The Cosserat Eigenvalue Problem

Martin Costabel

IRMAR, Université de Rennes 1

Selected Topics of Operator Theory — STOP 2011
IST Lisboa, 24—29 June 2011

Martin Costabel (Rennes) Cosserat eigenvalue problem STOP2011 Lisboa, 24-29/06/2011 1/104



Eugene Cosserat (1866-1931)

Martin Costabel (Rennes) Cosserat eigenvalue problem STOP2011 Lisboa, 24-29/06/2011 2/104



Original Formulation (E.&F. Cosserat 1898)

» Supposons, pour fixer les idées, qu'on se propose de trouver trois
fonctions u, ¢, w remplissant les conditions de continuité fondamentales
a I'égard du domaine constitué par un ellipsoide & trois axes inégaux, pre-
nant des valeurs données sur la frontiére ~

x? y: =

a? -+ RN

— I=0

de cet ellipsoide, et satisfaisant aux équations

AEu—l—aﬂ:O, AQV-{“EQ o=
dy

» 00
dx o, Ay F’E = 0.

» Au point de vue oll nous nous sommes placés, la principale diffi-
culté du probléeme consiste dans la détermination effective d'une série de
nombres %, tous différents de — 1, et 4 chacun desquels on peut associer
an moins un systéme de trois fonctions U;, V,, W; s’annulant a la frontiere
et vérifiant les équations

Y dgi r de[ ~ ()@5
(1) AzU,-—i—/cl-d—x:o, AV, + /”07 == o0, A2Wi+/g£:%:p,
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Outline of Part I: Historical Introduction

° The Cosserat Eigenvalue Problem
e Historical Timeframe

e Related Problems: Some Inequalities
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Outline of Part Il: Relations with Other Problems

e Lichtenstein’s integral equation

e Cosserat, LBB condition, Schur complement
@ Cosserat and Schur complement
@ The Cosserat Spectrum according to Crouzeix
@ Crouzeix and Lichtenstein
@ Cosserat and LBB

e LBB, Korn and Friedrichs
@ LBB, Korn and Friedrichs in 2 dimensions
@ LBB and Korn in general
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Outline of Part Ill: Various Kinds of Domains

@ Domains with 6(Q2) > 0
@ Unions of domains
@ Bogovskil’s integral operator

e Non-Smooth Domains
@ Corners and Essential Spectrum
@ The Horgan—Payne Angle

e Majorants
@ Small Cuts
@ Cusps
@ Thin Domains
@ Rectangles

@ John Domains
@ Definition
@ Pictures
@ A Theorem
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Part |

Historical Introduction
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@ The Cosserat Eigenvalue Problem
@ Cosserat 1898
@ Modern formulations
@ Original Motivation: Eigenfunction Expansion
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Equivalent formulations

@ Lamé equations: uAu+ (A +u)Vdivu=0
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Equivalent formulations

@ Lamé equations: uAu+ (A +u)Vdivu=0
@ Cosserat: Au+EVdivu =0, E=(A+n)/u
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Equivalent formulations

@ Lamé equations: pAu+ (A +u)vVdivu=0
@ Cosserat: Au+EVdivu =0, E=(A+n)/u
© Specitral problem: ocAu—Vdvu=0, o=-1/¢
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Equivalent formulations

@ Lamé equations: pAu+ (A +u)vVdivu=0
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@ Variational formulation: o6 [Vu:Vv=[divudivyv Vv
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Equivalent formulations

@ Lamé equations: pAu+ (A +u)vVdivu=0

@ Cosserat: Au+EVdivu=0, E=A+un)/u
© Specitral problem: ocAu—Vdvu=0, o=-1/¢
@ Variational formulation: o6 [Vu:Vv=[divudivyv Vv

The Cosserat Eigenvalue Problem

Find u € H{(2), u# 0, and ¢ € C such that

lcAu=Vdivu| inQcRr?
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Equivalent formulations

@ Lamé equations: pAu+ (A +u)vVdivu=0

@ Cosserat: Au+EVdivu=0, E=A+un)/u
© Specitral problem: ocAu—Vdvu=0, o=-1/¢
@ Variational formulation: o6 [Vu:Vv=[divudivyv Vv

The Cosserat Eigenvalue Problem

Find u € H{(2), u# 0, and ¢ € C such that

lcAu=Vdivu| inQcRr?

Easytosee: 0 <o <1.
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Equivalent formulations

@ Lamé equations: pAu+ (A +u)vVdivu=0

@ Cosserat: Au+EVdivu=0, E=A+un)/u
© Specitral problem: ocAu—Vdvu=0, o=-1/¢
@ Variational formulation: o6 [Vu:Vv=[divudivyv Vv

The Cosserat Eigenvalue Problem

Find u € H{(2), u# 0, and ¢ € C such that

lcAu=Vdivu| inQcRr?

Easy to see: 0 < o < 1. Obvious special values:
o =0 : Vdiv has an infinite-dimensional kernel containing

H}(div0,Q) D curl(C3(Q)9) (d =3)
o =1 : Au—Vdiv=—curlcurl has an infinite-dimensional kernel containing

H{(curl0,Q) > VC3(Q)
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Original Motivation: Eigenfunction Expansion

Guiding example: Laplace equation

The problem
ueEHI(Q): Autku=f

has the solution

uj(x

if f(x) = L fiuj(x) is the expansion of f in eigenfunctions u; of —A with
eigenvalues A;.

E.&F. Cosserat derive a similar expansion for a solution of the Lamé
equations with given data ug on the boundary:

i=w

(2). u:I‘"+£E'§!iEEZ'
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Eigenfunction Expansion for a Ball

Lemma

On the ball Q = Bg(0) C RY, if p is a harmonic polynomial homogeneous
of degree k, the solution of the Dirichlet problem

Au=finQ, u=0 ondQ

is given by
1

u(x) = e(IxP=F)p(x), c=go——7r.
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Eigenfunction Expansion for a Ball

Lemma

On the ball Q = Bg(0) C RY, if p is a harmonic polynomial homogeneous
of degree k, the solution of the Dirichlet problem

Au=finQ, u=0 ondQ

is given by
1
u(x) =c(|x*~ R?)p(x), c= Y EwTE
Proof : Au=c(A|x|2p+2V|x[?-Vp)
=c( 2dp+ 4k p)
=c(2d+4k)p
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Eigenfunction Expansion for a Ball

Lemma

On the ball Q = Bg(0) C RY, if p is a harmonic polynomial homogeneous
of degree k, the solution of the Dirichlet problem

Au=finQ, u=0 ondQ

is given by
1

u(x) = e(IxP=F)p(x), c=go——7r.

Proof : Au=c(A|x|2p+2V|x[?-Vp)
( 2dp + 4kp)
:

2d+4k)p
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Eigenfunction Expansion for a Ball

On the ball Q = Br(0) C RY, if p is a harmonic polynomial homogeneous
of degree k, the solution of the Dirichlet problem

Au=finQ, u=0 ondQ

is given by
1

u(x) = e(IxP=F)p(x), c=go——7r.

4

Lemma

Let p be a harmonic polynomial homogeneous of degree k and

v(x) = (]x|* = R?) Vp(x)
Then v satisfies

oxAv =Vdivv with oy, =

d+2k—-2
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Eigenfunction Expansion for a Ball

Let p be a harmonic polynomial homogeneous of degree k and
v(x) = (|x* = R%) Vp(x)

Then v satisfies

k

Av =Vdi thoy = ——
oxAv divv  with ok dTok_2
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Eigenfunction Expansion for a Ball

Lemma
Let p be a harmonic polynomial homogeneous of degree k and

v(x) = (IxP ~ B Vp(x)

Then v satisfies

k

Av =Vdi thoy = ——
oxAv divv  with ok dTok_2

Proof : We have seen
Av=(2d+4(k—1))Vp
We compute
divv =V|x>-Vp+ (x> — R®)Ap=2kp
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Eigenfunction Expansion for a Ball

Lemma
Let p be a harmonic polynomial homogeneous of degree k and

v(x) = (IxP ~ B Vp(x)

Then v satisfies

k

Av =Vdi thoy = ——
oxAv divv  with ok dTok_2

Proof : We have seen
Av=(2d+4(k—1))Vp
We compute
divv =V|x>-Vp+ (x> — R®)Ap=2kp

Remark (to be remembered...)

The scalar harmonic function p satisfies

divA~'Vp=okp
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Eigenfunction Expansion for a Ball

Corollary

Let ug € L?(dBgr(0)) and write also uq for its harmonic extension to Bg(0).
Define pg = divug and let

Po(x) =Y p(x)

k>1

be its expansion in harmonic polynomials (spherical harmonics!).
Let vk = (|x|> — R?)pk. Then for o & {ok}, the function

Ok
=4 2k(ok — o)

Vk(X).

u(x) = uo(x) -
solves

cAu—Vdivu=0 in Bg(0), u=uy, onadBgr(0)
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Eigenfunction Expansion for a Ball

Corollary

Let ug € L?(dBgr(0)) and write also uq for its harmonic extension to Bg(0).
Define pg = divug and let

Po(x) =Y p(x)

k>1

be its expansion in harmonic polynomials (spherical harmonics!).
Let v = (|x|> — R?)p«. Then for o & {ok}, the function

Ok
=4 2k(ok — o)

Vk(X).

solves

ocAu—Vdivu=0 in Bg(0), u=up ondBg(0)

Observation

Foralld: oy < ok — 5. For d =2, all o are equal to 3.
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Eigenfunction Expansion on a Smooth Domain

Theorem (Mikhlin 1973)
Let Q be a smooth bounded domain.

Then the Cosserat eigenvalue problem has a sequence of eigenfunctions
forming an orthonormal basis of L2(2) and also an orthogonal basis of

Hy ().
The Cosserat eigenvalues satisfy o € [0,1].

The values 0 = 0 and o = 1 are isolated eigenvalues of infinite multiplicity,
and there is a sequence of eigenvalues converging to o = 5.

1
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e Historical Timeframe
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Time Frame: Milestones

1898-1901
1924
1967
1973

1993-1999

E.&F. Cosserat: 9 papers in CR Acad Sci Paris
L. Lichtenstein: a boundary integral equation method

V. Maz’'ya — S. Mikhlin: “On the Cosserat spectrum. ..’
S. Mikhlin: “The spectrum of an operator pencil...”

A. Kozhevnikov: eigenvalue distribution, History

Martin Costabel (Rennes)
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Time Frame: Milestones

1898-1901
1909
1924
1937
1967
1973

1983
1993-1999

E.&F. Cosserat: 9 papers in CR Acad Sci Paris

A. Korn: Korn’s inequality

L. Lichtenstein: a boundary integral equation method
K. Friedrichs: “On certain inequalities. ..”

V. Maz’'ya — S. Mikhlin: “On the Cosserat spectrum...”
S. Mikhlin: “The spectrum of an operator pencil...”

C.0O. Horgan — L.E. Payne: “On Inequalities of Korn, Friedrichs and
A. Kozhevnikov: eigenvalue distribution, History
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Time Frame: Milestones

1898-1901 E.&F. Cosserat: 9 papers in CR Acad Sci Paris

1909 A. Korn: Korn’s inequality

1924 L. Lichtenstein: a boundary integral equation method

1937 K. Friedrichs: “On certain inequalities. . .”

1967 V. Maz’'ya — S. Mikhlin: “On the Cosserat spectrum...”

1973 S. Mikhlin: “The spectrum of an operator pencil...”

1983 C.0O. Horgan — L.E. Payne: “On Inequalities of Korn, Friedrichs and

1993-1999 A. Kozhevnikov: eigenvalue distribution, History

t Tt is the analogue of the inequality of A. Korn for functions of three variables. The expansion

theorem is related to those of E. and F. Cosserat. . .
Cf. A. Ko, Uber einige Ungleichungen, welche in der Theorie der elastischen und elektrischen
Schwingungen eine Rolle spielen, Bulletin de ’Académie des Sciences de Cracovie, 1909, vol. 2, pp.

705-724, and literature indicated therein.
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Time Frame: Milestones

1898-1901
1909
1924
1937
1967
1973
1979
1983
1993-1999
1997
1990-1998

E.&F. Cosserat: 9 papers in CR Acad Sci Paris

A. Korn: Korn’s inequality

L. Lichtenstein: a boundary integral equation method

K. Friedrichs: “On certain inequalities. . .”

V. Maz’'ya — S. Mikhlin: “On the Cosserat spectrum...”
S. Mikhlin: “The spectrum of an operator pencil...”

M.E. Bogovskii: an integral operator

C.0O. Horgan — L.E. Payne: “On Inequalities of Korn, Friedrichs and
A. Kozhevnikov: eigenvalue distribution, History

M. Crouzeix: “On the convergence of Uzawa’s algorithm”
W. Velte: “ On optimal constants in some inequalities”
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Time Frame: Milestones

1898-1901
1909

1924

1937

1967

1973

1979

1983
1993-1999
1997
1990-1998
1994-2000
1999-2009
2000-2004-
2006-
2006-

E.&F. Cosserat: 9 papers in CR Acad Sci Paris

A. Korn: Korn’s inequality

L. Lichtenstein: a boundary integral equation method

K. Friedrichs: “On certain inequalities. ..”

V. Maz’'ya — S. Mikhlin: “On the Cosserat spectrum...”

S. Mikhlin: “The spectrum of an operator pencil...”

M.E. Bogovskil: an integral operator

C.0O. Horgan — L.E. Payne: “On Inequalities of Korn, Friedrichs anc
A. Kozhevnikov: eigenvalue distribution, History

M. Crouzeix: “On the convergence of Uzawa’s algorithm”

W. Velte: “ On optimal constants in some inequalities”

E. Chizhonkov — V. Ol'shanskil: “On the optimal constant in the inf
G. Stoyan: discrete inequalities

S. Zsuppan: conformal mappings

C. Simader — W. v. Wahl — S. Weyers: L9, unbounded domains

G. Acosta — R.G. Duran — M.A. Muschietti: John domains
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e Related Problems: Some Inequalities
@ Korn Inequality
@ Friedrichs Inequality
@ Babu$ka-Aziz—LBB inequality
@ Schur Complement for Stokes System, Uzawa
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Korn Inequality

@ We denote by e(u) the linearized strain tensor of u
e’/( ) %(au]+aul) 1§/,]Sd,
@ We denote by r(u) its antisymmetric counterpart (related to curl u)

r’/( ) (8 u] a'ul')? 1 S I,]S d,

Definition

Let Q be a domain in RY. It is said to satisfy the second Korn inequality if
there exists a positive constant K such that for all u € H'(Q) satisfying the
condition

[ rex=o, 1<ij<d
Q
there holds the estimate

19022 ) < Klle()]20

If such a K exists we denote by K(2) the smallest such K.
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Korn Inequality

Theorem (Korn — Friedrichs — Necas — Nitsche)

Let Q c R be a bounded Lipschitz domain. Then

K(2) < oo.
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Korn Inequality

Theorem (Korn — Friedrichs — Necas — Nitsche)

Let Q c R be a bounded Lipschitz domain. Then

Corollary

X
=
A
8

If the Lamé constants A, u are positive, then the Neumann problem for the
Lamé equations

UAu+ (A +u)vVdivu=1f inQ; normal stress zero on 92

has a strongly elliptic variational formulation in H'(Q). It is well-posed in
any closed subspace of H'(Q2) that does not contain rigid motions.
Consequences : Fredholm alternative, discrete eigenfrequencies in
elastodynamics, convergence of finite element approximations, ...
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Korn Inequality

Theorem (Korn — Friedrichs — Necas — Nitsche)

Let Q c R be a bounded Lipschitz domain. Then

Corollary

If the Lamé constants A, u are positive, then the Neumann problem for the
Lamé equations

X
=
A
8

UAu+ (A +u)vVdivu=1f inQ; normal stress zero on 92

has a strongly elliptic variational formulation in H'(Q). It is well-posed in
any closed subspace of H'(Q2) that does not contain rigid motions.
Consequences : Fredholm alternative, discrete eigenfrequencies in
elastodynamics, convergence of finite element approximations, ...

The energy quadratic form is

2
K lul|

2u

2 ; 2 2 2 2

2ule(u) 22y + Al divullfz ) > 2o VUl ) = s (10 ) = )
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Friedrichs Inequality

Let Q C R?. Consider holomorphic functions w with real part f and
imaginary part g:
w(z) =f(z)+ig(2)

Definition

Let Q be a domain in R?. It is said to satisfy the Friedrichs inequality if
there exists a positive constant " such that for all holomorphic w € L2(Q)
satisfying the condition

/Qf(x) dx=0

there holds the estimate

1122y < TllgliZs

If such a I exists we denote by I'(2) the smallest such I'.
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Friedrichs Inequality

Let Q C R?. Consider holomorphic functions w with real part f and
imaginary part g:

w(z) =f(z)+ig(2)

Definition

Let Q be a domain in R?. It is said to satisfy the Friedrichs inequality if
there exists a positive constant " such that for all holomorphic w € L2(Q)
satisfying the condition

/Qf(x) dx=0

there holds the estimate

1122y < TllgliZs

If such a I exists we denote by I'(2) the smallest such I'.

Theorem (Friedrichs)

The Friedrichs inequality holds for any bounded Lipschitz domain in R?.
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Babuska-Aziz—LBB inequality

Define
12(Q) = {ue L3(Q) | /Qu(x) dx = 0}

Definition

Let Q be a domain in RY. It is said to satisfy the Babuska-Aziz inequality if
there exists a positive constant 3 such that for all g € L2(Q)\ {0} there
exists a v € H)(Q2) \ {0} with

BIVVlizelaliz) < [ (@vv)(x)a(x)dx.
We denote by () the largest such S:

ﬁ(Q): inf sup fQ(dIVV)(X)q(X)dX
geL3(Q) veH)(Q)d ||VVHL2(Q)HqHL2(Q)

B() is the LBB constant or inf-sup constant of Q.
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Babuska-Aziz—LBB inequality

Define
12(Q) = {ue L3(Q) | /Qu(x) dx = 0}

Alternative Definition

Let Q be a domain in RY. It is said to satisfy the Babugka-Aziz inequality if
there exists a positive constant 3 such that for all g € L2(Q) there exists a
v € H(Q) with

dvv=g and B[V <4l
We denote by () the largest such f3:
B(Q) " =min{||B]| | B: L3(Q) — H}(RQ) is a right inverse of the div operator }

B(R) is the LBB constant or inf-sup constant of £2.
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Babuska-Aziz—LBB inequality

Define
12(Q) = {ue L3(Q) | /Qu(x) dx = 0}

Alternative Definition

Let Q be a domain in RY. It is said to satisfy the Babugka-Aziz inequality if
there exists a positive constant 8 such that for all g € L2(Q) there exists a
v € H(Q) with

dvv=g and B[V <4l
We denote by () the largest such f3:
B(Q) " =min{||B]| | B: L3(Q) — H}(RQ) is a right inverse of the div operator }

B(R) is the LBB constant or inf-sup constant of £2.

Theorem (Babuska-Aziz — Payne-Weinberger)

For any bounded Lipschitz domain in RY there holds 0 < () < eo.
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

0 i sp lal@VVG()ox
9ELE(Q) veH] (@) ||VVHL2 ||q||L2(Q)

>p
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

Q@ inf sup Ja(divv)(x) g(x) ax >
9c3@) vemy(@)e IVVIliz)19ll2(0)
Q@ Vgel3(Q): sup Jo(divv)(x) g(x) dx

veH! (Q)d Vvl 20

> Bllallza)
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

0 inf sp @V
GeLE(Q) veH)(Q)d ||VV||L2(Q)||q||L2(Q)

@ vgei?(@): suyp LI, g0

VEH&(Q)d ”VV”LZ(Q)
Va,v
Q vgel?(Q): sup u 2 ﬁHQHLZ(Q
verstay VY]
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

Q@ inf sup Ja(divv)(x) g(x) ax >
9c3@) vemy(@)e IVVIliz)19ll2(0)
Q Vgel?(Q): sup Jo(divv)(x) g(x) dx
veH(Q)? Vvl 20
\%
@ vgel2(Q): sp V)
veH}(Q)? ||VVH,_2(Q)
Q@ vge2(Q):  [Valy 1 > Blaleg)

> Bllall 2

> Bllall 2
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

0 n  sp Ja@VIEGIex
GeLE(Q) veH)(Q)d ||VV||L2(Q)||q||L2(Q)
e Vq c Lg(Q) : sup fQ(dIV V)(X) q(X) ax
veH) ()9 ||VV||L2(Q)
\Y%
Q@ Vgel?(Q): sup _Va.v)
veH}(Q)d Vvl 20
Q Vgel3(Q): IVally-1q) = Bllall 2
Q V: [2(Q) — H '(Q) is injective, has closed range, and

3 left inverse D of norm < %

> Bllall 2

> Bllall 2
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

o i sy J@MEN
GeLE(Q) veH)(Q)d ||VV||L2(Q)||q||L2(Q)
e Vq c Lg(Q) : sup fQ(dIV V)(X) q(X) ax
veH) ()9 ||VV||L2(Q)
\Y%
Q@ Vgel?(Q): sup _Va.v)
veH}(Q)d Vvl 20
Q Vgel3(Q): IVally-1q) = Bllall 2
Q V: [2(Q) — H '(Q) is injective, has closed range, and
3 left inverse D of norm < %
Q div: H)(Q) — L2(Q) is surjective, and

I right inverse B = D’ of norm < [‘;

> Bllall 2

> Bllall 2
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Babuska-Aziz—LBB inequality

Proof of equivalence : Implications for § > 0:

1253645 6=1

o i sy J@MEN
GeLE(Q) veH)(Q)d ||VV||L2(Q)||q||L2(Q)
e Vq c Lg(Q) : sup fQ(dIV V)(X) q(X) ax
veH) ()9 ||VV||L2(Q)
\Y%
Q@ Vgel?(Q): sup _Va.v)
veH}(Q)d Vvl 20
Q Vgel3(Q): IVally-1q) = Bllall 2
Q V: [2(Q) — H '(Q) is injective, has closed range, and
3 left inverse D of norm < %
Q div: H)(Q) — L2(Q) is surjective, and

Jright inverse B = D’ of norm < %

> Bllall 2

> Bllall 2

v=B9&|Vv|<}lal = [qdvv=iqP>plqIvv
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Babuska-Aziz—LBB inequality

Consider the Stokes problem for u € H}(Q), p € L2(Q):

—VAu+Vp=f in Q
divu=0 in Q

Pressure Stability for Stokes problem
Let v > 0 and let Q2 be such that B(€2) > 0. Let Cp be the constant in the
Poincaré inequality

IVliz@ < CrlIVViizg — VveH (D).

Then for f € L2(Q) there exists a unique solution (u, p) of the Stokes
problem, and

Cp
[Vul| 20y < v 1]l 20

2C
Pl 2@ < WSIZJ) 11l 2()
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Babuska-Aziz—LBB inequality

Pressure Stability for Stokes problem

For f € L?(Q) there exists a unique solution (u, p) of the Stokes problem,
and c
P
IVull 2 < — ||fHL2(Q)

ZC
1Pl 20 < Tp) 1l 2(0)

Proof of the estimates : Write |u| for the L2(2)-norm of u and |u|{ = [Vu|
for its H'(£2)-seminorm. Variational form of Stokes:

Vv e H)(Q /Vu Vv - /deVV—/f v
Taking v = u, one gets
Viuf? = [ -0 <fu] < ff]Celul
and there exists v such that
B(Q)Ipllv+ S/deivv:/ﬂf-va/QVu:va|f|\v|+v|u\1|v\1 < 2Cplfl|v]4
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

*VAun_H =f-— Vpn
Pn1 = Pn— PV divUnq

Here p, > 0 are suitably chosen relaxation parameters.
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

*VAun_H =f-— Vpn
Pn1 = Pn— PV divUnq

Here p, > 0 are suitably chosen relaxation parameters.

Definition
The Schur complement operator .& for the Stokes system is

1 .
S =dvAa v 25 HT A Y2

This means that .7’q = div w, where w € H is the solution of the Dirichlet
problem Aw = Vq, or in variational form

VveH)(Q): /Vw:Vv:/qdivv.
Q Q
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

—VAup 1 =f—-Vp,
Pn+1 = Pn— PnVdivUpiy

Here p, > 0 are suitably chosen relaxation parameters.

Definition

The Schur complement operator . for the Stokes system is

S =dvAT'v: 125 HT A Y2

From Stokes and Uzawa one gets
0=vdivu=divA "(Vp—f)=.Yp—divA~'f
Pn+1 =pPn+ Pn(ypn —divA™! f) = Pn+ Pny(pn - P)

= P—Pnt1= (I_Pny)(p_pn)
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

—VAup1 =1-Vpj
Pn+1 = Pn— PnVdivUpiy

Here p, > 0 are suitably chosen relaxation parameters.

Definition

The Schur complement operator . for the Stokes system is

1 .
S =divAT'V: 125 HTA W2

p—pni1 = (I—pn?)(P—Pn)
I — pp” is the error reduction operator of the Uzawa algorithm

|p—Pni1] < e |1_Pn0'||P Pnl
ceSp(
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

*VAun_H =f-— Vpn
Pn1 = Pn— PV divUnq

Here p, > 0 are suitably chosen relaxation parameters.

Definition

The Schur complement operator .& for the Stokes system is

1 .
S =dvAT'V: 125 BT Y2

(e

Error analysis of the Uzawa algorithm
—
Analysis of the spectrum Sp(.¥) of the Schur complement
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Part Il

Cosserat Spectrum and Related

Problems

Martin Costabel (Rennes) STOP2011 Lisboa, 24-29/06/2011 27 /104



e Lichtenstein’s integral equation
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Lichtenstein’s integral equation

Let u satisfy the Lamé equations in the Cosserats notation
Au+EVdivu=0 inQ, u=ug ondQ

Observation : If & # —1 then 6 = div u satisfies A6 = 0.
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Lichtenstein’s integral equation

Let u satisfy the Lamé equations in the Cosserats notation
Au+EVdivu=0 inQ, u=ug ondQ

Observation : If & # —1 then 6 = div u satisfies A6 = 0.
6(x) = HOo(x / Iniy)G(X.Y) Bo(y) ds(y)  (x€Q)

where H means harmonic extension, G(x, y) denotes the Green function
for the Dirichlet problem in Q, and 6o = Y6 = 6 |aQ.
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Lichtenstein’s integral equation

Let u satisfy the Lamé equations in the Cosserats notation
Au+EVdivu=0 inQ, u=ug ondQ
Observation : If & # —1 then 6 = div u satisfies A6 = 0.
8(x) = HBo(x / Iniy)G(X.Y) Bo(y) ds(y)  (x€Q)
where H means harmonic extension, G(x, y) denotes the Green function

for the Dirichlet problem in Q, and 6o = Y6 = 6 |aQ.
Trick : Define w =u+kx60. = Aw=Au+2xVO =0if x =&/2.

w(x) = H(to-+xx60)(x) = Huo(x)+ | 3 G(x.y) ky8o(y)dsly)  (xe®)
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Lichtenstein’s integral equation

Let u satisfy the Lamé equations in the Cosserats notation
Au+EVdivu=0 inQ, u=ug ondQ
Observation : If & # —1 then 6 = div u satisfies A6 = 0.
8(x) = HBo(x / Iniy)G(X.Y) Bo(y) ds(y)  (x€Q)
where H means harmonic extension, G(x, y) denotes the Green function

for the Dirichlet problem in Q, and 6o = Y6 = 6 |aQ.
Trick : Define w =u+kx60. = Aw=Au+2xVO =0if x =&/2.

w(x) = H(to-+xx60)(x) = Huo(x)+ | 3 G(x.y) ky8o(y)dsly)  (xe®)

Also divw =divu+xd0 +xx-Vo
= (14 0K)0+ K [0 X V) G(x.¥) Bo(y) ds(y).
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Lichtenstein’s integral equation

Let u satisfy the Lamé equations in the Cosserats notation
Au+EVdivu=0 inQ, u=ug ondQ

Observation : If & # —1 then 6 = div u satisfies A6 = 0.
00) =H8o() = [ 0y Glx.y) Bo(y)dsly)  (x€9)

where H means harmonic extension, G(x, y) denotes the Green function
for the Dirichlet problem in Q, and 6o = Y6 = 6 |aQ.
Trick : Define w =u+kx60. = Aw=Au+2xVO =0if x =&/2.

w(x) = H(to-+xx60)(x) = Huo(x)+ | 3 G(x.y) ky8o(y)dsly)  (xe®)

Also divw =divu+xd0 +xx-Vo
= (14 dK)8 + K [y X Vadny) G(x.¥) B0(y) A5 ().
On the other hand
divw = divHuo + Kk [ ¥ - Vxdn,) G(X, ¥) 60(y) ds(y)
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Lichtenstein’s integral equation

(14+dx)6(x)+ K/()Q L(x,y)6o(y)ds(y) = divHuo(x) (xeQ)

with the kernel
L(Xay) = (Xfy) 'ann(y)G(Xay)
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Lichtenstein’s integral equation

(14+dx)6(x)+ K/()Q L(x,y)6o(y)ds(y) = divHuo(x) (xeQ)

with the kernel
L(Xay) = (Xfy) 'ann(y)G(Xay)
Singularity: L(x,y) ~ (1 —d)dn,)G(x,y).
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Lichtenstein’s integral equation

(14+dx)6(x)+ K/&Q L(x,y)6o(y)ds(y) = divHuo(x) (xeQ)

with the kernel
L(Xay) = (Xfy) 'ann(y)G(X,y)

Singularity: L(x,y) ~ (1 —d)dn,)G(x,y).
Trace on the boundary:

m ] L) Buly)ds(y) = (1- d)eo(x)+ [ Lxo.y) Bo(y)ds(y)

and L(x, y) is weakly singular, O(|x — y|?>~9) for x,y € 9Q.
This gives for x € 9Q

1+ 1<)(90(x)+1</a.Q L(x,y)60(y)ds(y) =divHup(x) (x €9Q)
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Lichtenstein’s integral equation

(1+dKx)0(x)+x /(;Q L(x,y)6o(y)ds(y) =divHup(x)  (x€Q)
with the kernel
L(Xay) = (X_y) ’ann(y)G(XaY)
Singularity: L(x,y) ~ (1 —d)dn)G(x,y).

Lichtenstein’s second kind integral equation

1+K +/ (x,y)0 (y)ledivHuo(x) (x €9Q)

1+x 2+4& A+3u 1 2u
ote © A4+pu’ 1+x  A+3u

From Lichtenstein’s original :

= 2pu - Atp
(20) 0(6) =577, 4(9)+ 4n(51+7,4)f"agan

A +3uU +— 5A +7u: alittle sign error in a jump relation. . .
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e Cosserat, LBB condition, Schur complement
@ Cosserat and Schur complement
@ The Cosserat Spectrum according to Crouzeix
@ Crouzeix and Lichtenstein
@ Cosserat and LBB
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Cosserat and Schur complement

Observation

The Cosserat eigenvalue problem for u € H} ()
ocAu=Vdivu
and the eigenvalue problem of the Schur complement operator .# for

peLi(Q)
S p=o0p

are equivalent .
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Cosserat and Schur complement

Observation

The Cosserat eigenvalue problem for u € H} ()
ocAu=Vdivu
and the eigenvalue problem of the Schur complement operator .# for

peLi(Q)
S p=o0p

are equivalent .

Recall : . =divA~'V
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Cosserat and Schur complement

Observation

The Cosserat eigenvalue problem for u € H} ()
ocAu=Vdivu
and the eigenvalue problem of the Schur complement operator .# for

peLi(Q)
S p=o0p

are equivalent .

Recall : . =divA~'V
If uis a Cosserat eigenfunction, then p = div u satisfies

op=odivu=divA~'Vdivu=.7p.
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Cosserat and Schur complement

Observation

The Cosserat eigenvalue problem for u € H} ()
ocAu=Vdivu
and the eigenvalue problem of the Schur complement operator .# for

peLi(Q)
S p=o0p

are equivalent (for o # 0).

Recall : . =divA~'V
If uis a Cosserat eigenfunction, then p = div u satisfies

op=odivu=divA~'Vdivu=.7p.

Note : If divu =0, then cAu=0, hence u=0o0r o =0.
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Cosserat and Schur complement

Observation

The Cosserat eigenvalue problem for u € H} ()
ocAu=Vdivu
and the eigenvalue problem of the Schur complement operator .# for

peLi(Q)
S p=o0p

are equivalent (for o # 0).

Recall : . =divA~'V
If uis a Cosserat eigenfunction, then p = div u satisfies

op=odivu=divA~'Vdivu=.7p.

Note : Ifdivu=0,then cAu=0,henceu=0o0roc =0.
Conversely, if p is an eigenfunction of .7, then u = A~'Vp satisfies
Au=Vpanddivu=.Yp = op, hence

ocAu=ocVp=Vdiu.
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Definition from now on

The Cosserat eigenvalue problem is the study of the spectrum of the
bounded positive selfadjoint operator .7 = divA~'V in L2(Q). |
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Definition from now on

The Cosserat eigenvalue problem is the study of the spectrum of the
bounded positive selfadjoint operator .7 = divA~'V in L2(Q).

Definition

The Cosserat constant of the domain Q is

o (Q2) = minSp(-¥)

This excludes the trivial eigenfunctions at o = 0 satisfying divu = 0 or
p =const.
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Definition from now on

The Cosserat eigenvalue problem is the study of the spectrum of the
bounded positive selfadjoint operator .7 = divA~'V in L2(Q).

Definition

The Cosserat constant of the domain Q is

o (Q2) = minSp(-¥)

This excludes the trivial eigenfunctions at o = 0 satisfying divu = 0 or
p =const.

Example : For the ball Bg(0) we have seen

o(Ba(0)) = .-
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Why is . selfadjoint?

Define w(p) = A~'Vp.
Thus divw(p) = “p, and w = w(p) is the solution of the variational
problem on H}(R)

/Vw:Vv:—(Vp,v>:/pdivv Vv e H)(Q)
Q Q

Martin Costabel (Rennes) Cosserat eigenvalue problem STOP2011 Lisboa, 24-29/06/2011 34/104



Why is . selfadjoint?

Define w(p) = A~'Vp.
Thus divw(p) = “p, and w = w(p) is the solution of the variational
problem on H}(R)

/Vw:Vv:—(Vp,v>:/pdivv Vv e H)(Q)
Q Q
For p,q € L2(Q):

/prq:/s_zpdiVW(q):/QVW(p):VW(q)

This is symmetric and positive.
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Why is . selfadjoint?

Define w(p) = A~'Vp.
Thus divw(p) = “p, and w = w(p) is the solution of the variational
problem on H}(R)

/Vw:Vv:—(Vp,v>:/pdivv Vv e H)(Q)
Q Q
For p,q € L2(Q):

/prq:/s_zpdiVW(q):/QVW(p):VW(q)

This is symmetric and positive.

For v,w € H}() there holds

/Vv:Vw:/divvdivw+/curIv:curIw
Q Q Q
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Why is . selfadjoint?

Define w(p) = A~'Vp.
Thus divw(p) = “p, and w = w(p) is the solution of the variational
problem on H}(R)

/Vw:Vv:—(Vp,v>:/pdivv Vv e H)(Q)
Q Q
For p,q € L2(Q):

/prq:/s_zpdiVW(q):/QVW(p):VW(q)

This is symmetric and positive.
Also

#pl? = |dvw(p)® < [Vw(p)? = | p7p<|p||#P)

Thus
| <1 and Sp(.”) C [0,1].
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The Cosserat Spectrum according to Crouzeix

Theorem (M. Crouzeix 1997)
Define

N=AH3(Q)={pc 3(Q)|p=Aqforsome g€ H3(Q)}

Then N is contained in the eigenspace of . for the eigenvalue ¢ = 1.
Split L2() into the orthogonal sum

L2(Q)=NoM

If  is bounded and of class C® then .7 — %l : M — M is compact, namely

’
S =5l M= H'(Q) bounded

If @ C R has a corner, then . — 51 : M — M is not compact.
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The Cosserat Spectrum according to Crouzeix

Theorem (M. Crouzeix 1997)
Define

N=AH3(Q)={pc 3(Q)|p=Aqforsome g€ H3(Q)}

Then N is contained in the eigenspace of . for the eigenvalue ¢ = 1.
Split L2() into the orthogonal sum

L2(Q)=NoM

If  is bounded and of class C® then .7 — %l : M — M is compact, namely

’
S =5l M= H'(Q) bounded

If @ C R has a corner, then . — 51 : M — M is not compact.

<

Mikhlin’s Theorem is true for bounded C® domains
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The Cosserat Spectrum according to Crouzeix: The space N

N=AH(Q)={pc L2(Q)| p= Aqfor some g € H3(Q)}

Letpe N, p=Aq, w=Vq e H}(Q).
Then
Aw=AVq=VAq=Vp=w=A""Vp

Hence divw = .¥p.
On the other hand, divw =divVg = Aqg=p.
Together this gives .¥’p = p, so p is an eigenfunction for o = 1.
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The Cosserat Spectrum according to Crouzeix: The space N

N=AH(Q)={pc L2(Q)| p= Aqfor some g € H3(Q)}

Letpe N, p=Aq, w=Vq e H}(Q).
Then
Aw=AVq=VAq=Vp=w=A""Vp

Hence divw = .¥p.
On the other hand, divw =divVg= Aq=np.
Together this gives .¥’p = p, so p is an eigenfunction for o = 1.

Note that M = N is the space
M={pci2®)| [ pAg=0vqe (@)} = {pc L2() | Ap=0}

(harmonic Bergman space b?(2))
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q c R3, bounded, of class C3.
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q C R3, bounded, of class C°.

Let p € M. We can assume first that p € H'(Q) (density!).

Choose r € C3(Q2) such that r = 0 and Vr = n on 952, for example signed
distance function of dQ. Define as usual w = A~'Vp.

Note that here w € H?(Q).
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q C R3, bounded, of class C°.

Let p € M. We can assume first that p € H'(Q) (density!).

Choose r € C3(Q2) such that r = 0 and Vr = n on 952, for example signed
distance function of dQ. Define as usual w = A~'Vp.

Note that here w € H?(Q). Trick : Set

1
u=w-Vr——r
2.0

1
= Au=Vp-Vr+2Vw:VVr+ w-VAr—EArp—VLVp
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q C R3, bounded, of class C°.

Let p € M. We can assume first that p € H'(Q) (density!).

Choose r € C3(Q2) such that r = 0 and Vr = n on 952, for example signed
distance function of dQ. Define as usual w = A~'Vp.

Note that here w € H?(Q). Trick : Set

1
u=w-Vr——r
2.0

1
= Au=2Vw:VVr4w-VAr—SArpe L3(Q)
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q C R3, bounded, of class C°.

Let p € M. We can assume first that p € H'(Q) (density!).

Choose r € C3(Q2) such that r = 0 and Vr = n on 952, for example signed
distance function of dQ. Define as usual w = A~'Vp.

Note that here w € H?(Q). Trick : Set

1
u=w-Vr——r
2.0

1
= Au=2Vw:VVr4w-VAr—SArpe L3(Q)

We also know u € H} ().
It follows that u € H?(Q) and |u|, < C|Au| < C|p|.
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q C R3, bounded, of class C°.

Let p € M. We can assume first that p € H'(Q) (density!).

Choose r € C3(Q2) such that r = 0 and Vr = n on 952, for example signed
distance function of dQ. Define as usual w = A~'Vp.

Note that here w € H?(Q). Trick : Set

1
u=w-Vr——r
2.0

1
= Au=2Vw:VVr4w-VAr—SArpe L3(Q)

We also know u € H} ().

It follows that u € H?(Q) and |u|, < C|Au| < C|p|.
Letnow g = (% — 3 )p=divw —p/2. = g € H'(Q).
In Q, we have Ag=Ap—Ap/2=0

On 99, we use r =0 and w = 0 and find

n~Vu:divwfg:q

Hence |ql1 < C7qll1/2(90) < Clulz < Clp].-
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The Cosserat Spectrum according to Crouzeix: The space M

Here Q C R3, bounded, of class C°.

Let p € M. We can assume first that p € H'(Q) (density!).

Choose r € C3(Q2) such that r = 0 and Vr = n on 952, for example signed
distance function of dQ. Define as usual w = A~'Vp.

Note that here w € H?(Q). Trick : Set

1
u=w-Vr——r
2.0

1
= Au=2Vw:VVr4w-VAr—SArpe L3(Q)

We also know u € H} ().

It follows that u € H?(Q) and |u|, < C|Au| < C|p|.
Letnow g = (% — 3 )p=divw —p/2. = g € H'(Q).
In Q, we have Ag=Ap—Ap/2=0

On 99, we use r =0 and w = 0 and find

n~Vu:divwfg:q

Hence |l < C17qll,/2(9a < Clulz < Clol.
We have shown that for all p € M: |(. — 1/)p|1 < Clp|.
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Crouzeix and Lichtenstein

Recall Lichtenstein’s idea:
Ap=0&w=A""Vp= A(w-—1xp)=0.
Hence w — S xp = Hy(w — S xp) = —SH(xyp),
H: harmonic extension and y: boundary trace.
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Crouzeix and Lichtenstein

Recall Lichtenstein’s idea:

Ap=0&w=A""Vp= A(w-—1xp)=0.

Hence w — S xp = Hy(w — S xp) = —SH(xyp),

H: harmonic extension and y: boundary trace. Use p = Hyp.
= w = }(xHyp—Hxyp).

. d 1 d 1
S p=divw = Ep—i— E(x-VHyp— V.-Hxyp) = §p+ E.,%yp
2 Integral operator with Lichtenstein’s kernel L(x, y)

Z00) = [_(x=)Vadui Glx. 1)) d6(y) (x€9)
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Crouzeix and Lichtenstein

Recall Lichtenstein’s idea:

Ap=0&w=A""Vp= A(w-—1xp)=0.

Hence w — S xp = Hy(w — S xp) = —SH(xyp),

H: harmonic extension and y: boundary trace. Use p = Hyp.
= w = }(xHyp—Hxyp).

. d 1 d 1
S p=divw = Ep—i— E(x-VHyp— V.-Hxyp) = §p+ E.,%yp
2 Integral operator with Lichtenstein’s kernel L(x, y)

Z00) = [_(x=)Vadui Glx. 1)) d6(y) (x€9)

d 1 d 1 1 1
= “yp+4— = Zyo+—((1— Lyp)= —yp+ —L
1P =S+ SrLP 2YP+2(( d)yp+ Lyp) STP+5Lyp

L: Boundary integral operator with Lichtenstein’s kernel L(x, y).
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Crouzeix and Lichtenstein

Recall Lichtenstein’s idea:

Ap=0&w=A""Vp= A(w-—1xp)=0.

Hence w — S xp = Hy(w — S xp) = —SH(xyp),

H: harmonic extension and y: boundary trace. Use p = Hyp.
= w = }(xHyp—Hxyp).

. d 1 d 1
S p=divw = Ep—i— E(x-VHyp— V.-Hxyp) = §p+ E.,%yp
2 Integral operator with Lichtenstein’s kernel L(x, y)

Z00) = [_(x=)Vadui Glx. 1)) d6(y) (x€9)

d 1 d 1 1 1
=— - =— —((1— Lyp)= — —L
rIp= v+ v Lyp=Syp+ (1= ad)yp+Lyp)= Svo+ S Lvp
L: Boundary integral operator with Lichtenstein’s kernel L(x, y).

NS —5DH=3L
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Crouzeix and Lichtenstein

We have shown:

The operator ./ — %I on the space of harmonic functions is equivalent to
the weakly singular boundary integral operator %L on the space of traces.
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Crouzeix and Lichtenstein

We have shown:

The operator ./ — %I on the space of harmonic functions is equivalent to
the weakly singular boundary integral operator %L on the space of traces.

H: H*%(8Q) — b?(Q) is an isomorphism with inverse 7.

o1

Q) 2 Q)

7| [ 7| [

H 2(9Q) =5 H 2(0Q)
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Cosserat and LBB

A Simple Relation
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Cosserat and LBB

A Simple Relation

Proof : Rayleigh quotient: (2) = minSp(.#’) = min

As we have seen, with w = w(p) = A~ 'Vp,
(p,7p) = (Vw,Vw) = (p,divw).

(p,7p) _ <<p,div w>>2
p|? p| [wls

Hence

{p,divw)

Butfor ve H)(Q): (p,divv) = (Vw,Vv) < |w|i|v|; = Wl

[v]4

(p,divw) " (p,divv)
|p| w4 veH(Q) ol vl

= o(Q)=p(Q)°
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Cosserat and LBB: A Curious Observation

We have just seen that

(p,divw(p))

PO = e Tl wlo):

where w(p) = A~ 'Vp.
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Cosserat and LBB: A Curious Observation

We have just seen that

L (pdvw(p))
PO = e Tl wlo):

where w(p) = A~ 'Vp.
On the other hand, we have seen earlier that also

BQ) = inf (p,divv(p))

pet2(2) |plv(p)ls

where v(p) = Bp with a minimal-norm right inverse B of the div operator.
Such a right inverse can be obtained by observing that

div: (kerdiv) " — L2(Q)

is an isomorphism and taking for B its inverse.
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Cosserat and LBB: A Curious Observation

We have just seen that

L (pdvw(p))
PO = e Tl wlo):

where w(p) = A~ 'Vp.
On the other hand, we have seen earlier that also

pei2(@) |plv(p)l

where v(p) = Bp with a minimal-norm right inverse B of the div operator.
Such a right inverse can be obtained by observing that

div: (kerdiv) " — L2(Q)
is an isomorphism and taking for B its inverse.

(p,divw(p)) , (p,divv(p))
\w(p)l1 lv(p)l1

For general p € L2(Q),
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Cosserat and LBB: A Curious Observation

(p,divw(p)) , (p.divv(p))
\w(p)|+ v(p)l+

For general p € L2(Q),

For which p € L2(2) do these two quotients coincide?
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Cosserat and LBB: A Curious Observation

For p € L2(Q2) one has

(p,divw(p))  (p,divv(p))

wip)s — [v(p)ls

if and only if p is a Cosserat eigenfunction.

Proof : di 2
(p,divw(p)) _ [w(p)l] =|w(p)|1= <p,<§ﬂp>1§

w(p)li  [w(p)l
With p = .’q we have p = divw(q), hence w(q) = v(p), hence

V() = [w(a)|s = (a,.7q)% = (p,.7 'p)?

(p.divv(p)) _ PP _ PP
lv(p)l1 vp)lt  (p, 7 1p)2
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Cosserat and LBB: A Curious Observation
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Cosserat and LBB: A Curious Observation

P2 = (p,#p)? (p,.7 "p)2
Cauchy-Schwarz:
||p||2 _ <5ﬂ1/2p,y71/2p>
1 1
< <y1/2p,y1/2p>2 <y—1/2p7y—1/2p>2
1 1
= (p,.7p)2 (p,7 'p)2
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Cosserat and LBB: A Curious Observation

1 _ 1
Ipf? = (p,-7p)2 (p,.7 'p)?
Cauchy-Schwarz:

ol = ("/2p,.7"/%p)
< <§”1/2p,f1/2p>% <<7_1/2p,<7_1/2p>1§
= (p,.7p)% (0.7 'p)*
Equality holds if and only if .#1/2p and .#~1/2p are proportional:

S Pp=6c71?p — Ip=op.
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© LBB, Korn and Friedrichs
@ LBB, Korn and Friedrichs in 2 dimensions
@ LBB and Korn in general
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LBB, Korn and Friedrichs in 2 dimensions

Theorem (Friedrichs 1937, Horgan&Payne 1983)

Let Q C R? be a simply connected Lipschitz domain. Then
Q@ o(Q2) >0 (Cosserat)
Q@ B(?) >0 (LBB)
Q K(Q) <e (Korn)
Q () < (Friedrichs)
The following relations are true:
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Proof of Korn’s second inequality

Recall :

o gj(u) =3(dy+Ju), 1<ij<d,
° r’]( ) 15(8 uj— a'ul')a 1< Ia]S d’

Definition

Let Q be a domain in RY. It is said to satisfy the second Korn inequality if
there exists a positive constant K such that for all u € H'(Q) satisfying the
condition

/ r(u)(x)dx=0, 1<ij<d
Q
there holds the estimate

V022 < Klle(w) 2

If such a K exists we denote by K(2) the smallest such K.
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Proof of Korn’s second inequality

LetQ C RY be such that B(R2) > 0. Then K(Q) <  and

4(d—1)?
p(Q)?

For the proof, one applies the equivalent definition of ()

Vpe L3(Q) : Blol < IVPlly1a

K(Q)? <1+

to the functions r; € L3(Q2).
Trick : 8kf,'j = 8,-e,-k — &je,-k

<o < 4(73;1)|e(u)|2

4(d—1)

Vul? = [e(u)? + |r(u)]* < (1+ B2

)le(u)f?.
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Part Il

Various Kinds of Domains

Martin Costabel (Rennes) Cosserat eigenvalue problem STOP2011 Lisboa, 24-29/06/2011 49/104



@ Domains with (Q) > 0
@ Unions of domains
@ Bogovskil’s integral operator
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Unions of domains

Union with overlap

Let the domain Q C R satisfy Q = Q4 UQ, with 6(Q;) >0 (j = 1,2).
Then o(Q2) > 0.
Quantitative estimates by Dafermos (1968, for Korn), Galdi (1994).
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Unions of domains

Union with overlap

Let the domain Q C R satisfy Q = Q4 UQ, with 6(Q;) >0 (j = 1,2).
Then o(Q2) > 0.
Quantitative estimates by Dafermos (1968, for Korn), Galdi (1994).

| \

Union without overlap

Let the domain Q C R satisfy Q = Q1 UQ,, 21 N = 0, with o(€;) >0
(=1,2)

Then o(Q2) > 0.

Quantitative estimates by Boland&Nicolaides (1983).

Caution : No estimate for o(£2) possible depending only on 4 and Q5.

v
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Unions of domains

Union with overlap

Let the domain Q C R satisfy Q = Q4 UQ, with 6(Q;) >0 (j = 1,2).
Then o(Q2) > 0.
Quantitative estimates by Dafermos (1968, for Korn), Galdi (1994).

| \

Union without overlap

Let the domain Q C R satisfy Q = Q1 UQ,, 21 N = 0, with o(€;) >0
(=1,2)

Then o(Q2) > 0.

Quantitative estimates by Boland&Nicolaides (1983).

Caution : No estimate for o(£2) possible depending only on 4 and Q5.

v

Examples in R? :

G(Qo
89
Qe =B1(0)\(~1,1—¢)x {0} = 0o(Q:)=0(£?)

~—

Qo= (0,L) x (—£,6), Q=0UB(0,0)UB(L,0) = o()>
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Starshaped domains

Theorem (Bogovskil 1979, Galdi 1994)

Let Q C R" be starshaped with respect to a ball B. There exists a constant
Ya only depending on the dimension d such that

. 2d+-2
0@ 1 (o))
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Starshaped domains

Theorem (Bogovskil 1979, Galdi 1994)

Let Q C R" be starshaped with respect to a ball B. There exists a constant
Ya only depending on the dimension d such that

. 2d+-2
0@ 1 (o))

Corollary

Let €2 be a finite union of bounded starshaped domains.
Then o(2) > 0.
This includes all bounded Lipschitz domains, possibly with cracks.
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Bogovskil’s integral operator

Let Q C R" be starshaped with respect to a ball Band w € Cg’(B) be such
that [ o =1.

Define  Tp(x) = [ G(x,y)p(y)dy with

X-y [* X=Y\ a1
G(x. = t t dt
(9= 5y foy @V 5 y1)

Then T: L3(Q) — Hg)(Q) is continuous and divTp = p (right inverse!).
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Bogovskil’s integral operator

Let Q C R" be starshaped with respect to a ball Band w € Cg’(B) be such
that [ o =1.

Define  Tp(x) = [ G(x,y)p(y)dy with

xX—-y [ X—=Y \ ,d—1
G(x. = t t dt
=55 [, 5y)

Then T: L3(Q) — HEJ(Q) is continuous and divTp = p (right inverse!).

Explanation :
The adjoint operator T’ is the regularized Poincaré path integral

T’u(x):/Ba)(ez)/xu-dsda:/Ba)(ez)(x—a)~/01 u(a+t(x—a))dtda
satisfying T'Vp(x) = p(x) — [zp(a)w(a) da (left inverse on L2(Q)/R)

Lemma (Co&McIntosh 2010)

T and T’ are pseudodifferential operators on R? of order —1.
VseR: T H(Q) — A (Q) and T: H3(Q) — H+1(Q)
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Bogovskil’s integral operator

Bogovskii

Poincaré

Support properties:

e For x € Q, T'u(x) depends only on u ]Q

e lfp=00nRI\Q, then To=00nRI\ Q.
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Q Non-Smooth Domains
@ Corners and Essential Spectrum
@ The Horgan—Payne Angle
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Corners and Essential Spectrum (in R?)

Mellin transform technique (Kondrat’ev 1967) for the Lamé operator
As = —0A + Vdiv

Singularities of the form r*¢(8).
Characteristic equation for a corner of opening w:

(%) (1-20) 7 tsinw.

For o € [0,1]\{0, 3,1}, A is Fredholm iff the equation (*) has no solution
on the line Re A = 0.
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Corners and Essential Spectrum (in R?)

Mellin transform technique (Kondrat’ev 1967) for the Lamé operator
As = —0A + Vdiv

Singularities of the form r*¢(8).
Characteristic equation for a corner of opening w:

(%) (1-20) 7 tsinw.

For o € [0,1]\{0, 3,1}, A is Fredholm iff the equation (*) has no solution
on the line Re A = 0.

With z = A, we rewrite (x):

Result :
@ (x) has roots on the line Re A = 0 iff |1 — 20|®w < |sin ©|
e If |1 —20]®w > |sinw|, thereis aroot A € (0,1)
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Essential spectrum: Corners

Theorem [Co & Dauge 2000]

(2 piecewise smooth with corners of opening ;.
| sin | | sin |
SPess(+) = U [%_ 2a)/-]72+ ]]U{1}

corners j

0.9
05 Example : Rectangle:

07
06 SpPess(+”’ M) = [%*%%4’1&]
005 =1[0.181,0.818]
0.4 E

03
02

0.1

0 0.5 1 1.5 2
o en nrd

Figure: Essential spectrum: ¢ vs. opening @
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First eigenfunction for the rectangle

o = 0.0081289

01
° — —
o T :

SO

Rectangle: [0,1] x [0,0.1]
Gapprox = 0.0081
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First eigenfunction for the rectangle

o = 0.031377
02

0.1

Rectangle: [0,1] x [0,0.2]
O-approx = 0.0314
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First eigenfunction for the rectangle

o = 0.066476

N

o

o

Rectangle: [0,1] x [0,0.3]
O-approx = 0.0665

Martin Costabel (Rennes)

Cosserat eigenvalue problem
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First eigenfunction for the rectangle

o= 01084
04 ' 5
03
02 -0
0.1
S .

Rectangle: [0,1] x [0,0.4]
O-approx = 0.1 084
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First eigenfunction for the rectangle

o = 015052
05 -

04
03
02

0.1

N

Rectangle: [0,1] x [0,0.5]
Gapprox = 0.1 505
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First eigenfunction for the rectangle

o = 018438
0,6. -
10
05
-5
04
03 -0
02
-5
01
-10
o 3 -
0 01 0.2 03 0.4 05 0.6 07 08 09 1

Rectangle: [0,1] x [0,0.6]
Oapprox = 0.1844. (In the essential spectrum!).
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The Horgan—Payne Angle

Theorem (Horgan & Payne 1983)

Let Q C R? be starshaped with respect to 0. For x € 9%, let ¥(x) € [0, 5
be the angle between x and the normal vector n(x): y(x) = arccos %—Z_)(()’Q’

and
7= 7Y(Q) = max y(x)
X€dQ
Then .
Q

o(Q)> —
Square: ¥(Q)=% = o(Q)>}— Y2 ~0.1464
Regular Polygon: ¥(Q)=%2 = o(Q)> ;"

~— ~—

Rectangle (0,1) x (0,&
Compare with Ellipse x2+ i’— =1 (Cosserats): 6(Q2) = e
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e Majorants
@ Small Cuts
@ Cusps
@ Thin Domains
@ Rectangles
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Small Cuts

Theorem (Co 2011)
Let Q C R? be decomposed as

Q=0 uruQt

where [ is a straight segment of length L.

Then )
4 [4|Q
o(Q) < il

- 3 ]Q[Q]

Martin Costabel (Rennes) Cosserat eigenvalue problem
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Small Cuts

Theorem (Co 2011)
Let Q C R? be decomposed as

Q=Q UruQt
where [ is a straight segment of length L.
Then 20
4 L°Q
N ————
° = 30107
Example : Q¢ =B;(0)\(—1,1—¢€)x {0} = 0(Q) < Le?
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Corollary (Friedrichs 1937)

Let Q C R? have an outward cusp. Then o(Q) = 0.

Figure: A domain with an external cusp
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Thin Domains according to Chizhonkov&Olshanskii (2000)

Thin Rectangles
Let 2 =(0,1) x (0,€),0< € < 1. Then

2 7'C2€2

8_ < G(Q) € —
60 12

Thin Rings
LetQ={xe€R?|1<|x|<1+¢). Thenwiths=1+¢

1 s2—1 1 e
QD= [1-y/F5—=——|~=
(@) 2( 32+1Iogs> 12
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, 2
Let Q = (0,7) x (—p,p). Aspect ratio &€ = 2.

An explicit upper bound (Co&Dauge)
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Computed lowest eigenvalues for rectangles

kmax =100 mmax = 1000

0.4 T T T T T T T T
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Comparison with upper and lower bounds

0.45
0.4- —— vp1 calculée 1
: ——  spectre essentiel
—— minorant HP
0357 | ——  majorant CD ]
0.3r : 1
0.25- 1
0.2r 3
0.151 : E
0.1 1
0.05- ]
0 ; | | |
0 0.2 0.4 0.6 0.8 1

Figure: First eigenvalue o1 of rectangle vs. aspect ratio €
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Comparison with upper and lower bounds

0.2 T T T .

0.18[ -

0.16f
vp1 calculée

spectre essentiel
minorant HP
majorant CD

0.14f

0.12f

0.08r
0.06
0.04f

0.02-

Figure: First eigenvalue o of rectangle vs. aspect ratio € (zoom)
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Comparison with upper and lower bounds

0 T T T T

1k

2+

3

4
—— vp1 calculée
—— spectre essentiel

Sr —— minorant HP 1
—— majorant CD

%5 -2 15 -1 -0.5 0

Figure: First eigenvalue o of rectangle vs. aspect ratio € (log scale)
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@ John Domains
@ Definition
@ Pictures
@ A Theorem
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Definition of John Domain

Definition

A domain Q C R with a distinguished point xg is called a John domain if it
satisfies the following “twisted cone” condition:

There exists a constant § > 0 such that, for any y in Q, there is a rectifiable
curve v: [0,¢] — Q parametrized by arclength such that

Y(0)=y, y(¢)=x0, and Vte[0,£]: dist(y(t),dQ)>4t.

Here dist(y(t),d2) denotes the distance of ¥(t) to the boundary 9S2.
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Definition of John Domain

Definition

A domain Q C R with a distinguished point xg is called a John domain if it
satisfies the following “twisted cone” condition:

There exists a constant § > 0 such that, for any y in Q, there is a rectifiable
curve v: [0,¢] — Q parametrized by arclength such that

Y(0)=y, y(¢)=x0, and Vte[0,£]: dist(y(t),dQ)>4t.

Here dist(y(t),d2) denotes the distance of ¥(t) to the boundary 9S2.

Example : Every weakly Lipschitz domain is a John domain.
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Figure: A weakly Lipschitz domain: the self-similar zigzag
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Figure: Weakly Lipschitz (left), John domain (right)
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Tree or Lung

Figure: A John domain: the infinite tree
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A Recent Result

Theorem (Acosta — Duran — Muschietti 2006)

Let Q be a John domain. Then ¢(£2) > 0.
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Thank you for your attention!
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Eigenvalue 1

Eigen Vector 1 valeur =0.236161
IsoValue

m-2.35062
2.14745
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Martin Cq

Eigen Vector 1 valeur =0.0715644

lue problem

IsoValue

W-0.484991
-0.40428
323569

m0.64496
m0.846737

STOP2011 Lisboa,



Eigen Vector 1 valeur =0.0284222
IsoValue

0.383855
319848
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Eigen Vector 1 valeur =0.0159942
IsoValue
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Eigen Vector 1 valeur =0.0107045

IsoValue

6.32595e-05
59 3(137
m0.177227
W0.236324
W0.295421
W0.354518
1413615

0.472712
W0.620454

Martin Costabel (Rennes) it eigenvalue problem



Eigen Vector 1 valeur =0.00793114

IsoValue

120821

W4.86769e-05
604836

20919
. Wm0.181354
W0.241789
m0.302223
M0.362658
0.423093

0.483528
M0.634616
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Calculs poum Eigenvalue 2

Eigen Vector 2 valeur =0.237397
IsoValue

m-1.65367
1.34




Eigen Vector 2 valeur =0.102358
IsoValue

0.527391
m0.701969
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Eigen Vector 2 valeur =0.0506881

IsoValue

0.518447
m0.650271
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Martin Co

lue problem

IsoValue
0.512108
4
66908
W0.251785
.336662

421539
.506416

STOP2011




Eigen Vector 2 valeur =0.0159946
IsoValue

92265
m0.288413
W0.384562
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Eigen Vector 2 valeur =0.0107047
IsoValue

m0.979788
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Calculs poum Eigenvalue 3

Eigen Vector 3 valeur =0.312796
IsoValue

m-0.374423




Eigen Vector 3 valeur =0.237392
IsoValue

m3.20732
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Eigen Vector 3 valeur =0.0715714
IsoValue

Martin Cq



Eigen Vector 3 valeur =0.0284235
IsoValue

Martin Cq



Eigen Vector 3 valeur =0.0159946
IsoValue

92026
m0.288174
W0.384323
W0.480471
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Eigen Vector 3 valeur =0.0107047

IsoValue

W-0.279804

m0.000100992
.0934027
86704

1
. m0.280006
.373308
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Eigen Vector 4 valeur =0.324628
IsoValue

m-3.92272




IsoValue

77322
m0.105697
m0.514271
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— Eigenvalue 4

Eigen Vector 4 valeur =0.0715716
IsoValue
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Eigen Vector 4 valeur =0.0300103
IsoValue

m-0.153362
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Eigen Vector 4 valeur =0.0199521

IsoValue

W0.112859
.158408

.203957
m0.317831
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Eigen Vector 4 valeur =0.0143559

IsoValue

W-0.0812697
M-0.0358475
M0.00957464
W0.0549968

m0.191263
m0.236686
m0.282108
m0.32753

W0.372952
m0.418374
M0.463796

m0.554641
W0.668196
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