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\Outlinel

A wavelet-based fast boundary element method

for time-harmonic Maxwell scattering from open surfaces in R3

o

— Quasidiagonalization via Hodge decomposition

— Reformulations suitable for nodal finite element discretizations
— The (p, , m, A, @) -formulation

— Construction of a nodal wavelet basis
— Stability, matrix compression, preconditioning and all that
— Some problems with open surfaces
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An specimen from electronicsl

ILLUSTRATION DE L'AFPROCHE 2-D 181

Fi. 2.25: Masque du cfscan planaire 3 16 Eléments.

Mérallization
Eictive
{B*8 callules)

[ENABEARE

Fia. 2.20: Détait de deseription de la structure; la ligne guart d’onde.

A small
antenna array
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‘ The geometryl

Open surface with p/w smooth boundary I'g C C R3

Simple topologies
Sobolev spaces: H?(I'y) =

H?*(T'y) = | I
Surface differential operators: grad = grad; = —n X (n X grad)
div. = divpr = —(grad,)*
curl = curlyr = —n X grad
rot = (curlp)*
A = Ar = grad,divr = —rot curl
Some spaces on perfectly conducting boundaries:
H;'? = {ue HY2(Ty)|divu € H-Y/2(Ty); u - n = 0}
H'? = {ue H Y2(Ty)|rotu € H-/2(I'g); u-n = 0}
HY = {ue€H(To)|Auc H-Y/2(To)}

N /
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/ ‘The Electrical Field Integral Equationl \

curl E —iwpH =0 , curlH +iweE =0 in R3\ Ty,

(Maxwell) :
Exn=—FE"xn on Ty, Silver-Millerr.c.

Single layer potential

Vu(x z/
To 47T|33 — y|

Representation formula in R3 \ T'g

u(y)ds(y) , k= wER

() —~_
E = —gradVdivru+iwwuVu, u=[H Xn|p, € Hdi‘lf/z, surface current
we

Integral equation on I'g ( EFIE )

grad Vdivu + k2Vpu = f | = iweEW , Vo =mpV = —n X (n X V)

N /
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/ ‘ Hodge decomposition and quasi-diagonalization |

Problem with EFIE: Wrong sign of k2!
V : strongly elliptic (pos. def. + compact) pseudodifferential operator of order -1

L = grad V div +k?Vy = (Lu,v) = —(V divu, divo) + k*(Vu,v)

Hodge decomposition in ﬁ(;ii/Z = H~'/2(divp,Tp) = X! @ X2

u = gradp + curl ¢ |, pEHi,ANe“p:divu, chIA—I/l/Z(I‘O)

Hodge decomposition in the dual space H . /% = H~1/2(rotp,Tg)

curl

uw =gradp’ +curlgp’ |, ¢ € ﬁi , AP —rotu/, p’ € HY2(Ty)

L L with L5, Lo compact
(ul, u?) I~ 11 12 12, 421 P
Loy Los and Ls5 and — L7 strongly elliptic.

v All is well for Galerkin methods: Stability, convergence etc...

~
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(p, @) -formulation I

Problem for finite element approximations: Discrete Hodge decomposition?
e ExactH. d.: (p, ¢)-formulation
e Approximate H. d.: Hg;, elements [Bendali ’82, Hiptmair-Schwab ’'01]
e Approximate H. d.: Approximate or mixed
(p, @) -formulation [Safa, Buffa-Co.-Schwab '01]

—AVA — k?divV grad —k?divV curl

k? rot V grad k? rot V curl
3 0
Orders: Problem: Energy space C! elements!
1
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Perturbed (m, ¢)-formulation I

Introduce the surface charge density m = divu € H~1/2 so that
(p, m) p=(AT")"t'm € H,/C

This would lead to a (m, ¢) formulation containing the operator (ANe®)—1,
Nothing gained so far.

Let Ay C H'(T'y) be a finite element space and

py € A s be defined by the variational solution of (p-m):

(pg,m) py = (A}}Ie“)_lm — HJ(ANe“)_lm c Ay

N ava + k2alleny=1 qiv v grad(alieu)—1 kz2(A13Ieu)_1 div V curl
~Y
k2 rot V grad(Al.;Ieu)_l k2 rot V curl

Analysis as a nonconforming method possible.

N

We obtain the perturbed (m, ¢) -formulation, a nonconforming (p, ¢) -formulation:

/
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introduced.

(¢, m, p, \, ) -formulation I

The final result is the system

/ k?rot Vcurl 0 k?rotV grad

0 | % 0
0 1 —A
k?divV curl 0 k?divV grad

\ 0 I3

Strongly elliptic system. SIOs of order T1.
\Energy space: H1/2 x H—1/2 x H' x H' x C3. Discretisation by A5 x C3. /

0

method for a (4 X 4) system that can be considered as a mixed method where the
equation (p, m) is considered as a constraint and a Lagrange parameter X\ is

To take care of integrability conditions and free constants, one introduces o« € C3 .

0 )

~

The perturbed p- (m, ¢) formulation allows an equivalent reformulation as a Galerkin
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“Nodal” wavelets [Dahmen-Stevenson 99, Rathsfeld]

AVAVAYaAVA
AVAVAVAVAVA'
AYaVAVAVaVAVA
AYAYAYaVaVaVaVa

Triangular patches on I'g

/
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/ “Nodal” wavelets |

e Reference triangle T, refinements TI : 49 triangles, meshsize h,j — 277

e Mappings k; : T' — I'g,2 = 1,..., M, + continuity conditions —
Coarse triangular patches on I'g, nodes Ag

e Refinement level j: U,f\il ki(T7), nodes A,

e P; elements

Aj ={u e C°Ty) | uok;

T cPyi=1,...,M;k=1,...,47}

e Nodal basis ¢, T € A;
e Dual “basis” 92_"‘1 — aTgoZﬂ‘l — BTQO'Z_ € Ajtq1: (goZ_, 92+1)0 = Cl,o
e Wavelets: difference nodes 7 € V11 = Aj41 \ A

w" — Z’+1 o Z '73'0'6'(7)"—'_1
SuUpp % NsSupp 5 £0
Y, = @), TE Vo= Ao

N
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Basic properties of the wavelets, closed surface I

J
e Hierarchy of nodes: Ay = U V;
i=0
e Basisof Ay: {¢v- | 7€ V,;,5=0,...,J}
e Support: 7 € V; = diam supp ¥, ~ 277
e Stability: Vs € [—1,1] :

| Z Z Cﬂ'wﬂ'll?{S(I‘) ~ Z228j Z |C.,-|2

J20TEV; =0 TEV

e Approximation property (Jackson) and inverse estimate (Bernstein)
e Two vanishing moments: For d = 0, 1:

(v, 7)o < C27@T2 gup{|D¥(vo k;) ()| |z € T;i < M;|a| < d+ 1}

Here (u,v)o = Y, [ u 0 K; U 0 K; da or alternatively, (u,v)o = [ uvds

N /

TRMAR




/ Estimates for matrix elements | \

Let H be a singular integral operator on I' with kernel H (x, y) satisfying
Va,BVz #y €T : |DYDPH(z,y)| < Caplz —y|~CT7Teth)
Then V1T € V;, 7’ € V,supp ¥, N supp ¢ = O:
[(Hr, 9prr)o0| < € 2730+ g (547

Here r = 11 is the order of the operator and d,,. = dist(supp -, supp ')
The constant C' is independent of the refinement level, but depends on the size of the
bounded manifold I' and on the wave number k.

This estimate is the basis for a matrix compression scheme based on the distance
d,-s . One defines a threshold matrix (€;;);.j/=1,...,.7 . For a matrix (block) M
corresponding to the operator H one defines the compressed matrix M © by the rule

MTT’ . dTT’ S €545/
0 . dTT’ > ij/

N /
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/ ‘ Matrix compression, closed surface | \

Choice of the threshold matrix: Parameters K,a,b > 0,
e;; = K max{279,279" 20J-0G+i")}
let K >1,0<a<1,b>(a+1)/2. Then
#{M:,, # 0} = O(J 2*)

Define the diagonal order reduction matrix D, = diag(2%7)
Let M be a block corresponding to an operator of order r — T 1. Define

d=r+4.let K>1,0<a<1,b=(a+1)/2.Thenforall s,s’ < bd — 2,
there holds

||D_S(M . MC)D_S/||£2 S CK—dz('r—s—S’)J
In our case, we want to choose s, s’ € {0, T1/2} suchthat s +s’ > r +1/2.
This requires

2 1
2 p=2"T1
\_ ’ ’ -
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Wavelets on open surfaces I

e Two types of wavelets: with or without boundary condition.

e Without boundary condition: Ay, ... as before

e With Dirichlet condition (I‘O has a polygonal boundary):

Nodes: A; _AJ\(‘?I‘O Vi=A\Aj_; = J\OI‘O

Shape functions: A; = A; N Hl(I‘O) = {pl | T € A}

Wavelets: 7 € %J : sz S A‘7 -, AJ 1

Attention: (A, N Hl(I‘O)) O (Aj—1 N Hl(I‘O)) Z(A; ©0A;-1)N Hl(I‘O) !
Interior wavelets: T € VO & Vo € Ty N A, : supp ¥, Nsupp @ =0
Boundary layer: V? =V, \V?. Size: #V;'.9 ~ 27

Riesz-Stability: {1~} in H?® and H—*, {-} in H®and H*,0< s< 1

N

/
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‘ Estimates for wavelets on open surfaces |

e Vanishing moments:

(v, ¥-)] < C2739|v|| pwz.ee () T €V,
(v, %7)] < C27%||v||pw2oe(ry) + C277||v||Lo(ar,) T € V;

e Matrix elements: VT € V;, 7" € V% :

|(H¢1'9 ¢‘T')O| 5 2_3(j+j,)d;1§?+r)

42— (F+3")—2min(4,5") g~ (4+7)
42— G+3") g (2+m)
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/ \ Estimates cont’d | \

e Compression strategy:
— All matrix elements where both test and trial functions are close to the boundary

are retained
— |If both test and trial functions are interior wavelets, one uses the threshold matrix

€+ as before
— If one function is interior and the other one in the boundary layer, one uses a

second threshold matrix

with an additional parameter

e® Choice of parameters:

K>1, — <b= 5 < 1, =b—1/2

v Everything then works. /
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Conclusion |

One obtains a linear system of N ~ 227 equations with
e a simple diagonal preconditioner

e only O(IN log IN) non-zero matrix elements

® quasi-optimal error estimates

u = u'4u?, rotu!=0=divu?
lut —ulll e < 27772
div
lu? —u3llo S 277
|divu —my|[—1/2 S 2—J/2

Future:
e Implementation
e Comparison with other methods ...

N
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