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Singularitäten an Ecken und Kanten
— Was geschieht bei

Parameterabhängigkeit und
variablen Koeffizienten?

Martin COSTABEL
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Singularities

Domain Ω ⊂ Rn , boundary ∂Ω (piecewise smooth)

Linear elliptic boundary value problem

Lu = f in Ω (1)

Bu = g on ∂Ω . (2)

Abbreviation L u = f .

Lu =
∑

|α|≤2m

aα(x)∂αu

Singular function u :
u does not have the (elliptic) regularity implied by the
regularity of f, g and the order 2m .

•f ∈ Hs−m(Ω), g ∈
∏

Hs+µj−1/2(∂Ω), u 6∈ Hs+m(Ω)

•f ∈ C∞(Ω), g ∈ C∞(∂Ω), u 6∈ C∞(Ω)

Importance: Physics (mechanical stability, stress concentration)
Numerics (bad approximation on regular grids)
Analysis (curiosity . . . )

Ideal result: Set of singular functions (Σj) , constructed
from the geometry and the operators, such that

u = ureg +
∑

j

cjΣj

ureg has full regularity, cj depend on f
+ Norm estimates.
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Progress in understanding corner singularities

2D corners

Dirichlet problem (Wasow, Lehman ’57)
...General ell. (ADN) (Costabel&Dauge ’92)

Conical points in Rn Regular cone

Complete technique (Kondrat’ev ’67)

3D edges

∼ 2D singularities with parameter
(Kondrat’ev, Nikishkin, Maz’ya&Plamenevskij ’77)
General ADN ell. (Maz’ya&Rossmann ’87)

3D polyhedral corners

Straight edges meet in corner (Dauge ’87)



ε

ε∂nu + u = g

Progress (2)

Cusps Angle 0 (Feigin ’72)

(Maz’ya&Plamenevskij ’77)
(Steux, Dauge ’87–’96)

Edges in general

“Branching” and “crossing” of asymptotics
(Co&Da, Maz’ya&Rossmann, Schmutzler, Schulze ’92)

General piecewise smooth domains

(?? 2002 ?)

Parameter-dependent problems

Singularly perturbed domains
(Maz’ya&Nazarov&Plamenevskij ’79)

singular perturbation in
boundary value problem

(Colli-Franzone ’72)
(...Costabel&Dauge ’95 – )
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2D corner singularities: Dirichlet problem

∆u = f in Ω

u = g on ∂Ω

Polar coordinates (r, θ)

Decomposition Theorem

There exist Sj ∈ H1(Ω) , j ∈ N :
s 6∈ {kπ/α | k ∈ N} ∪ N

f ∈ Hs−1(Ω) & g ∈ Hs+1/2(∂Ω)

}

⇒

u = ureg +
∑

cj Sj , ureg ∈ Hs+1(Ω)

‖ureg‖s+1 +
∑

|cj| ≤ C (‖f‖s−1 + ‖g‖s+1/2)

Form of the singular functions:
A. Basic singularities:

S = rν sin νθ = Im(zν) (ν = kπ/α, k ∈ N)

∆S = 0 in Γ , S = 0 on ∂Γ

B. Critical angles: kπ/α = l ∈ N

S = Im(zllogz) ∆S = 0 in Γ , S polynomial on ∂Γ

C. Higher order singularities: from curvature or l.o.t.
S = rν+pϕkp(θ) ∆S singular

Complete singular function
Sj =

∑

p,q r
ν+p logq ϕpq(θ)

Basic singularities for the
Neumann problem: rν cos νθ (ν =

kπ
α )

mixed Dirichlet-Neumann problem:
rν sin νθ (ν =

kπ

2α
)



Regular conical points (Kondrat’ev )

Ω ∼ Γ near 0, Γ : cone with regular basis

3 levels of singular functions:
A. Basic singularities; B. Polynomial rhs; C.Singular rhs.

Basic singularities : Separation of variables
S = ρνϕ(ω) , (ρ, ω) polar coordinates at 0 ∈ Rn .

S is a homogeneous function,

solution of the totally homogeneous problem in Γ :
L0S = 0 : Γ
B0S = 0 : ∂Γ

}

⇐⇒ L0S = 0

L0 : principal part of L at 0: L0u =
∑

|α|=2m

aα(0)∂αu .

Homogeneity: L0(ρ
νϕ) = ρν−2mL (ν)ϕ

L (ν) : boundary value problem on Γ ∩ Sn−1 ⊂ Sn−1

ν singular exponent ⇐⇒ L (ν) not invertible.

In 2D, L (ν) is a Sturm-Liouville problem on [0, α] .
2D Laplace: L (ν)ϕ = (ϕ′′ − ν2ϕ,ϕ|{0,α})

Functional analytic tool: Mellin transformation

û(λ, ω) =
∫ ∞

0
ρ−λ−1 u(ρ, ω) dρ



2D corners: ADN-elliptic boundary value problems

Examples: Stokes, (anisotropic) elasticity

(Lu)k =

N
∑

l=1

Lklul, ordLkl ≤ σk−τl, 2m =

N
∑

l=1

(σl−τl)

Multi-homogeneous functions Sl = rν−τlϕl(θ)

Problem Although L0 has constant coefficients, the Sturm-
Liouville operator L(ν) on [0, α] has variable coef-
ficients, in general.

Answer One finds always a basis of solutions constructed
from functions (z + az)ν−τl , where a is given by
the coefficients of L0 .

Result The basic singular functions are always combinations
of functions
S = rλ logq r ϕ(θ) with ϕ(θ) = θk cos(aθ + b) .

Method for computing exponents ν and singular func-

tions S : detA(ν) = 0

A(ν) : matrix (2m × 2m) of boundary conditions on
∂Γ of a basis of solutions of L(ν)ϕ = 0

• Simple and explicit, even for anisotropic elasticity
and interface problems with several different materials.
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3D edges: 2D corners with a parameter

Constant angle α and constant coefficients in t :
Singularity c(t)S(r, θ) , c(t) “regular”.

Example: 3D ∆ crack (with smooth crack front):
α = 2π , S(r, θ) = r1/2 cos θ/2

c(t) : Stress Intensity Factor

Problems if
α = α(t) and/or the operator L depends on t



β

u=0

∂nu=h

∆u=0

The Skew Cylinder

α(t) ∈ [
π

2
− β,

π

2
+ β]

ν1(t) = π/(2α(t))

α(t0,1) = π/2

S1(t, r, θ) =

{

rν1(t) cos ν1(t)θ : α 6= π

2
r(log r cos θ − θ sin θ) : t0, t1

Coefficient c1(t) = b1(t) −
h(t, 0)

cosα(t)
, b1(t) regular

Explanation: Do not forget ν2 = 1 :
S2(t) = r sin(α(t) − θ) smooth Taylor term

c2(t) = h(t, 0)/ cosα(t)

Crossing ν1 = ν2

Basis
X1(t, r, θ) = rν1(t) cos ν1(t)θ = S1(t, r, θ)

X2 = (S1 − S2)/(ν1(t) − ν2(t))

regular basis of span{S1(t), S2(t)}

c1S1 + c2S2 ≡ b1X1 + b2X2 b1, b2 regular
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Bolt hole in laminated material



Bolt hole in laminated material (2)

Branching of exponents ν1 = ν2 in t0, t1

ν1(t) = ν2(t) complex for t0 < t < t1 .

General recipe: Divided differences

S[p, q; r] =
1

2πi

∫

C rλ
q(λ)

p(λ)
dλ, p, q polynomial

Exemple: p = λ2 − t

q = 2 : S1 = (r
√
t − r−

√
t)/

√
t

q = 2λ : S2 = r
√
t + r−

√
t

Divided differences: S[ν1, . . . , νk] =
1

2πi

∫

C
S(λ)

∏

(λ− νj)
dλ



3D polyhedral corner (M. Dauge)

Cone with polygonal basis

Σ(ρ, ω) = ρλψ(ω) : ψ has 2D corner singularities

Edges meet in corner
S(ρ, r, θ) = γ(ρ)rνϕ(θ) : γ(ρ) is singular in ρ = 0 .

2-step decomposition

1. Corner decomposition

u = ucorner
reg +

∑

cjΣj

u = ucorner
reg is not regular, but flat

Dirichlet problem ∆u = f ∈ Hs−1(Ω), u ∈ H1
0(Ω)

ucorner
reg ∈ H1 , ρ−s(ρ∂ρ)kucorner

reg ∈ L2 (k ≤ m)

2. Edge decomposition

ucorner
reg = ureg +

∑

edges

∑

νpq

γ̃νp(ρ) r
ν+p logq r ϕpq(ρ)

ureg ∈ Hs+1 , γ̃νp(ρ) = O(ρs−3/2) in 0.

Total edge coefficient γ(ρ) =
∑

λq

aλqρ
λ logq ρ + γ̃(ρ)

[Q] Which is the main singularity, S1 (e) or Σ1 (c)?

[A] That depends: S1 is 2D, Σ1 is 3D.

Fichera’s corner: ∇u ∈ L6000/1133 , u ∈ H5/3−ε



3D corners and curved edges

Exemple 1.

Solved: Divided differences + 2-step decomposition
(Costabel&Dauge ’95)

Exemple 2.

Unsolved: Edges are tangential in corner

Condition for tangential planes Tj in corner c

j 6= k =⇒ Tj 6= Tk
j, k, l distinct =⇒ Tj ∩ Tk ∩ Tl = {c}



ε∂nu + u = g

∆u = 0

Ω

∂nu = 0

A singular singular perturbation problem

Convergence uε → u0 in H1+δ(Ω) (Colli-Franzone ’72)

ε > 0 Neumann / Neumann + lower order
leading singularity γ(ε) r (log r cos θ + (π− θ) sin θ)

ε = 0 Neumann / Dirichlet
leading singularity c1 r1/2 sin θ/2

Complete asymptotic expansion (Costabel&Dauge ’95)

uε =
∑

n≥0

εn
(

un[log ε](x) +
√
εwn[log ε](

x
ε)
)

u0 = u0 , un singular as u0

wn corner layers: at 0 singular as uε , at ∞ O(r−1/2)

[Q1] Behavior of γ(ε) as ε → 0 ?

[Q2] Origin of r1/2 sin θ/2 as ε → 0 ?

[A] Existence of a function
K1 : at ∞ ∼ r1/2 sin θ/2

at 0 ∼ r (log r cos θ + (π − θ) sin θ)

uε ∼ u0 +
√
εK1(r/ε, θ) .


