of Q,. Then from (2.24) and
(2.14) we see that, for the Cauchy data,

Ryyu; = (—1yCp (2.42)
holds.
Thus, by the definition of H in (2.25),
Hv = —(R,y1u: + Royau,). (2.43)
By (2.40) we have
U = RyYous — Riyius. (2.44)

Thus the trace lemma gives
lvll3e = C(lluslZma + lu2llZim@r)- (2.45)

By Garding’s inequality (2.30), the right-hand side can be further estimated by

= Re (@1(u1, 1) + Doz, ) + 5 (sl + allimrg). (246)
Note that supp u, c K where K = supp x is bounded.

From (2.41) it follows that the ||:||zm--terms in (2.46) can be estimated by
IT,v]| %0 with a compact operator T;: #°— %°. Such an estimate is also possible
for || Pyus|| e, for any t € R, because Pu, =0 where y =1 or y =0 holds, thus
Pu, e C3(R"), and its support has a positive distance from I', so that the kernel
of the operator PxK;?,R;"" defining it is smooth. Thus

f U, . Pau,dx l =||Lv||% for some compact T,: #°— °.
2,

Now we apply Green’s first theorem (2.29) to (2.46) and use (2.36). With
Pyu;, =0, we obtain

— (_1)1'

Re @;(u;, u)) =Re f ;. Py dx ===

2

(Ryviuy, RyYit)seo,
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hence

lvll%e = 1Tl [%0 + | v liGe + {(R1Y1u1; Ryy1U1) g0 — (RoY2Uz, RyYalts)seo}.
(2.47)
On the other hand, we find, from (2.43), (2.44), that

(v, Av)s0 = (—R1y1U1 + Royally, —Ryy1Uy — RyYaUp) s
= (R1v1u1, Rivaty)se — (RaYatta, Ryyalin)se
+ (Ryy1us, Royauz) s — (RaYala, Riyity)se
= (Ryy1u1, Riy1ur) s — (R2y2uz, Royaus) e
+2i Im (Ryy1u1, Ryysuy) g
By taking real parts, we conclude from (2.47) that

C
7 Re (v, Av) .

After subsuming all compact parts into a single one, we arrive at (2.38).

Now we abandon hypothesis (2.39). By what we have shown so far, we know
that Gérding’s inequality (2 38) holds in particular for the case where P, and R,
are replaced by P} and R}, respectively, because by (2.37) hypothe51s (2.39) is
then satisfied. We denote the corresponding Calderén projector by C}, and the
corresponding boundary integral operator by

Similarly, if we replace P, and R; by P} and R}, then (2.39) is satisfied and

therefore Garding’s inequality holds. We denote the corresponding Calderén
projector by C} and the boundary integral operator by

H; = é-{ - C2.
Now from (2.40), it follows that
Ci+Ci=1=C{+C,,

Vi3 = I Tvll3e + | ull3e +

hence
=2C,—-1; Hi=1-2C,
and finally
H=C,-C,= 1(H] + HY). (2.48)
Therefore, the Garding inequality (2.38) for H follows by adding the two Garding
inequalities for H{ and Hj. O

3. A coercive bilinear form for electromagnetic problems

The time-harmonic scattering of electromagnetic fields by a penetrable body Q,
in the case of isotropic homogeneous materials is described by Maxwell’s
equations (see [20]):

curl E = iopH; curl H=—iweE in QUQ,, (3.1)
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with the transmission conditions
[AxElr=0; [AxH}r=0 onT (3.2)
and the radiation condition
wuﬁ X He+ kE=o(lx|™); Ee=0(x|™") as [x|]>»  (3.3)

Here [¥]r:= ¥ |, — Ulg, denotes the jump of ¥ across I'.
We assume that the coefficient functions &, u, and k are constant on Q, and on
Q,, and w is the constant frequency:

e=¢g, pu=w, k=k on Q(j=1,2); k’=w’eu
We further assume ([20]) that
Reg >0, Img=0; argk;e[0, n); argwe[0, m); p;>0. (3.4
The total fields E are decomposed into
E=E,+E,; H=H,+H,
where the incoming fields E;, and H, are supposed to satisfy (3.1), and the
scattered fields . and H, appear in the radiation condition (3.3). The unique

solvability of (3.1)—(3.3) is shown in [16], [20].
If we define

d=i,=E inQ,; d=id,=E, inQy; iy=Eqs, (3.5)
then the components of i satisfy the Helmholtz equation:
(A+kdDi; =0 inQ;; (A+kDid,=0 inQ,. (3.6)

We consider the transmission conditions (compare [16])

Uyt — Uzt = UpT;
A div i, — A, div il = A, div il;
€17 . Uy — E50 . lhy = €573 . lg; (3.7

1, .1 N -
—n Xcurl i, —— 7 X curl i, = — A X curl i,
151 %) J15)

where ¥7:= —7 X (fi X U) denote the tangential components of ¥, and the
radiation condition

-|~—I><curl iy — x |d1vu2+lk2u2—o(|x| Y as x|, (3.8)
The coefficients A; #0 in (3.7) are specified later.

Let us now study the equivalence of the transmission problems (3.1)—(3.3) and
(3.6)-(3.8). Because we only need standard applications of Green’s formulae, we
do not specify the precise smoothness requirements. Even weak solutions in
HIOC(Q) are allowed.
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We first show that (3.1)—(3. 3) imply (3.6)—(3.8), for any choice of 4,, A,:

By the definition (3.5), it is clear that Maxwell’s equations (3.1) imply the
Helmholtz equations (3.6), and div E = 0 shows that the radiation condition (3.8)
follows from (3.3). Also the first, second, and fourth of the transmission
conditions (3.7) are satisfied. In order to show the third condition in (3.7), we
choose a test function @ € C5(R?) and obtain

0=fgradq).[ﬁ><ﬁ]l—do=—f grad . curl H dx
T QUQ, (39)

= ia)f grad 9. ¢E dx = —iw j @[efi . E]r do.
QU0 T

From this we find [e7i. E]r =0, which is the third condition in (3.7).

Conversely, assume that (3.6)—(3.8) are satisfied. Furthermore, assume that i,
satisfies (A + k3 2)ig =0 and div il =0, E is defined by (3.5), and H is defined by
H=(1/iop) curl E. Then (3.1)—(3.3) will be satisfied if and only if div &, =0 and
div i, = 0. Therefore we define

p:=p:=ki?divi;, inQp; p:=p,:=k;2diviiy (=k;2div (il + ii,)) in Q,.
Then p satisfies
(A+k)p=0 inQUQ, (3.10)
and
Mk3p,=Ak3p, onT. (3.11)

Furthermore, from the radiation condition (3.8), it follows ([14], [25]) that u, can
be represented in €, by the Stratton—Chu representation formula (see Lemma
4.3, below). This implies in particular that p satisfies a Sommerfeld type radiation
condition

|| cgradp —ikzp=o(x|™); p=0(x") as x|]>w  (3.12)

In addition, a second transmission condition for p holds:
Define Ey:= E + grad p in Q, U Q,. Then

divE,=divE+Ap=divi—k* =0 in QUQ,.

Hence
N | . -
curl H=——curl curl £, = —iweE,.
iou

Thus the pair (EO, H) satisfies Maxwell’s equations (3.1) and the transmission
condition [# X b(] =0. We conclude as above (3.9) that [e7i. EoJ-=0.
Subtracting [e7i. E]r =0, we find

€1 anpl =& a,,pz onT. (3. 13)

Thus we have reduced the question of equivalence of the two transmission
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problems to the question of unique solvability of the scalar transmission problem
(3.10)-(3.13). Sufficient conditions for this uniqueness are well-known. For
example, from [4, Proposition 4.7] it follows that either one of the following two
conditions implies p =0:

k,>0 and ImAAE£k3Z0 and ImAAEE,=0; (3.14)

Imk,>0 or k,=0, and if there exist four numbers &, 8, y, 6 =0
(3.15)
then at least one of the numbers «, §, ¥, 8 has to be zero.

Notable special cases of these conditions are:

(i) If A, = &, and A, = &,, then p =0 follows.
(ii) If A; =1/p,&; and A, = 1/u,&,, then p =0 follows.
(iii) If all coefficients ¢, A, and k, are real, then p =0 follows.
(iv) The periodic eddy current problem:
Here ¢, =io/w, w >0, and ¢ >0 is the electric conductivity in ;. Also &,>0,
hence
k?=iwu,0; ki>0.

Therefore, (3.14) reduces to the conditions

A
Imféo and Re%zo. (3.16)

1 1

Note that Im (k3/k3) >0, so that in this case the natural choice
A=k~2 (3.17)

does not necessarily imply p =0. The choices (i) or (ii) above, however, will also
work in this case.

(v) The choice (3.17) always leads to a solution of the transmission problem
(3-1)-(3.3). Namely, in this case define E, as above by E,= E + grad p, then the
pair (E,, H) satisfies Maxwell’s equations (3.1) as well as the transmission
conditions (3.2). However, as seen in (iv) above, the solution of the problem
(3.6)—(3.8) might then be non-unique.

Besides the ““physical” transmission problem, for mathematical simplicity we
also consider the corresponding problem where all the coefficients A, €, and u are
equal to unity, i.e. the transmission conditions

-

Uyt — ot = lor;
div it; — div iZ, = div iy,
I (3.18)
R.U—N.U,=N. Uy,
A X curli; — it X curl i, = A X curl i,.
Now we wish to apply the theory developed in Section 2 to the present case.
We have the differential operators

P, = —(A + k?) = curl curl — grad div — k7. (3.19)
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This representation leads to the conormal derivatives (cf. (2.31), (2.34))
Oyii:=08, =20, ,d=—AXcurlid +7A.divi (3.20)
and to the well-known [14] Green formula (cf. (2.29), (2.32))

_L'

7

7. (A+ K dx = L (curl & . curl , + div 7 div %, — K, . ) dx
+ (=1 fr ii; . (—# X curl W; + /i div W) do  (3.21)
for ii;, W; € C5(Q;; C°).
So we have the sesquilinear forms
(i, W) = L (curl &. curl # + div @ div # — K7 . #) dx (3.22)
and the boundary operatorls

i
Ra:=Ria=Ryi=(," )| 5 o0 o= B m e
" i 2% o, u/ v Qil:=Qu=Q,i=23,u.

By separating tangential and normal components and defining (onT) the Cauchy
data

(3.23)

vi=i. il Dri=iri=i— AR, i) = —i X (i X ii);

7
Yi:=divi; y:=-fAXcurli, (3.24)
Green’s first formula (3.21) reads
f T P dy = @', i)+ (~1) f @+ 3. §Ydo.  (3.25)
Q T

J

The corresponding second Green’s formula, obtained by antisymmetrising
(3.25), and representation formula (“Stratton—Chu formula”, see Section 4),
obtained by inserting a fundamental solution in the latter, are also well known.
Hence one can derive boundary integral equations by the method described in
Section 2. Assumptions 2.5 and 2.6(a) are satisfied. Assumption 2.6(b) does not
hold, however, since for harmonic vector fields &z we have

(i, &) = — L K2 af? dx,

which cannot be estimated from below by ||ii||§,1(gj;ca). This well-known fact
([8], [25]) implies here that the boundary integral operator H is not strongly
elliptic. There is, however, a strongly elliptic boundary integral operator for the
transmission problem (3.6), (3.18). This gives, as the solution of the correspond-
ing equation (2.25), not directly the set of Cauchy data as defined by (3.18) or
(3.24) but a modified set. This modified set of Cauchy data is entirely equivalent
to the original one in the sense that each set can be computed from the other one
by application of tangential differential operators. We propose the following
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modification:
P =y —divo =divi — divy &, } (3.26)
P’ = +grady v =—7 X curl il — 7 X (ii X (grad (i . it))). '
Thus the “electric” boundary operators are modified by
v U U U
= = 2
()= Gomaves) @ () =Grrans) 02
and the “magnetic” boundary operators by
v v v v
- = - <:> - | = - . 3.2
(tp') (1//+gradT v) (w) (w’—gradT v) (3.28)

This modification of the Cauchy data was suggested by corresponding modifica-
tions of boundary integral operators in the case of boundary value problems in
[18], which led to strongly elliptic operators.

We shall now show that with these modified boundary operators the cor-
responding bilinear forms ®; which are now defined by Green’s first formula,
satisfy Garding’s inequality, i.e. Assumption 2.6(b). Then all hypotheses of
Theorem 2.8 are satisfied and this theorem proves the strong ellipticity of the
corresponding boundary integral operator, which corresponds to the transmission
problem (3.6), (3.18), (3.8).

We shall come back to the “physical” transmission conditions (3.7) in Section
5.

THEOREM 3.1. Define the sesquilinear form ®; (j =1, 2) by
f T PR dr= 0@, @) + (—1)1‘f @y2+3T. §7do,  (3.29)
1 T

where P, are defined by (3.19) and v, ¢', U, ¥' by (3.26). Then ®; is coercive over
HY(Q;; C), i.e. there exist A>0, C € R such that

Re @/(#, it) Z A ||#]|Zr @, — C il 22,09 (3.30)
for all ii e C3(Q;; C3).
Proof. There holds for i € C5(Q;; C?) on T:
div & — divy & = div (i — ii7) = div (7 . @)A) = 8,( . i) + (A . i) div 7;
grad (Ai. d) — 7 X curl A = 3,,& + (@i . grad)A + i X curl .
This gives
vy’ +0. ¢’ =(divii — divy @)(A . &) + (grad (i . &) — /i X curl @) . @y
= (8,1 W))(7i . &) + div /(A . &)(7 . &) + (8,id)idr
+ iy . (i . grad)fi + iy . (@ X curl /)
=8,i. (fi(A . @) + il . 8,A(Fi. &)+ (3,id)idr
+divA | df? + iy . (i . grad)ii + iy . (7 X curl /)
= (3,i) . & + b(id) (3.31)
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with
b(it) = (7. @i . 3,7 + |fi. 4[> div A + dr . (i . grad)di + i X curl /).
In particular (this requires I' € C?)

[b@@)(x)| = C lid(x)|* for xeT,
hence

= C |ld|rllFzq = Ce 1@]3d+e@y (£>0). (3.32)

‘ fr b(ii) do

From definition (3.29) and (3.31), with Green’s first formula for the scalar
potential equation, now follows:

@), 1) = - |

2

- k}|ﬁ|2dx—(—1)fj b(i) do

E.Aﬁdx—(—1)ffﬁ.a,,u’do
T

= |lillzr@;c — il 2,0
~ K l@lxayen — (-1 [ b(@) do.
T

Together with (3.22) for some ¢ € (0, 3), this gives (3.30). O

4. The integral operators and their symbols

In this section we derive a boundary integral equation procedure to solve the
transmission problem (3.6), (3.18), (3.8). First we give some additional notation.
For s e R we denote by H'(Q)) = H*(Q;; C?), respectively H*(I') = H*(T; C°), the
Sobolev spaces formed by vector fields i with components which belong to
H*(Q;), respectively H*(T). As indicated by (3.24) we can decompose H*(T') into
two subspaces generated by the tangential fields to I' and the normal fields to T,

H°(I') = TH*(T') ® NH*(T')
with
THD)={ieW@)|(Gi.a)=0}, NHT)={ieH)|i=rv, veH )}
- The most general case where (3.6), (3.18), (3.8) can be converted into a
variational problem (see Theorem 3.1) is when
(dor, div iy, 7i X curl iy, i . ily) € THXT) + H™¥(T) x TH™¥T) x HYT) =: %¢°.
Then we look for it € L; (j =1, 2) where
Ly:={ieH'(Q) | (A+kDii=0in Q,)}, }
L,:={i e H'(Q,) | (A + k3)il =0 in Q,, il satisfies (3.8)}.

According to (3.24), (3.25), the Cauchy data for (3.6), (3.18), (3.8) are defined
as follows:

DEerINITION 4.1. Let ii € Ly, j = 1, 2. Then the Cauchy data (3, ¢, 9, v) € ¥° of

(4.1)
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il are defined via (3.25) by the traces

D= —i X (A X id)|r, Y :=diviilr, 1/7:=—ﬁXcurlﬁ|r, v:=h.i|r.

Before we give our solution procedure, let us briefly recall the idea of layer
potentials by introducing the fundamental solution

ekilx—yt
q’j(x) y) =
of (A+k}i=0inQ;j=1,2.

DerintTioN 4.2. Let i € C*(T; C°). Then for any complex number k;, (0=
arg k; <) and for x € Q; we define

Vo i(x) = —2 f ®,(x, y)i(y) do(y),

—_— 4.2
pEp— “.2)

(4.3)
Kaoi(x) =2 curl, fr ®,(x, y)i(y) do(y).

The same definition of the single and double layer potential is valid for arbitrary
distributions & on T, since for x # T the above kernel ®; is a C*-function on I

With these potentials there holds the Stratton—Chu representation formula for
the solution of the homogeneous Helmholtz equation in Q; (for classical solutions
see [14], for weak solutions see [25]).

Lemma 4.3. For iie L; with Cauchy data (U, v, P, v) e X° and for x € Q,
j=1, 2, there holds
(-1

2

In order to formulate the boundary values (jump relations) for the potential
(4.4) we define the following boundary integral operators:

i(x)= (— curl Vg (7i X B) + Vo (fig) + Vo, i + grad Vou)(x).  (4.4)

DErINITION 4.4. Let i@ be a C* vector field on I'. Then for x €T and x; € €;

V)= -2 [ &) do(y), w
Rii(x):=2 curly fr ,(x, y)(ii x @)(y) do(y), } (4.5)
Dji(x) := lim (7 x curl curl Vo, X @))(3),
and, correspondingly, for]u e C*(I) J
V)= =2 [ y()®x, y) do(y),
Ku(x):= =2 | u(y) 8,:,(x,y) do(3), (4.6)
Kju(e) 1= =2 | u(y) 8,600,z ) do(a).
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Using the well-known jump relations for smooth layers ([10],[2]) and
approximating the Cauchy data in #° by smooth functions, we find for the traces
of the potential (4.4) a system of second kind Fredholm integral equations on
the boundary I":

2—1Y(=7 X (7 X @) |r = ((—1) — K))¥ — 7i X (/i X Vi(fip)) + Vi + grady Vv,
2(—1Y div it|r = (1Y = K;)y + V; divy § — k?Vjv,
2—1)i(—7i x curl #)|r = D;o — #i x curl Vi(Aiy) + (=19 — i X K;(fi X 9),
A=1)Vf. ii|p = —ii. curl V(i X B) + A. Vi(fiy) + A. Vg + (-1) + K})v.
(4.7)

The right-hand side of (4.7) defines (up to a factor 2(—1)’) the Calder6n
projection operator C; (cf. Lemma 2.1 and equation (2.24)) for the problem
(3.6), (3.18), (3.8). Thus it is a matrix of pseudodifferential operators whose
principal symbol we shall now compute. As is known from the calculus of
pseudodifferential operators, the principal symbol gives easy criteria for con-
tinuity of the operators in Sobolev spaces, for their ellipticity (Fredholm
properties) and also strong ellipticity. By introducing a basis of orthonormal
coordinates in the cotangent bundle T*(I') (see [7,p. 255]), for the
pseudodifferential operators on the closed, smooth, bounded manifold T' we
obtain the same principal symbols as in the half-space case. Thus we may simply
assume that T" is a plane. Then the principal symbols of the pseudodifferential
operators in (4.7) are easily obtained by use of Fourier transformation.

Let Q; coincide with Rj:={x eR’|x =(x;, x5, x3), x3<0} and Q with
R7:={xeR*| x>0} and 7i= (0, 0, 1), yielding 7 X & = (—a,, a,) for any vector
i=(a,, a,, a;) e R>.

In the following lemma we list the principal symbols of those pseudodifferential
operators on I' which arise in our solution procedure. The orders of the operators
are those given by Lemma 2.1, namely —1,0, or +1, respectively. Thus, for
example, the operator K; has a vanishing principal symbol, because in our
Agmon-Douglis—Nirenberg-elliptic system (4.7), K; is considered as an operator
of order 0, whereas it is in fact a pseudodifferential operator of order —1.

LemMma 4.5. For any EeR? E+#(0,0) with |E| = VE:+ &3 for the principal
symbols a,, of order m there holds:

o_1<v,-><§)=—|“§—; 0o(K))(§) = 0= 0o(K})(&); ao<ﬁ><->(5>=((1) “3>;

o(erade) ()= i[5 ); o url(®) =i(=E £ o) =ilEs, £

o(D)(E) = - é(_glz& —252); oo(—7 % curl Vji -)(§) = |;_|(§:),

a®)&)=(y o)
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1 ( &t &@.)
IEINEE, &3
= oo(—grady i . curl V(7 X +))(&)
= —00(—grad-,- A. ‘/]ﬁ diVT)(g)

Proof. The general calculus of pseudodifferential operators ([7], [27]) shows
that the pseudodifferential operators on a smooth manifold ' have the same
principal symbols as the corresponding operators of the half-space case.
Furthermore, exchanging points of integration and restriction in the boundary
integral operators causes perturbations of lower order only. In particular, we
know from [19] that Wi :=7rV,(i. &)~ V(7. 7)i defines a pseudodifferential
operator of order —2. Similarly, o_;(#i X V(7 -))(§) = o_(V;(# x (i -)))(§) = 0.

From [13] and [19], o_,(V;)(§)=-—1/|§| follows by taking the Fourier
transform of the fundamental solution of the Laplacian 1/(47 |x — y|) which is the
leading term in the Taylor series expansion of (4.2). From the identity
Ail = grad div & — curl curl & we obtain, for any smooth tangential field 7,

D5 = k(7 X Vj(ii X D)) + 7i X grad V; divy (7 X D).

oo(—7 X curl Viii divy)(§) = —

Thus
01(D;)(§) = 01(7i X gradyr)(§) . 0_1(V;)(§) . oy(divy (7i X -))(§)
yields the result for o,(D;)(§). The other symbols are computed similarly. O

Applying the general results of Section 2, we see that the Calderén projector
from the system (4.7) has the form

G =31+ (-1YA), (4.8)

where the operator A; is given by

0y K + (V,(fiy))r + Vi + grad, Vv
—K: - dive ¥ — k2V,
A g - D -7 f]:/:l:; 1?(;2;;1—/} i : ,g,(vﬁ <p |G
v —ii.curl V(i X D) + 7. Vi(fiy) + . Vi + KJv
The operator H from (2.25) is given by
H=C - C,=—-4(A,+A,). (4.10)
Hence with Lemma 4.5 its principal symbol is given by
0 0 0 1 0 i&
0 0 0 0 1 i&

0 0 0 i& i& 0
& -&& -5 0 0 0
-&& & —-i& 0 0 0
—ig; —ig, 1 0 0 0

O(H)(E) = —o(A)(E) = l—;
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Thus, H: #°— #* is continuous for any real s where

1

I := TH**¥(T) x H*~¥(T) X TH*"%(T) x H**¥(T).

We remark that the off-diagonal blocks of o(H)(&) in (4.11), namely the
matrices

! 1 0 i 1 &5 -§.& —i§;
E =€ 0 1 &), M=—|{—-§5& & —-i& |, (4.12)
S\ie, &, o S\ e, -, 1

are also the principal symbols of the integral operators which arise via the direct
method for the “electric” and “magnetic”” boundary value problems, respectively
[25), [24].

The natural duality on %#? is given by

RN XR Ty

)%o:=L{5.Z+¢w+E.W+ﬁx}do (4.13)

< e &

w

for smooth elements in #° (cf. (2.35)); this also corresponds to Green’s formula
(3.29).

Therefore, with respect to this sesquilinear form, the operator H in (4.10) is
strongly elliptic, i.e. satisfies a Gérding inequality, if and only if the matrices E
and M in (4.12) define positive definite quadratic forms on C°, i.e. their
selfadjoint parts are positive definite matrices. That this is not the case can easily
be seen as follows: from equations (4.11)-(4.13) we see that in the half-space
case, i.e. on the symbol level, there holds for W := (7, vy, v, v)T,

SN ] VN Y
o, H¥o= [ (@ oM ()) + B vE(Y ) agas. @1y
Furthermore, the selfadjoint parts of both M and E are singular matrices:

100 1 & -£& 0
_21(E.|.E'|')=E 01 0}, %(M+MT)=E -&& & 0
000 0 0 1

Note that the matrices E and M themselves are non-singular which corresponds
to the ellipticity of the corresponding pseudodifferential operator. Likewise, the
operator H in (4.10) is an elliptic pseudodifferential operator and hence a
Fredholm operator in the space #°, s € R.

Thus, using standard arguments from the calculus of elliptic pseudodifferential
operators, one can derive a priori estimates for H and thus obtain regularity
results for the solution W € #° of the system

HY := —1(A, + A)¥ =11 - A)Y, (4.15)
for given W, e #° with 4;in (4.9),j=1, 2.

1
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We note that equation (4.15) follows from (2.22)-(2.25) together with the
Calder6n projector (4.8). Therefore, application of Theorem 2.4 shows that the
solution of (4.15) is the set of the Cauchy data of the refracted field in (3.6),
(3.18) (see also [25], [4]).

According to the general results in [23], the least squares method for
(4.15) — with regular finite elements on the interface manifold I — converges with
quasi-optimal order. However, its convergence rate is considerably smaller
compared with that of the Galerkin method. Therefore, we are more interested in
a suitable Galerkin procedure. Unfortunately, H is not strongly elliptic with
respect to the energy form (-, -) 40 in (4.13), as we have shown above. But strong
ellipticity is necessary and sufficient for the convergence of general Galerkin
procedures [12], [28], [29], [30].

In order to obtain a strongly elliptic boundary integral operator for the
transmission problem (3.6), (3.18), (3.8), we modify the Cauchy data as in (3.26)
and insert them into the system (4.7). For the new Cauchy data

W=(T, 9, P, v) eH, yi=y-—divyD, ¢ :=v +gradrv (4.16)
with ¥, ¥, 9, v as in Definition 4.1, the system (4.7) takes the form
2(-1)Yo =((-1Y - I?,-)l‘) + (Vj(7i dive 0))r + (Vi(Aiy ) 1
+ V' — V, grady v + grady Vju,
A=Yy’ = L+ ((—1) — K)y' — dive (Vjiiy )
+V, divy 9’ — divy V' + My,
2(—1Yy’ = N;o + grad, 7i. Vi(fiy') — /i X curl Vi(iiy’) (@1
+(—1Y9' — A x Kj(fi X ') + grad /. V' + Ry,

2(=1Yv = —ii. curl V(i X B) + . Vi(# divy D)

+i. V(A )+ 7. V' —A. Vgradr v + (1) + K, |
with
L;% := divy K;5 — K, divr § — div (Vi(# div; D)), )
M := divy V grady v — V, divy grady v — k7Vjv — divy grady Vv,
N;U:= D;i — i X curl V(7 divy 0) > (4.18)

+ grad(—# . curl Vi(7i X 0)) + grady 7i.. V;(# divy 3),

Ryv:=1i X Ki(si X grady v) — grady 7. V; grady v + grady Kjv. )

Therefore the operator H' from (2.25) has the form

H' =-1(A]+ A)), (4.19)
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where

e €€ o

—K;¥ + (Vj(fi divy 0))r + (Vi(iy"))r + V' — V, grady v + grady Vv
L5 — Ky’ — dive (Viiy'))r + V; dive ¢’ — divy Vg’ + My
NU + grady /. Vi(fiy') — /i X curl V,(7iy’)
—i x K;(fi X ') + gradr i . V' + R
—#i. curl Vi(fi X ©) + 7. V,(7i divy B) + 7. Vj(fiy’)
+7. V;-t/-;'—ﬁ. V; gradr v + Kjv
(4.20)

Hence with Lemma 4.5 and equation (4.11) the principal symbol of H' is given
by

0 0 0 1 0 0
0 0 0 0 1 0
1 0 0 0 0 0 [g?

H')(E)=— 4.21
WO = Ler o o0 0 0 o (421)
0 € 0 0 0 0
0 0 1 0 0 0

The principal symbol shows that H' is continuous from #* into itself for any
real s. Furthermore, its off-diagonal blocks

&~ 0 0 & 0 0
E=[ 0o g o) M={0 g 0 | (4.22)
0 0 1§ 0 0 |&™

obviously define positive quadratic forms on C3. We note that E’ and M’ are used
in [25], [24] to derive the “‘edge behaviour” of the “electric”’ and the ‘“magnetic”
fields, respectively, since the components of the fields are decoupled in first
order, i.e. they are only coupled via compact perturbations in (4.20).

From standard results on pseudodifferential operators [27], [30] we deduce that
the form (4.21) of the principal symbol o(H') implies the coerciveness of H' in
the sense of a Girding inequality in #°.

LemMA 4.6. There exists a real v >0 such that (with the duality (4.13))
Re (¥, HW)soZ v ||¥|[50 — [k(¥, ¥)| (4.23)
for all ¥ € H° with a compact bilinear form k(-, -) on H° x H°.

Proof. The arguments following (4.13) show that in the half-space case (4.14)
holds with E' and M’ instead of E and M yielding (4.23) due to (4.22). The
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compact bilinear form k(-, -) arises in (4.23) since H' acts on functions on a
bounded manifold I' which causes a compact perturbation to the half-space
situation. O

Now we concentrate on the connection between our strongly elliptic
pseudodifferential operator H' and the original interface problem (3.6), (3.18),
(3.8). Following (2.22)-(2.25), for (3.6), (3.18), (3.8) we obtain the system of
integral equations

HWY =—-(1-Cy)W¥, with H :=C.-C) (4.24)

where Wj:= (T, Yo, P', vo)" are the modified Cauchy data (4.16) of the incident
field il, and C] =3(1 + (—1)A4)) is the Calderdn projector (corresponding to the
wave number k;) of A; in (4.20). Application of Theorem 2.4 to (4.24) yields the
following equivalence between the transmission problem (3.6), (3.18), (3.8) and
the boundary integral equations (4.24). (The proof is identical to the proof of
Theorem 2.4 and is therefore omitted.)

THEOREM 4.7. Let iiy € #° be given.
(i) If ;e L; (j =1, 2) as defined in (4.1) solve the transmission problem (3.6),
(3.18), (3.8), then

((dy)r, div dy — divy (dy)r, —7 X curl &, + grady (7. i), /1. ity)" € H°

solves the equation (4. 24). i
(i) If W' := (5, ¢', ', v)" € #* solves (4.24) with Wy := (Do, Yo, Vo, Vo), ie

—3(A] +ADY' = (A5 - D)W,
then with v
Pl=CW', W :=CyW¥ +W) (4.25)
and
Uj:=KPR'W, in Q; (see(2.18)), (4.26)

i; € L; solve the transmission problem (3.6), (3.18), (3.8).

Remark. In (4.26), ii; is given by the Stratton—Chu formula (4.4) applied to
0, v, 1/)], v;) which are connected with W via (4.16), (3.27), (3.28). By
Gardmg s inequality (4.23), H' is a Fredholm operator of index zero from
into itself and thus also from % into itself for any s. Therefore we obtain
existence of a solution of (4.24) as soon as we know its uniqueness, and Theorem
4.7 then implies the existence of a solution of the transmission problem. For the
question of unique solvability of the transmission problem (3.6), (3.18), (3.8) and
therefore of our boundary integral equation (4.24) we refer to [2, 4, 15, 20, 25]. In
the case of the “physical” transmission conditions (3.7), we discuss this question
in more detail in Section 5. From the discussion in [4] and [25] we have the
following result:

PropoSITION 4.8. Assume that the homogeneous transmission problem (3.6),
(3.18), (3.8) and an associated homogeneous adjoint problem with interchanged
wave numbers have only the trivial solution in L, (defined in (4.1)). Then for given
Woe H° there exists exactly one solution W' € #* of the integral equation (4.24)
yielding exactly one solution of (3.6), (3.18), (3.8) via (4.26).
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5. Integral equations for the electromagnetic transmission problem

In this section we study the integral equations corresponding to the ‘“physical”
transmission conditions (3.7). Instead of repeating all the arguments of the
preceding section, we only point out the necessary modifications.

We define, according to (3.7), the “physical” Cauchy data on I':

ﬁj = Sjvj Ejii . a]; ﬁ] = ﬁ]T;
- = 1. 1 5.1
Y= Ay = A divig; ¢ i=— ;= —— Xcurl i, G-1)
i i

We want to use the results of the previous section. Therefore we write
III = (TJ, w, w, U)T; lI,] = (ﬁ], Qp]’ 1;1, ﬁj)T.
Thus, with the obvious block notation, we have

_ 1
¥, =BW, B =diag (1, A, o s,.). (5.2)

7
Now we can insert these Cauchy data into the representation formula as before
and obtain, instead of (4.8), the Calderén projectors

The boundary integral operators A; are given explicitly in (4.9). The procedure
described in the previous section then leads to a boundary integral equation
corresponding to (2.25). The matrix of integral operators is given by

H=C,-C,=-4(A,+A;)= —3(B,A,BT' + B,A,B3"). (5.4
From Lemma 4.5 and (4.11) we find the principal symbol (in block form)
~ 0 E
@& =(, ) (55)
with
.1 He 0 i§.¢, ) 1 Shm =818l —iEiAn
E =|‘§_| 0 pe ik |, M =E =&1&2lm T —i&hAm |- (5.6)

i&l}'e i&ZAe O

Here we used the abbreviations

_iElgm _iEZSm Vm

1/1 1 1/A A
pe=13(u1 + p2); €e=—<s_1+e_2>; e = Aty + Aofhn); "e='2'<e—i+s_z>;

1(1 1) i 1( 1 1) 1(81 £2>

m=|l—+—); €.=3(e1+€); An=3 + 5 Vm=zlT+T)

=2\ i S Ve VI
(5.7

Again, as in the previous section, the matrices £ and M are, in general, not
positive, hence the operator H will not be strongly elliptic. Therefore we modify




294 M. Costabel and E. P. Stephan
the Cauchy data (5.1) analogously to (3.26), (4.16):
W= (0, ¥, ¥, 7))
with
> = 1 - 1 1 -
Y i=y;+ 0 grad; U; =—1y; + (198,-———) gradr v;=—1y; + ¥¢; gradr v;; 3 (5.8)
i ] i

~,-— e ——
0] := 09; = deju;.

Here we introduce two new complex parameters 7 and ¢ which will be fixed
later on (see (5.11) and (5.13)). It turns out that they can always be chosen in
such a way that the resulting boundary integral operator is strongly elliptic.

It is obvious how to insert these constants into the system of integral equations
(4.17). Therefore we need not repeat this explicit representation here. In short
notation, the modified system of integral operators is

A =Ci-C=-3(A1 + A)) = —3(BiAI1Bi ' + BiA;B;7Y), (5.9)
with A; as defined in (4.20) and, according to (5.8),
1 0 0 0
d 0 0 ' (9¢—p;")grady
0 0 0 de;

with the obvious block notation.
For the computation of the principal symbols, we can take advantage of (4.21),
(4.22). The result is

- 0 E
H’ =(~ ))
oEHYE) =\
with E' = Y(E| + E3); M' = 3(M} + M}) and
R - T
E}=@ 0 w & |; Mj=(E)7,

ibE, ibE, c|&l
where
a=(9g)" ' —u; b=unA—1); c=a+b+y,.
For simplicity, we now make the choices,
A= (ug)"" (compare case (ii) of Section 3), (5.10)
and
d=(7)"" (5.11)

1

This gives b = a, ¢ =¢; hence, with d; =2Re (7&; ") — y;, ¢; = |ugm " — 1%, one
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obtains
i _ 1 ui 0 0
%(E}+(E})T)=@ 0w 0 L
0 o0 d,-|§|2

l§|2 - ej‘f::% _ej§1§2 0
—€5:5; |&* - ejgg 0
0 0 |/ |

Because we assumed p; >0, the positivity of both matrices depends only on the
positivity of d;.

Lem! 1) =
3(M; +(M;)’) e

LemMa 5.1. The operator H' is strongly elliptic, i.e. there exists a y > 0 such that
Re (W, HW)s0Z v ||| 130 — k(¥, W) (5.12)

for all ¥ € #° with a compact bilinear form k(-, -) on H° x H°, if and only if
1
2Re (—

&
2Re (e + €) > py &g+ ps &)~

)
+—)>u+ u, and
g) M1 T2 (5.13)

Remark. Condition (5.13) can always be satisfied by a suitable choice of 7,
under assumption (3.4) and also, for the eddy current problem (see case (iv) in
Section 3), even by a large enough real 7.

Let us write the system of integral equations as

HY =—(1-C)¥,. (5.14)
We summarise the results of this section in the following theorem.

THEOREM 5.2. Let the assumptions (3.4), (5.10), (5 11), and (5.13) for the
coefficients be satisfied. Then for given W, := (¥, wo, Vo, vo) e #°, the transmis-
sion problem (3.6)—(3.8) has a unique solution ii with ;e L;, j=1,2. This
solution corresponds via (5.1), (5.8) to the unique solution lI” € %0 of the system
(5.14) of boundary integral equations. The boundary integral equations are a
strongly elliptic system of pseudodifferential equations on T.
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