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Singularities

Domain Q C R", boundary 99 (piecewise smooth)

Linear elliptic boundary value problem
Lu=f nQQ (1)
Bu =g on 0f2. (2)
Abbreviation . u =f.
Lu = Z ao(x)0%
|| <2m

Singular function w :
u does not have the (elliptic) regularity implied by the
regularity of f,g and the order 2m.

of € HS™™(Q),g € [TH*TH~Y2(0Q), u ¢ H+™(Q)
of €C™(Q), g€ ™), u g C®(Q)

Importance: Physics (Inechanical stability, stress Concentration)
Numerics (bad approximation on regular grids)
Analysis (curiosity ... )

Ideal result: Set of singular functions (X;), constructed
from the geometry and the operators, such that

U = Ureg + Z CJZ]
J

ureg has full regularity, Cj depend on f
+ Norm estimates.
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Progress in understanding corner singularities

2D corners ‘

Dirichlet problem (Wasow, Lehman '57)
...General ell. (ADN) (Costabel&Dauge '92)

Conical points in R" ‘ Regular cone

Complete technique (Kondrat'ev '67)

3D edges‘

~ 2D singularities with parameter
(Kondrat'ev, Nikishkin, Maz'ya&Plamenevskij '77)
General ADN ell. (Maz'ya&Rossmann '87)

<4

3D polyhedral corners ‘

Straight edges meet in corner (Dauge '87)




Progress (2)

Cusps | Angle 0 (Feigin '72)
(Maz'ya&Plamenevskij "77)
(Steux, Dauge '87-'96)

Edges in general ‘

“Branching” and “crossing” of asymptotics 5
(Co&Da, Maz'ya&Rossmann, Schmutzler, Schulze '92)

General piecewise smooth domains‘
(77 2002 7)

Parameter-dependent problems‘

Singularly perturbed domains
(Maz'ya&Nazarov&Plamenevskij '79)
singular perturbation in

boundary value problem S E
(Colli-Franzone '72)
(...Costabel&Dauge '95 — )

€0ni+u=g



2D corner singularities: Dirichlet problem

Q
Au = f In
uw =g on 0f)

r
—

Polar coordinates (r,0)
Decomposition Theorem ‘

There exist S; € HY(Q), j € N:
s {kr/a|keN}UN N
fe H Q) & g € HT1/2(0Q)

U = ureg -+ Z Cj Sj , Ureg - HS+1(Q)

luregllst1+ Y lejl < C (I Flls—1 + lgllst1/2)

Form of the singular functions:
A. Basic singularities:
S =rYsinvd =Im(z¥) (v =~kr/a, ke N)
AS=0in I', S=0 on O
B. Critical angles: kn/a =1 N
S = Im(zllogz) AS =0 in I, S polynomial on OTI"
C. Higher order singularities: from curvature or |.o.t.
S = pvtP gokp(ﬁ) AS singular
Complete singular function
Sj =2 P log? ppg(0)
Basic singularities for the

Neumann problem: r”cosvf (v = %T)
mixed Dirichlet-Neumann problem: -

r¥sinvl (v =—)
e



Regular conical points (Kondrat'ev)

Q ~ T near 0, I": cone with regular basis

3 levels of singular functions:
A. Basic singularities; B. Polynomial rhs; C.Singular rhs.

Basic singularities : Separation of variables
S = pYp(w), (p,w) polar coordinates at 0 € R™.
S is a homogeneous function,

solution of the totally homogeneous problem in I':

LoS =0: T ~
Bs—o0:or) = ZS=0

Lo : principal part of L at 0: Lgu = Z a0,(0)0% .

|a|=2m

Homogeneity: | Z5(p"p) = p¥ 2.2 (V)

Z (v) : boundary value problem on T nS?~! ¢ sP—1
v singular exponent <= .Z (v) not invertible.

In 2D, .Z'(v)is a Sturm-Liouville problem on [0, o] .
2D Laplace: .2 (v)p = (¢ — 1/2go,gp|{07a})

Functional analytic tool: Mellin transformation

@)
i\ w) = /0 A u(p,w) dp



2D corners: ADN-elliptic boundary value problems

Examples: Stokes, (anisotropic) elasticity

N N
(Lu)k:ZLklul, OI‘del Sak—n, Qm:Z(O'l—Tl)

Multi-homogeneous functions S; = ¥~ 7ig;(0)

Problem Although L has constant coefficients, the Sturm-
Liouville operator L(v) on [0,«] has variable coef-
ficients, in general.

Answer One finds always a basis of solutions constructed
from functions (z + az)¥~7, where a is given by
the coefficients of Ly.

Result T he basic singular functions are always combinations
of functions
S = r*loglr p(0) with ¢(0) = 6% cos(ab + b) .

Method for computing exponents v and singular func-
tions S : | det A(v) =0
A(v) @ matrix (2m x 2m) of boundary conditions on
OI' of a basis of solutions of L(v)p =0

e Simple and explicit, even for anisotropic elasticity
and interface problems with several different materials.



3D edges: 2D corners with a parameter

Constant angle o and constant coefficients in ¢:
Singularity ¢(¢)S(r,0), c(t) “regular’.

Example: 3D A crack (with smooth crack front):
o =2m, S(r,0)=r/2cos6/2
c(t) : Stress Intensity Factor

Problems if
o = «(t) and/or the operator .Z" depends on ¢



The Skew Cylinder

a(t) € [~ 8,2+ ]
ni(t) = 7/ (20(1))

u=0 a(tO,l) — 7T/2

Vl(t) . ™
Sy (.7 0) = T cos v1(t)0 Lo ;
r(logrcos@ — 0sin6) : tg, t;
h(t,0)

Coefficient ¢1(t) = b1(t) —

, b1(t) regular
cos a(t) 1(t) reg

Explanation: Do not forget vy = 1:
So(t) = rsin(a(t) — )  smooth Taylor term
co(t) = h(t,0)/ cos a(t)

Crossing 1| = 19

Basis
X1(t,7,0) = 1) cos vy ()0 = S (¢, T, 0)

X = (51— 52)/(v1(t) — va(?))
regular basis of span{Si(t), Sa(t)}

c151 + 259 = b1 X1 + ba X9 by, by regular



Bolt hole in laminated material

Y

+45

- 45

ty hole rigid bolt in hole
e (sem - det ached)



Bolt hole in laminated material (2)

Flg. 1 Laminaed Intarfaca:ampty bokt hola Coaflclant of fisst SF
. . . . 10 . . .

1
.——‘__’_‘_—_—_—_\__—_—

; R

0.4 - 4
0.2 . 2
° " " " " ° " " " "
o 20 40 8 & o 20 40 8 &
Fig. 2 Laminatad Intarfaca: Agkd belt Coaflclant of first SF
0.8 : : : : 2 : : .
o8 - 15
o4l T~ - 10
0.2 - 5
5 . . . . 5 . . . .
0O 20 40 8 & 0O 20 40 8 &
Branching of exponents vy = o in tg,t1

v1(t) = vo(t) complex for tg <t < tg.
General recipe: | Divided differences‘

A
Slp, q;r] = —— AQ( )d>\ p,q polynomial

21 Jg p( )

Exemple: p=2X2 —¢
g=2: S =V -rVH/\/i
q=2\: S’szr\/g—i—fr_\/Z

. . 1 S(N)
Divided differences: S|vq,...,vL] = 5 Z/ o )d)\
T Jg .y
J



3D polyhedral corner (M. Dauge)

Cone with polygonal basis

1

S(p,w) = pMp(w): 1 has 2D corner singularities

Edges meet in corner
S(p,r,0) =~(p)r’e(0): ~(p) is singularin p=0.

2-step decomposition ‘

1. Corner decomposition

e,
u = uggénef is not regular, but flat

Dirichlet problem Au = f € H 1(Q),u € H&(Q)
ugRT € Y, p o (p0p)Fusgner € L2 (k < m)
2. Edge decomposition

upog" " = ureg + » Y Aup(p) I’ 1P log?r @pq(p)

edges VPq
ureg € HTL, Fup(p) = O(p*~3/2) in 0.
Total edge coefficient ~(p) = Z aquA log? p + A(p)
Aq

[Q] Which is the main singularity, S| (e) or > (c)?
[A] That depends: S| is 2D, > is 3D.

Fichera's corner: Vu & LGOOO/HSS, uw € H5/3—¢



3D corners and curved edges

Exemple 1.

Solved: Divided differences 4+ 2-step decomposition
(Costabel&Dauge '95)

Exemple 2.

Unsolved: Edges are tangential in corner

Condition for tangential planes T} in corner c
j7#F k=T #Tj
j,k,l distinct — Tj N1, NT; ={c}



A singular singular perturbation problem

Convergence u: — ug in H'72(Q) (Colli-Franzone '72)

e >0 Neumann / Neumann + lower order

leading singularity ~(¢) r (logr cosd + (m — 0) sin )
e =0 Neumann / Dirichlet

leading singularity ¢ r1/2 sin6/2

Complete asymptotic expansion (Costabel&Dauge '95)

Us = Z g (u”’[log e](x) + Ve w"[log €] (%))
n>0

ud = ug, u™ singular as wug

w™ corner layers: at 0 singular as uc, at co O(r—1/2)

Q1] Behavior of ~(g) as e =07
Q2] Origin of rl/2 sin®/2 as € — 07?
[A] Existence of a function
Kq: at c© ~ 71/2 sin 0 /2
at0  ~r(logrcosf + (m—0)sin6)
ue ~ ug + e Kq1(r/e,0) .




