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What is the BDLP?
@000

Green formulas

Q = Q~: Smooth bounded domain in R?; boundary T'; exterior domain Q

/Azuv = /AuAv+/(8nAuv—Au8nv)ds
Q Q r
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What is the BDLP?
@000

Green formulas

Q = Q~: Smooth bounded domain in R?; boundary T'; exterior domain Q

/Azuv
Q

/Azuv = / ) a“ua“v+/(8nAuvf8fanuafv—8,§uanv)ds
Q Qg2 r

/ Z 8aua°‘v+/(anAuv+8581&,,uv—83u8,,v)ds
JQ a2 r

/AuAv+/(a,,Auv—Au8nv)ds
Q r

0<o<1: / AN%uv = aa(u,v)+/(Ncuv—Mgu8nv)ds
Q r

as(u,v) = o/ AuAv+(170')/ Y o%uo%v
2 Q=2

Ms = oAu +(1-0)d?u  : bending moment
No OnAu + (1 —0)dsd:dpu : twisting moment

v
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What is the BDLP?
(o] le]e]

Traces

2 _ _
/QA uv = a(u,v)+/r(Nuv Mud,v)ds J
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What is the BDLP?
(o] le]e]

Traces

2 _ _
/QA uv = a(u,v)+/r(Nuv Mud,v)ds J

Cauchy data: (vou,71u) := (u,opu,—Nu,Mu) onT
Traces:  (Y0.71): HS(Q) — HS~2(I) x HS3(I') x HS=2 () x H5~3(T)
Energy norm (s=2): X := H2(I') x Hz(I) = 1 H3(Q)

(10:71) : H*(A%;Q) — X x X'

First Green formula

a(U, V) = /QAZUV+ <’}/1 u, 70V>
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What is the BDLP?
(o] le]e]

Traces

2 _ _
/QA uv = a(u,v)+/r(Nuv Mud,v)ds

D—

Cauchy data: (vou,71u) := (u,opu,—Nu,Mu) onT
Traces:  (Y0.71): HS(Q) — HS~2(I) x HS3(I') x HS=2 () x H5~3(T)
Energy norm (s=2): X := H2(I') x Hz(I) = 1 H3(Q)

(10:71) : H*(A%;Q) — X x X'

First Green formula

a(U, V) = /QAZUV+ <’}/1 u, ’YOV>

v

Second Green formula

/Q(AQUV— uAPY) = (1, 1v) + (HU, 71 v)

Martin Costabel (Rennes) Biharmonic double layer Workshop Linz 2006

4/14



What is the BDLP?
[e]e] o]

Representation Formula, Single and Double Layer

. 1
Fundamental solution: G(x) = @MZ log|x| (= AG= ;—n(log Ix]+1))
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What is the BDLP?

[e]e] o]

Representation Formula, Single and Double Layer

. 1
Fundamental solution: G(x) = @MZ log|x| (= AG= ;—n(log Ix]+1))

Representation in Q~

ux) = [ A%u(y)Glx-y)dy
+ /r (=Nu(y)G(x — y) + Mu(y)dn(y) G(x — y)) ds(y)

= /r (Onu(y)M(y)G(x —y)—u(y)N(y)G(x—y))ds(y)
= SfX)+ L nu(x)—Zyu(x)
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Representation Formula, Single and Double Layer

. 1
Fundamental solution: G(x) = @MZ log|x| (= AG= ;—n(log Ix]+1))

Representation in Q~

ux) = [ A%u(y)Glx-y)dy
+ /r (=Nu(y)G(x — y) + Mu(y)dn(y) G(x — y)) ds(y)

= /r (Onu(y)M(y)G(x —y)—u(y)N(y)G(x—y))ds(y)
= Hf(X)+Lnu(x)— Zyu(x)

V.

Distributional definitions

Nf = Gxf
Jo = Gxpo
29 = Gxv%g

v
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What is the BDLP?
[e]e]e] ]

The double layer potential

7(%) 00 = [(-NK)Glx—y)go(y) + M) G(x - ¥)g1 (1)) ds(y) J
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The double layer potential
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Jump relations:  [p29]=9g;: [1129]=0 J
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N—

Jump relations:  [pZ29]=9;: [1nZ29]=0 J
One-sided traces: yg_@g:i‘%v—ng; ﬁ_@g:—Wg J
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What is the BDLP?
[e]e]e] ]

The double layer potential

7(£) 00 = [[(-NWIGx—1)go(y) + M(¥)Gx—Y)g1 (1)) d5(y)

N—

Jump relations: [ Z9g]l=g; [1n2g]=0 J
One-sided traces: yg_@g:i‘%v—ng; ﬁ_@g:7Wg J

_ y)GX y) M(y)G(x —y) o))
o= / ( )G(x—y) an(x)’V’(Y)G(Xfy)> <g1> (v)as(y)

Integral equation for the interior Dirichlet problem

A1-K)g=f

Orders: (+1 ‘01> : Not a classical Fredholm second kind integral equation!
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What is the BDLP?
L]

Lipschitz boundaries: Spaces, traces and potentials

Dirichlet trace:
X =H(Q)/H5(Q) = HA(QT)/HS () = HP(R?)/HS (R?\T)
Y : H3(Q) — X: Canonical projection
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Definition

Single layer potential: .”¢ = G+ y;¢ Double layer potential : g = G+ y;g

With these definitions, many things work and look the same as for the
Laplace operator or other second order operators:
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What is the BDLP?

Lipschitz boundaries: Spaces, traces and potentials
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With these definitions, many things work and look the same as for the
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Jump relations

0-79]1=0; [ns0l=-¢; [MZ291=9:[nZ]=0
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What is the BDLP?

Lipschitz boundaries: Spaces, traces and potentials

Dirichlet trace:
X =H(Q)/H5(Q) = HA(QT)/HS () = HP(R?)/HS (R?\T)
Y : H3(Q) — X: Canonical projection

Neumann trace: 71 =¥ : H*(A%Q) — X' € H-2(R?)
defined by the first Green formula: (yyu, V) := [q A%uv —a(u,v)

Definition

Single layer potential: .”¢ = G+ y;¢ Double layer potential : g = G+ y;g

With these definitions, many things work and look the same as for the
Laplace operator or other second order operators:

Definition of boundary integral operators

Vo = {9} , Ko={ns¢} onX
Kg w29t , Wg=-{n2g} onX
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What is the BDLP?
L]

Lipschitz boundaries: Spaces, traces and potentials

Dirichlet trace:
X =H(Q)/H5(Q) = HA(QT)/HS () = HP(R?)/HS (R?\T)
Y : H3(Q) — X: Canonical projection

Neumann trace: 71 =¥ : H*(A%Q) — X' € H-2(R?)
defined by the first Green formula: (yyu, V) := [q A%uv —a(u,v)

Definition

Single layer potential: .”¢ = G+ y;¢ Double layer potential : g = G+ y;g

With these definitions, many things work and look the same as for the
Laplace operator or other second order operators:

K =K* KV=VK' , K'W=WK, VW = %I—K?..
Calderoén projector, Poincaré-Steklov operator, Boundary integral equations...
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Properties of the BDLP
o0

Removal of zero-energy fields in Q~
Xo={9€eX |VpePi:(g.0p) =0} Xo=X/nP1; X5=(X)

The Neumann problem u € H?(Q) : A2u=0,u=g
is solvable < g € Xj
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| \

Finiteness of energy in Q*
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Properties of the BDLP
o0

Removal of zero-energy fields in Q~

Xo={9€ X |VpePy:(g,0P) =0}; Xo=X/nP1; Xy=(X)

The Neumann problem u € H?(Q) : A2u=0,u=g
is solvable < g € Xj

Finiteness of energy in Q*

Foru=.7¢,0c X': a"(u,u) <o ¢ c Xyand a*(u,u)=0=¢=0
Foru=2%g,9€ X: a"(u,u) <~ and a"(u,u) =0< g € pP

Lemma

The total energy a (u,u) + a*(u, u) defines positive quadratic forms
on X, via single layer potentials u = .7 ¢
on Xgy via double layer potentials u = 2g

v
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Properties of the BDLP
(] J

The Poincaré Fundamental Lemma

There exists u = u(I') > 1 such that
ifu=¢,0 € X,,oru=2g,gec X then

ra (uu) <at(uu) <pa (uu)

Proof: Continuity of traces in one direction and estimates for the variational
solution of the Dirichlet and Neumann problems in the other direction allow to
compare both quadratic forms to the natural norms on the trace spaces X’
and X.
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Properties of the BDLP
(] J

The Poincaré Fundamental Lemma

Lemma

There exists u = u(I') > 1 such that
ifu=.7¢,0 e X),oru=2g,qgec X then

ra (uu) <at(uu) <pa (uu)

v

Corollary

On the Hilbert space Xq with the norm of the total energy
912 = a(u,u) = a (u,u)+a(u,u); (u=29)

the operators AT and A~ defined by the bilinear forms at and a- are
positive definite, selfadjoint bounded operators satisfying At + A~ =1L
The 3 operators AT, A~ and A+ — A~ are contractions:

= = —1
IA < e 1A la< g : AT —Afa< it
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Properties of the BDLP
(] J

The Poincaré Fundamental Lemma

There exists u = u(I') > 1 such that
ifu=.7¢,0 X, oru=2g,gec X then

ra (uu) <at(u,u) <pa (uu)

Proof of the Corollary:

a(u,u)y < (u+1a (u,u)
a(u,u) < (14+wa(u,u)
a'(uu) = a(uu)-a (uu)< fa(uu)
a(uu) = a(uu)-a(uu)< fya(uu)
lat(u,u)—a (u,u)] < ﬁ;la(u, u)
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Properties of the BDLP
@000

The biharmonic double layer potential operator

From the jump relations, one has the expressions for the total and
partial energies

Vu=92g.9€Xo:  a(uu)=(Wg (31TK)g); a(u,u)=(Wg,g)

Hence we can identify
lgl2= (Wg,g): A'=1ItK; At -A =2K

Martin Costabel (Rennes) Biharmonic double layer Workshop Linz 2006 10/ 14



Properties of the BDLP
00e000

The biharmonic double layer potential operator

Theorem

The operators %IiK are positive definite selfadjoint operators on Xy
with the energy norm.

The operators %IiK and 2K are contractions.

The Dirichlet problem in Q: A°u=0,yu = f € X can be solved by a
double layer potential u = 2 g, where g is given by the convergent
Neumann series

g=GF1-K) =Y 31+ K)'f
(=0
On the quotient space Xy, the following Neumann series is also
convergent:

oo

g=(31-2K))"f=2Y (2K)‘f
(=0
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Properties of the BDLP
o] lele)]

The contraction constant (Poincaré estimate)

For the norm || (I - 2K|| we have seen

;
I3-Kllw = ;;)2<WQQ(V§;Q>K)Q>
a (u,u)
u,u)+a(u,u)
at(u,u)
(u,u)+a(

= sup{ ar( | uis a double layer potential }

= 1-—inf{ pes ) | uis a double layer potential }
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o] lele)]

The contraction constant (Poincaré estimate)

For the norm || (I - 2K|| we have seen

]
I3-Kllw = ;;)2<WQQ(V§;Q>K)Q>
a (u,u)
u,u)+a(u,u)
at(u,u)
(u,u)+a(u,u)

= sup{ ar( | uis a double layer potential }

= 1-—inf{ pes | uis a double layer potential }

In a similar way, we get, by representing single layer potentials by their
Dirichlet data

V-1g,(31+K)g)
M+K||ly+ = su < 112
I2 v ge)e (V-1g,9)

= sup{ a+(u,au)(JLrl7:*)(u, m | uis a single layer potential }
. at(u,u) . . .
= 1-inf{ | uis a single layer potential }

at(u,u)+a (u,u)
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Properties of the BDLP
[e]o] le]

The contraction constant (Steinbach-Wendland estimate)

Recall: The Poincaré-Steklov operatorin Q=: S:yu— yu(Lu=0)
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Properties of the BDLP
[e]o] le]

The contraction constant (Steinbach-Wendland estimate)

Recall: The Poincaré-Steklov operatorin Q=: S:yu— yu(Lu=0)

S = (%/Jr K’)V_1 ( S.L: u:y(p;yu:V(p;%u:(%IJrK’)(p)
W(%/, K)_1 ( D.L.: u=9v; yu:(f%l+K)v; ru=—Wv)
= W+S(EI+K) (SU-(}+K)=w)
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Properties of the BDLP
[e]o] le]

The contraction constant (Steinbach-Wendland estimate)

Recall: The Poincaré-Steklov operatorin Q=: S:yu— yu(Lu=0)

S = (FI+K)VT (SL:iu=7e;u=Ve:nu=(}1+K"p)
W(EI—K)™" (DL u=2v;yu=(-}1+K)v: yu=—Wr)
= W+S(EI+K) (SU-(}+K)=w)
- W+(%/+K’)V*1(%I+K) symmetric form
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Properties of the BDLP
oooe

The contraction constant (Steinbach-Wendland estimate)

@ lfabecRand b > b?+aanda>0,then
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Properties of the BDLP
oooe

The contraction constant (Steinbach-Wendland estimate)

@ lfabecRand b > b?+aanda>0,then

1 /1 1, /1
s—\z—as<b<z+yz—a<1

@ If A B are bounded selfadjoint operators and B = 5° + Aand A> al > 0,
then

1Bl < 3+y/1—a<1
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Properties of the BDLP
oooe

The contraction constant (Steinbach-Wendland estimate)

@ lfabecRand b > b?+aanda>0,then

1 /1 1, /1
s—\z—as<b<z+yz—a<1

@ If A B are bounded selfadjoint operators and B = 5° + Aand A> al > 0,
then
1Bl < 3+y/1—a<1

@ Let B= 11+ K in X,,1. The symmetric representation of S
VIIJI4+K) = S = QI+ KWV T ST+ K) + W

shows that B= B? + A, A> ¢/ > 0 with

oy il D)
07 vexo (v, V1)

Hence [|B[,-1 < 5+1/2—¢co < 1
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