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Abstract

We study integral operators related to a regularized version of the classical Poincaré path
integral and the adjoint class generalizing Bogovskii’s integral operator, acting on differential
forms in R™. We prove that these operators are pseudodifferential operators of order —1. The
Poincaré-type operators map polynomials to polynomials and can have applications in finite
element analysis.

For a domain starlike with respect to a ball, the special support properties of the operators
imply regularity for the de Rham complex without boundary conditions (using Poincaré-type
operators) and with full Dirichlet boundary conditions (using Bogovskii-type operators). For
bounded Lipschitz domains, the same regularity results hold, and in addition we show that the
cohomology spaces can always be represented by ©°° functions.

2000 Mathematics Subject Classification. Primary 35B65, 35C15; Secondary 58J10, 47G30
Key words and phrases. Exterior derivative, differential forms, Lipschitz domain, Sobolev
spaces, pseudodifferential operator

1 Introduction

In [3], Bogovskil introduced an integral operator 7" with two remarkable properties:

-If f is a function satisfying [ f(x)dz = 0, then u = T'f solves the partial differential equation
divu = f, and

- If the bounded domain {2 C R" is starlike with respect to an open ball B, then 1" maps the
Sobolev space W™~ "?(£2) boundedly to W™ ()" for all n > 0 and 1 < p < oc.

This implies for a large class of domains (2, including all bounded Lipschitz domains, the
solvability in W™ ()" of the equation div u = f for f € W~ "?(§) satisfying the integrability
condition | fdz = 0. This means that there is no loss of regularity, and the support is preserved.

This operator is now a classical tool in the theory of the equations of hydrodynamics [5]. It
was recently noticed that its range of continuity can be extended to Sobolev spaces of negative
order of regularity [6], and the study of more refined mapping properties has been instrumental in
obtaining sharp regularity estimates for powers of the Stokes operator [12].

Bogovskii’s integral operator 7' makes use of a smoothing function

06, (R"), suppb C B, /Q(x)d;czl (1.1)

when €2 is starlike with respect to an open ball B, and is defined by
Tf(x)—/f(y)x_yn/ 9(y+r$_y)r”*1drdy. (1.2)

Q |$ - y| |z—y| |1,‘ - y|
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Applying the change of variables (y,7) — (a,t) = (v + =1 - |z;y‘
formally adjoint integral operator T/ is given by a smoothed-out path integral which defines the
potential v = T'"u of a conservative vector field u, thus giving a solution of the equation grad v =

u:

), one sees that the

1
T u(x) = —/G(Q)Jau(aﬁ) da , Jyu(z)=(x—a)- /0 u(a+t(x —a))dt. (1.3)

The standard proof of Poincaré’s lemma in differential geometry via “Cartan’s magic formula” [15,
Theorem 13.2] uses a generalization of the path integral .J, in (1.3) to construct a right inverse of
the exterior derivative operator for closed differential forms. A typical example in R? is the path
integral

1
Rou(z) = —(x —a) x /0 u(a+t(z —a)) tdt (1.4)

which provides a solution of the equation curl v = u for a divergence-free vector field u. Under
the name “Poincaré map”, this integral operator has recently been used in the analysis of finite
element methods for Maxwell’s equations [7, 4]. Three properties of the operator R, are important
for this application:

- R, maps polynomial vector fields to polynomial vector fields

- If Q is starlike with respect to a, then the restriction of R,u to €2 depends only on the restriction
of u to

- R, maps L%(92)3 boundedly to itself.

One of the results of the present paper is that the regularized version R of R, given by

Ru(x) = /Q(a)Rau(a:) da ,

while still preserving polynomials and the local domain of influence, defines a bounded operator
from WP(Q) to WsTLP(Q) forall s € Rand 1 < p < oo, if 2 is starlike with respect to the
ball B. Such an operator was used in Section 4 of [2] to obtain an inverse to the exterior derivative
operator in L? spaces.

In [11], Mitrea studied the generalization of both the Bogovskii-type and the regularized
Poincaré-type integral operators acting on differential forms with coefficients in Besov or Triebel-
Lizorkin spaces. In [10], Mitrea, Mitrea and Monniaux extended this analysis to show that these
operators are regularizing of order one on a large class of such function spaces and to obtain sharp
regularity estimates for the “natural” boundary value problems of the exterior derivative operator
on Lipschitz domains. There the non-smoothness of the boundary of the domain implies that the
solutions of these boundary value problems are singular, and therefore the solution operator is
bounded for certain intervals of the regularity index s depending on the exponent p, whereas for
certain critical indices the boundary value problem does not define an operator with closed range.

In this paper, we prove that the Bogovskii-type and the regularized Poincaré-type integral
operators are classical pseudodifferential operators of order —1 with symbols in the Héormander
class Sy é (R™). As is well known [17, Chapter 6], this implies immediately that the operators
act as bounded operators in a wide range of function spaces including Holder, Hardy or Sobolev
spaces, or more generally the Besov spaces By, for 0 < p,q < oo, and the Triebel-Lizorkin
spaces FJ, for 0 < p < 00,0 < ¢ < oco. In each case, the operators map differential forms with
coefficients of regularity s boundedly to differential forms of regularity s + 1 and, if €2 is bounded
and starlike with respect to a ball, the Bogovskii-type operators act between spaces of distributions



with compact support in €2, and the Poincaré-type operators act between spaces of restrictions to
Q.

As a consequence, we obtain regularity results for the exterior derivative operator on bounded
Lipschitz domains, either in spaces with compact support, or in spaces without boundary condi-
tions, and these regularity results hold without restriction on the regularity index s. In particular,
we show that the cohomology spaces of the de Rham complex on a bounded Lipschitz domain,
either with compact support, or without boundary conditions, can be represented independently of
the regularity index s by finite dimensional spaces of differential forms with € coefficients.

Thus, by the end of the paper, we will have employed the Bogovskii-type and the regularized
Poincaré-type integral operators to construct finite dimensional spaces .77(Q) C €>°(Q, A) and
Ha,(R") C €7 (R, A%), each independent of the degree of regularity s, such that all of the
following direct sum decompositions hold true. To do this we use finitely many coverings of (2,
each by finitely many starlike domains. (A similar procedure would work for a Lipschitz domain
in a compact Riemannian manifold.) See the next section for definitions.

Theorem 1.1 Let Q) be a bounded Lipschitz domain in R", and let 0 < { < n. Then for the spaces
without boundary conditons,

ker(d L E=(Q, AL — T=(Q, A”1)> —de> (@AY @ A4Q)
ker(d CHS(Q,AY) — HS‘I(Q,A”I)) = dH QAN & A4Q)
where the H® (—oo < s < 00) denote Sobolev spaces, and, more generally,
ker(d: B, (2, A%) — B (@A) = d By (2,071 © A(Q)
ker (d: By (2,A%) — Fi (@A) = d B @A) @ #4(@)
where the By, (—oo < s < 00, 0 < p,q < 00) denote Besov spaces, and the

Flfq (—oo < s <00, 0<p<oo 0<qg< oo)denote Triebel-Lizorkin spaces.
For the spaces with compact support, and the same values of s, p and q, we have

ker(d 2 (R", AY) — G2 (R Af“)) = dEX(RY AT @ Ay (R,

ker(d HE(R™, A') — HE (R A”1)> = dHE (R, AY) @ o, (RY)

(R™
Y
ker(d B3, (R, A) — BULER" A“l)) = dBULRATY) @ A, (R,
1
o(R"

ker(d L (R AY) = Fo A”l)) = PSR AT @ ,(RY)

We remark without further discussion that this result has applications for the local Hardy

spaces hy(Q, AY) = F5(9, AY) and h1(Q, AY) = F) S(R™, A").

2 Notation and definitions

For a bounded domain €2 in R”, we consider four spaces of infinitely differentiable functions.
Besides ¢°°(€2), the space of all infinitely differentiable functions in €2, and €;°(£2), the functions
with compact support in {2, we also use the space of restrictions to {2

€*(Q) ={uecE>® Q)| IuecE°R"): u=1ion}



and the space of functions with support in

X (R") = {u € €°(R") | suppu C Q} .
Thus €°°(Q) is a quotient space of €*°(R™) (or 6§°(R")) modulo functions vanishing on €,
and 65°(R™) is a subspace of ">°(R™) (or 65 (R™)). Likewise, for functions or distributions of
regularity s € R, we consider spaces of restrictions to {2 and spaces with compact support in 2.

By the term bounded Lipschitz domain €2 in R™ we mean a connected bounded open set which
is strongly Lipschitz in the sense that in the neighborhood of each point of Q = Q U 09 it
is congruent to the domain below the graph of a scalar Lipschitz continuous function of n — 1
variables.

A domain € is starlike with respect to a set B if for every x € 2 the convex hull of {z} U B is
contained in 2. From the definitions, it is not hard to see that a bounded domain which is starlike
with respect to an open ball is Lipschitz, and that conversely, every bounded Lipschitz domain is
the union of a finite number of domains, each of which is starlike with respect to an open ball.
For the latter, one can choose, for example, domains congruent to the domain below the graph of
a Lipschitz continuous function of Lipschitz constant L, bounded below by H > 0, defined on a
ball of radius R in R"~!. Such a domain will be starlike with respect to an open ball centered at
the origin as soon as RL < H.

To keep the notation simple, we use the Sobolev space H* = W*?2 as representative for a
space of regularity s. But, as already mentioned, many of the following arguments remain valid if
the L?-based Sobolev space H* is replaced by the Sobolev-Slobodeckii space WP or the Bessel
potential space Hy (1 < p < o0) or, more generally, by any of B;, (0 < p,qg < o0) or £},
D<p<oo,0<qg< o).

We let H*(2) denote the quotient space of H*(IR™) by the subspace of distributions vanishing

in €2, while we let H%(R") denote the subspace of H*(IR™) consisting of all distributions with
support in Q. Thus H*(£), for which also equivalent intrinsic definitions exist, can be considered
as a space of distributions on €2, whereas H%(R") is a space of distributions on R".

Let us mention some well-known properties of these spaces that hold if €2 is a bounded Lip-
schitz domain. Proofs (for the spaces W*P, s € R, 1 < p < o0) can be found in [8, Chapter
1]: The intersection of all H%(Q), s € R, is ¥°°(2) and the union of all H*({2) is the space of
all distributions on (2 that allow an extension to a neighborhood of €. Likewise, the intersection

of all HE(R") is 5°(R™) and the union of all H5(R") is the space of all distributions on R"

with support in Q. It is also well known that HE(R™), for which also Triebel’s notation H5(Q) is
commonly used, can be identified with the space H(€2), the closure of 65°(£2) in H*(Q), if s is
positive and s — 3 is not an integer. For any s € R, HZ(R™) is the closure of ¢7°(2) in H*(R").
In our Hilbert space setting, for all s € R the space H%(R”) is in a natural way isomorphic to the
dual space of H*(12).

For differential forms we use standard notation which is, for example, defined in [13, 15].
The exterior algebra of R" is A 0 < ¢ < n, where A? and A! are identified with R and R™,
respectively, and we set A* = {0}if ¢ < 0 or ¢ > n.

Differential forms of order £ with coefficients in H* are denoted by H*(2, A*) and HE(R™, AY).
With the exterior derivative d satisfying d o d = 0 we then have the de Rham complex without
boundary conditions

0— HY(Q,A% % g 1(Q,AY) & .. 4 gon(Q,A") — 0 2.1)



and the de Rham complex with compact support
0 — HR"A%) % HELRY AN L L HE(RTA™) — 0 2.2)

Besides these complexes we also consider the extended de Rham complexes without boundary
conditions

0— RS H(QA) S H QA S .o & H QA" — 0 (2.3)
and with compact support
s (mn d 5— n d d s—n/mn Any L
0 — HZ(R",A%) S HEHR™ AN S oo S HE(RYA") S R — 0 (2.4)

Here the mapping denoted by ¢ in (2.3) is the natural inclusion of constant functions, and ¢*
in (2.4) is the generalization to distributional coefficients with compact support of the integral
U — fu = fRn u for an n-form v with integrable coefficients.

The extended de Rham complexes (2.3) and (2.4) are exact at the left end because € is con-
nected, and their exactness at the right end is the subject of Bogovskii’s theorem mentioned in
the introduction. We will show in Section 4 below that for bounded domains starlike with respect
to a ball, both complexes (2.3) and (2.4) are exact for any s € R, and that for bounded Lip-
schitz domains both complexes (2.1) and (2.2) have finite dimensional cohomology spaces whose
dimension does not depend on s.

We will make use of the following standard algebraic operations in the exterior algebra which
then also extend as pointwise operations to differential forms on domains of R":

the exterior product: At AP AT 5 AT
the interior product or contraction: gt AP A™ s A
the euclidean inner product: (a,b) : A'xA* =R

the Hodge star operator: x AL At

We now give a list of well-known properties of these operations which will be sufficient for
verifying the arguments used in our proofs below.

In particular we need the exterior product and the contraction with a vector a € R", identified
with a 1-form. Fora = (a1,...,a,) and w = dzj, A...andz;, with j; < --- < jp, the contraction

is given by
1

asu= Z(—l)kilajkdle Ao ndzg Ao A dTy,
k=1
where the notation dx;, means that the corresponding factor is to be omitted. In the special case
of R3, this corresponds to the following classical operations of vector algebra:

u scalar, interpreted as O-form: anU=ua asu=20

u scalar, interpreted as 3-form: arnu=0 aJu=ua

u vector, interpreted as 1-form: GAU=0a XU aJu=a-u

u vector, interpreted as 2-form: aAU=0a"U a1u=—axu

Some useful formulas for u, v € A, w € A“1, q € Al are:

*oxu = (—1) =0y (2.5)
*anru) = (=1 a . (xu) (2.6)
(u,v) = *(u A *v) = (xu, *v) (2.7)

(w,a nuy = (u,a sw) (2.3)



We note the product rule of the exterior derivative for an /-form « and an m-form v
d(unv) = (du) Av+ (=1)u A (dv).
Finally, with the L? scalar product for /-forms u and v,
() = [ (o). v(a) da
and the co-derivative 4, there holds

(6w, 0) = (u,dv) |
*x6 = (—1)*dx and xd = (~1)*"'5% on/-forms .

3 The Bogovskii and Poincaré integral operators

(2.9

(2.10)
@2.11)

In this section, we fix a function 6 € €°(R™) with support in a ball B satisfying [0(z) dz = 1.

3.1 Definition, support properties

For ¢ € {0,...,n}, define the kernel G, by

Go(z,y) = /100(15 — )"y + t(x —y)) dt .

Definition 3.1 For a differential form u € €5°(R", AY), define two integral operators:

Reula) = [ Guvnlp0) (o =) suly)dy (1< 0 <n)
Ta) = [ Giloy) (0 —) suly)dy (1<)
We refer to Ry as Poincaré-type operators, and to Ty as Bogovskii-type operators.

In order to see that the integrals in Definition 3.1 exist, we rewrite the kernel Gy:

Gy(z,y) = /000 Tn_E(T + 1)6_10(33 +7(x — y)) dr
—

— Z “H /Oo Tk (p 4 r(x —y)) dr

0

_ -1 _ 1k—n > n—k—1 r—Yy
= (k_)]:r y| r 0(:L'+r )dr.
e 0 |z =y

=]

This representation as a finite sum of homogeneous functions gives a bound

Gz, y) (x —y)| < Clz) |z —y| ",

3.1

(3.2)

3.3)

34

(3.5)
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where C'(z) depends on ||f|| = and the size of the ball B, and is uniformly bounded for x in a
bounded set. Hence the integrals in Definition 3.1 are weakly singular and therefore convergent.

As one can readily see from the definitions, the two integral operators are related by duality:
If we introduce operators )y and S, by Hodge star duality, so that for 0 < ¢ < n — 1 and
u € EC5°(R™, AY)

*Quu=(—1)""TR,_;(*u) and xSpu= (—=1)""1T,_, (xu), (3.6)

then we have for v € €5°(R", A“+1)
(v, qu) = (TgHU, u) and (v, Sgu) = (RgHv, u) . 3.7)
Denoting the formal adjoint operator with respect to the L? duality by a prime, we have therefore
xRy = (—1)'T) o1 % (3.8)

In order to see other properties of the operators, we apply a different change of variables. Let us
write this in detail for the operator R,. We use the change of variables a = = + t(y — ) and then
replace (t — 1)/t by t.

Rou(x // 1)1 e@(:c—i—t(y z)) (z —y) su(y) dtdy
// D19 ) (z —a) su(z + (a—x)/t) dtda
:/H(a) (;p—a)J/Ol te_lu(a—l—t(:):—a)) dtda . 3.9

From this form of Ry, one sees immediately that it maps differential forms with polynomial coeffi-

cients to differential forms with polynomial coefficients and also € (R™, A?) to > (R™, A*~1),

and that Ryu(z) depends only on the values of u in the convex hull of BU {x}, that is, the starlike

hull of {x} with respect to the ball B. This implies in particular that if {2 is open and starlike with

respect to B, then Ry maps € (2, A?) to (2, A*~1) and also € (Q, A?) to €>(Q, A*1).
Rewriting Ty in the same way, we get

Tou(x /9 (x —a) / A u(a +t(x — a)) dtda . (3.10)
1

From this form of 7}, because of the unbounded interval of integration in ¢, one cannot immedi-

ately conclude that 7, maps € functions to ¢ functions. But if u € €°(R", A*), one sees

that Tyu is € on R™ \ supp 6, and that Tyu(z) = 0 unless x lies in the starlike hull of supp u

with respect to B. Thus if €2 is open and starlike with respect to B, then u € 65°(£2, AY) implies

supp Tyu C €2, and, if € is bounded, then u € CK > (R™, AY) implies supp Tyu C Q. The fact that

T, indeed maps 65°(R", A%) to 65°(R", A*~1) Wlll be a consequence of Theorem 3.2 below.

3.2 Homotopy relations

Cartan’s formula for the Lie derivative of a differential form with respect to a vector field can be
written as

d
tht u=F(d(X; su) + Xy odu) |
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where F}* denotes the pull-back by the flow F; associated with the vector field X;. Here we
consider the special case of the dilation flow with center a

Fi(z) =a+t(x —a) withvector field Xy =z —a,
which gives a pull-back of
Fru(z) = t'u(a+ t(x —a)) for an (-form u .
This leads to the formula

d
ﬁ(teu(a+t(:n —a)) = d(tg_l(:zj —a)u(a+t(z— a))) +t(z—a) sdu(a+t(z—a)) (3.11)
which can also be verified elementarily from the formulas we gave in Section 2.

Integrating (3.11) from 0 to 1 and comparing with (3.9), we find the homotopy relations, valid
for all u € €§°(R™, AY)

dRyu + Ryy1du =u (I1<t<n-1);
Ridu=u— (0,u) (£=0); (3.12)
dRyu =u (L=n).

One could be tempted to integrate Cartan’s formula from 1 to co and compare with (3.10), thus
formally obtaining a similar homotopy relation for 7} directly. The result is indeed true except for
¢ = n, but for a rigorous proof we prefer to use the duality relation (3.8) to deduce corresponding
anticommutation relations for 7 from the relations (3.12) which are already proved. Here is what
one obtains for u € €5°(R™, A%):
dTyu + Tyy1du = u (1<f<n-1);

Tidu=u (£=0); (3.13)

dhhau=u— (fu)x0 (L=n).
Here we consider 6 as an element of 65°(R™, AY), so that for another 0-form u we have the L?
scalar product (6,u) = [ 6(a)u(a)da, and %0 is the n-form (z)dx1 A ... A day,.

The formulas for the endpoints ¢ = 0 and ¢ = n correspond to the two extended de Rham

complexes without boundary conditions and with compact support, see (2.3) and (2.4). To see

this, let us extend the definition of the exterior derivative by writing d for all the mappings of the
complex

0 R L EOQAY) L e>@A) L. L e=@,A") -0
and d for all the mappings of the complex
0 — R A% L g2®R,AY) L L gRRL A SR -0

where ¢ is the inclusion mapping for constant functions and t* = (x¢)’ denotes the integral u — [u
for n-forms.
If we correspondingly extend the definitions of R, and 7} by

Rou := (H,U) for O-forms u, Ry,41:=0,
Thy1u = *(ub) foru € R, Ty =0,

then we can write the relations (3.12) and (3.13) simply as

dRu+ Ry idu=v and dTyu-+ Ty du=u forall 0</<n. (3.14)
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3.3 Continuity

The most important result about analytic properties of our integral operators is the following.

Theorem 3.2 The operators Ry and T defined in Definition 3.1 are pseudodifferential operators
on R™ of order —1 with symbols in the Hormander symbol class Si é(R”).

Proof: For basic facts about pseudodifferential operators, see for example [14, 16, 18]. We are
using here the local symbol class S 5 (R™) that consists of functions a € > (R" x R") satisifying
for any compact set M C R™ and any multi-indices «, € N[}, estimates of the form

070 a(z, )] < Cap(M) (14 €)1 W(a,6) € M xR" . (3.15)

The proof will show that the constants Cz are polynomially bounded in z € R", but this is not
important here, since we are only interested in the local behavior.

We give the proof for the operator T;. For I, the result then follows from (3.8) by applying the
Hodge star operator which is a purely algebraic operation on basis vectors in the exterior algebra
and does not change coefficients of differential forms, and by taking L? adjoints, which according
to the calculus of pseudodifferential operators does not lead out of this class.

Thus we consider the integral operator defined by

Tyu(z) = / Gel,y) (& — ) 2 uly) dy

with the kernel G given in (3.1). Writing the differential forms in components, we see that for
J, ¢ €{1,...,n} we need to study the following operator K acting on scalar functions u:

Kulz) = [ hlzz —y)uly)dy
with k(z, 2) = 2 /OOO s" s+ 1) 10(x + s2)ds forz,z € R™. (3.16)
We write k(z, z) = ko(x, z) + ki (z, 2) with
ko(z,2z) = z; /01 s+ 1) 10(x + s2) ds,
ki(z,z) = z; /100 s" s+ 1) 10(x + s52) ds.
It is clear that kg € €°°(R?"), and therefore only k; needs to be analyzed. If supp 6 C B.(0),

then
ki(z,z) =0 for|z| > |z| +e,

and we have already seen in (3.5) that z — k1 (x, z) is weakly singular. It is therefore integrable
over R", so we can write its Fourier transform as the convergent integral

&) = [ (o, 2)ds

= / s (s + 1)z1/e"<5’z>zj9(x + sz)dzds,
1
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and we can represent the operator K as

Kulz) = [ ooz =) uly)dy+ 2o [ 6, ale) de

n

The proof will be complete once we show that the symbol k1 of the operator K satisfies the
estimates (3.15), namely for any multi-indices o, 8 € Njj and z,§{ € R™:

070k (2, €)] < Cagla) (1 + [€]) 7117 (3.17)

where C5(x) is bounded for 2 in any compact set.

With the change of variables (¢,y) = (1/s,x + sz) we can write
1
ky(z, &) = / (t+ 1) et /eit(ay) (y; —x)0(y) dy dt
0
1 . A ~
- / (t + 1) Leit) <i(8j9)(t§) - xje(tg)) dt. (3.18)
0

Here 6 is the Fourier transform of 6 € 65°(R™), thus a rapidly decreasing > function. The
representation (3.18) shows that

k1 e €°(R®™) and |ki(2,€)| < Co(1 + |z|) (3.19)

where Cy depends only on 6. Writing 7 = ¢|¢| and w = £/|¢|, we find

) € | A )
by (2,6) = || /O (1+ é)“emw> (i@8)(rw) ~ j(r)) dr (3:20)

and hence
|1 (x,8)| < \€|12“/0 (10;0) (rw)| + |a;0(rw)|) dr < (1 + |z]) Cy €] .

Thus we have shown (3.17) for |o| = |3| = 0.
Similarly, by taking derivatives in (3.18), we can write for any multi-indices «, (3:

1
000k (2, €) = / (t+ 1) 1 Emilh (paﬂ(:c, e, 6)9) (t€) dt (3.21)
0

where p(x, &, 0) is a partial differential operator of order |3| 4+ 1 with polynomial coefficients
of degree < |3| 4+ 1 in x and < || in £&. We obtain an immediate estimate

1090 k1 (,€)| < Caplx) (1+ € (3.22)

and after the change of variables 7 = ¢|£| with w = £/|¢]:

X | . R
agafkl(x,g): / (1+g—')f‘lewwﬂ‘(pag(a:,m,a)e)(m)df\g|—1—|ﬁ|. (3.23)
0

This gives a second estimate

10002k (2,€)] < Capla) |17 (3.24)
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In (3.22) and (3.24), C,p(x) is bounded for x in any compact set. (One can see that Cpg(x) <
Capo - (1+ ]a:|)1+|ﬂ‘ where C,z ¢ depends only on «, 3 and 0.)
This shows (3.17) and completes the proof. (I
An immediate consequence of the theorem is that the two integral operators map differential
forms with 6 coefficients to differential forms with ¢*>° coefficients. Taking into account the
support properties deduced above from the representations (3.9) and (3.10), we get the following
statements, where we use the standard topologies for the function spaces. These statements follow
also from the results in [10, Theorem 4.1].

Corollary 3.3 The integral operators defined in Definition 3.1 define continuous mappings
Ry : € (R",AY) — €(R", A1), Ty : €°(R™, AY) — G50 (R, AY).

If Q@ C R"” is a bounded domain starlike with respect to a ball B containing supp 0, then the
operators define continuous mappings

Ry : €°(Q,AY) — €°(Q, A1), Ry : €°(Q,AY) — €°(Q, A1),
Ty : 60 (L A") — €5°(Q, A7), Tp: 6 (R", AY) — €°(R", A7)

Either by duality or by extension using standard continuity properties of pseudodifferential
operators, the two operators can be defined on differential forms with distributional coefficients,
in the case of the Poincaré-type operators R, for arbitrary distributions from 2’(R", A) and in
the case of the Bogovskii-type operators 7} for distributions with compact support in R"™.

For finite regularity, the standard continuity properties of pseudodifferential operators together
with the support properties immediately imply results of the following type.

Corollary 3.4 Let ) C R" be a bounded domain starlike with respect to a ball B containing
supp 0. Then the two integral operators define bounded operators for any s € R:

Ry : H*(Q,AY — H5L(Q, A1), Ty : H5(R", AY) — HEH(R?, AT

Remark 3.5 Corollary 3.4 remains valid when H? is replaced by B, (0 < p < 00,0 < ¢ < 00),
or by Fi5, (0 < p < 00,0 < g < 00). The spaces ng(Q,Aﬁ) and F]fq(Q,Ae) are defined as
quotient spaces, and the spaces B;qﬁ(R”,Az) and F;’qﬁ(R”,Az) are defined as subspaces, in
an analogous way to the spaces H*(£2, A*) and H%(R”, A%). They include the special cases of
Sobolev spaces WP = F?,, and local Hardy spaces b} (€2, A®) = F,(Q,A%) and h1(Q,Al) =

p,2°

0 n AL
F1,2§<R , A"). See Chapter 6 of [16]. A

In all these cases, the commutation relations (3.12)—(3.14) remain valid. What this implies for
the regularity of the de Rham complex and its cohomology is the subject of the next section.

4 Regularity of the de Rham complex

4.1 Starlike domains

The homotopy relations (3.14) together with the mapping properties from Corollary 3.4 imply the
existence of regular solutions of the equation du = 0, as we now state. There are similar results in
the ¥>° spaces which follow from Corollary 3.3.
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Proposition 4.1 Let 2 C R™ be a bounded domain, starlike with respect to a ball B.
(i) Forany s € Rand ¢ € {1,...,n}, letu € H*(2, A*) satisfy du = 0 in .. Then there exists
v e HH(Q, A1) such that dv = u, and there is a constant C' independent of u such that

[l s+ () < Cllull s ) -

For £ = n the condition du = 0 is always satisfied.

(ii) Forany s € Rand ¢ € {1,...,n}, letu € H%(R”,AK) satisfy du = 0 in R", and [u = 0
if ¢ = n. Then there exists v € H%Jrl(R", AV such that dv = wu, and there is a constant C
independent of u such that

[0l a1 @ny < Cllull s @n) -

Proof: With du = 0 (du = 0 in case (ii)), the relations (3.14) reduce to
u=dRu and u=dTu.

Therefore in case (i) we take v = Ryu and in case (ii) v = Tyu. The estimates are a consequence
of the boundedness of the operators Ry and T as given in Corollary 3.4. (I

In the case s = 0, there is a natural isomorphism (extension by zero outside {2) between the
spaces L2(£2, AY) and L%(]R”, AY). Thus for a differential form u € L?(Q, A?), both (i) and (ii) of
the Proposition can be applied, giving a solution v of dv = u with coefficients in H'(€2) for case
(i) and — apparently stronger —in Hg () for case (ii). It is important to notice, however, that the
condition du = 0 does not mean the same thing in both cases:

In case (i), it simply means du = 0 in the sense of distributions in the open set 2. In case (ii),
the condition is du = 0 in the sense of distributions on R"”, and this is stronger: It includes not
only du = 0 inside €2, but also a boundary condition v A u = 0 on 952 in a weak sense.

4.2 Differential forms with polynomial coefficients

As we have seen, the Poincaré-type operator R, preserves the class of differential forms with
polynomial coefficients. This class has recently attracted some attention in the field of finite ele-
ment methods. For quite a while already in relation with numerical methods for electromagnetism
[9], but more recently also in other applications including elasticity theory [1], finite dimensional
subcomplexes of the de Rham complex generated by polynomials have been studied.

For the following, we assume we have a piece of such a complex, namely for some ¢ €
{1,...,n} two spaces P(A“"!) and P(A?) of differential forms of order £ — 1 and £ with co-
efficients which are polynomials in zy,...,z,, which we require to satisfy the following two
conditions:

1. The space P(A’) is invariant with respect to dilations and translations, that is

Foranyt € R,a € R" : Ifu € P(A?), then (z — u(tz +a)) € P(AY) .

2. The interior product (“Koszul” multiplication) 1 : u — z 1 u maps P(A?) to P(A*1).

Then, as in Section 3, we fix a function § € €;°(R™) with support in a ball B satisfying
JO(x) dz = 1, and we define the Poincaré-type operator Ry as in Definition 3.1.
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Proposition 4.2 The operator Ry maps P(A) into P(A'™"), and for any bounded domain Q0 C
R™ that is starlike with respect to the ball B and for any s € R there is a constant C' such that for
all u € P(AY)

| Reul|grs+1(0) < Cllullgsq) -
In addition, we have for all u € P(A")

u = dRyu + Ryyidu .

Proof: That R, maps P(A’) into P(A*~!) is a consequence of the representation (3.9) and
conditions 1. and 2. The estimate follows from the continuity stated in Corollary 3.4. (Il

In [1], complexes of polynomial differential forms are studied that satisfy conditions 1. and 2.
above, and in fact a more restrictive condition than 1., namely invariance with respect to all affine
transformations. The latter condition is suitable for finite elements on simplicial meshes, but our
more general condition 1. covers also some cases of polynomials used in finite elements on tensor
product meshes. A well-known example in 3 dimensions is the complex studied for example in
[4], which uses spaces QP**P23 of polynomials of partial degree p; in the variable x;, j = 1,2, 3.
The complex is then for a given p € N

P(A%) 4 P(AY) & P(A2) 4 P(A®)
with

P(A%) = QPPP(A°)
P(Al) = {uldx1 + ugdze + ugdrs | up € prl,p,p’ U9 € Qp’pil’p, us € Qp,p,pfl} ,
P(AQ) = {U1d$2 A dxs + usdrs A dxy + usdry A dxg |

uy € Qﬂp—l,p—l7 ug € Qp—lapvp—l, us € Qp—l,p—lvp} ’

PAY) = @ tr (7).

It is clear that these spaces form a subcomplex of the de Rham complex, and that they satisfy
conditions 1. and 2. above.

4.3 Bounded Lipschitz domains

In this subsection we draw some conclusions from Theorem 3.2 that are valid for bounded Lip-
schitz domains. The main property of a bounded Lipschitz domain 2 that is relevant here is the
existence of a finite covering of Q by open sets U;, i = 1,...,m such that each U; N € is star-
like with respect to a ball B;, and a subordinate partition of unity (x;)i=1,..m. This means that
Xi € 6§°(R™), supp x; C U, and > | x;(x) = 1 for all x in a neighborhood of (2.

Foreach¢ = 1,..., m we can choose a smoothing function 6; supported in B; and satisfying
f 0;(x)dx = 1 and define the integral operators Ry, and T} ; accordingly. By Theorem 3.2, these
are all pseudodifferential operators of order —1 on R™. They all satisfy the homotopy relations
(3.14), but they do not have good support properties with respect to £2, only with respect to their
respective U; N €). We then define operators R, and T} according to

m m
Reu=3 xiReju and Tu = Tyi(xiu) foru € G5°(R",AY), 1<0<n. (@)
i=1 i=1
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These operators are still pseudodifferential operators of order —1 on R™, but they have better
support properties with respect to {2:

If u € 65°(R™, A*) vanishes in €2, then it vanishes in U; N €2, and since U; N (2 is starlike with
respect to B;, Ry ;u vanishes in U; N ) and therefore x;[?¢ ;u vanishes in all of 2. Hence R,u

vanishes in (). In other words, the restriction of Ryu to {2 depends only on the restriction of u to
Q.

For T} the argument is similar: If supp u C €2, then supp y;u C U; N €2, and therefore
supp Ty (x;u) C U; N Q C Q. Hence supp Tyu C Q.

As aresult, we immediately get the same mapping properties as in Corollaries 3.3 and 3.4.

Lemma 4.3 Let () C R" be a bounded Lipschitz domain and let the operators Ry and T} for
1 < ¢ < n be defined from a finite starlike open cover of Q as in (4.1). Then R, defines con-
tinuous mappings from € (2, A*) to €°°(Q, A1), from €= (2, AY) to €°>°(Q, A*™Y), and for
any s € R from H*(Q,AY) to H*TY(Q, A1), The operator T, defines continuous mappings
from €5°(Q, AY) to 65°(Q, A1), from 5 (R, AY) to 5 (R, A7V, and for any s € R from
HE(R", AY) to HSTH(R™, AT,

On the other hand, the simple anticommutation relations (3.14) are, of course, no longer valid
for these composite operators Ry and 7). Instead we have for 1 < /¢ <mn —1

(dR¢+ Repid)u=d Y xiRegu+ Y xiRer1idu
=1 =1

= Z Xi(dRe; + Rey1id)u + Z[CL Xi] Ry iu
i—1 i1

m
= inu — Kpu with Kyu = — Z[d, Xi)Reiu .
i=1

=1

On a neighborhood of 2, this reduces to  (dR; + Rey1d)u = u — Kou .

From the product rule d(x;u) = (dx;) A u + x;du we obtain the commutator [d, y;|u =
(dx:) A u, and hence the expression for Kj:

Ko = — Z(dXi) ARpu, 1<{<n. (4.2)
=1

This shows immediately that K, is a pseudodifferential operator of order —1 on R", and that it
has the same support properties as the operator 2.
To complete the family for the endpoints £ = 0 and ¢ = n, we notice that for a O-form u

m m
Rydu = Z Xil idu = Z Xi (U — (0;, U))
i=1 i=1
and for an n-form u

dR,u = din: XiRn,iu = i Xian,iu + i[d’ Xi]Rn,iu = i Xit + in: dxi A Rn,iu
=1 i=1 =1 =1 =1
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Therefore if we set H5(Q, A1) = H*(Q,A""1) = {0}, Rou = 0, Ko = Y"1 (05, u)x,
R, +1 = 0, we obtain the homotopy relation for the de Rham complex without boundary conditions
(2.1)

dRyu+ Rpy1du=u— Kpu forall 0 <l <n. 4.3)

Note that this relation is now valid only in a neighborhood of €2, not in all of R™. As a consequence
of (4.3) we get
dKou = du — dRy11du = Kypypidu  forall0 <4< n.

For the operator T we obtain similarly, when 1 < ¢ < n — 1,

m m
(dTy + Tord)u = (Z Xi)u — Lyu  with Lyu = Z Toy1,ild, xilu .
i=1 i=1

On a neighborhood of €2, this reduces to (d1y + Ty11d)u = u — Lyu with the pseudodifferential
operator L, of order —1 given by

Lew=y Toyri((dyi) nu), 0<f<n—1. @4

i=1

We complete this with H%(R",Afl) = H%(R”,A"H) = {0}, To =0, Ty41 = 0, and Lyu =
>(J xiu) * 0; and obtain the homotopy relation for the de Rham complex with compact support
(2.2)

dTou~+Tpr1du=u— Lyu forall 0 </ <n. 4.5)

This relation is valid in a neighborhood of €, but now if we apply it to a « with support in €, it
will be valid in all of R™. Again as before we obtain

dLyu = Lpiqdu forall0 < ¢ <n.

Remark 4.4 In this subsection on Lipschitz domains, we are using the extended de Rham com-
plexes (2.1) and (2.2), rather than the sequences (2.3) and (2.4) as we did for starlike domains. For
this reason, we now have Ry = 0,7y =0, R,+1 = 0and 75,41 = 0. A

Before drawing conclusions, we prove a stronger version of the relations (4.3) and (4.5), where
the perturbations of the identity K, and L, are not just of order —1, but in fact infinitely smoothing
in a neighborhood of 2.

Let o € R™. We shall say that the family of functions (x;)i=1,...m is flat at x¢ if each x; is
constant in a neighborhood of zo. We will also call an open covering (U;)i—1,..m of {2 by a slight
abuse of language starlike if each U; N €2 is starlike with respect to some open ball B;.

Lemma 4.5 Let 2 be a bounded Lipschitz domain. Then there exists a finite number of starlike
finite open coverings (Ui(]))izlw7m(j), j=1,...,k of Qand subordinate partitions of unity, such
that for any xo € R"™ at least one of the partitions of unity is flat at x.

Proof: In a first step we show that for a given z¢y € R" there exists a starlike finite open covering
(Ui)i=o0,....m of Q and a partition of unity subordinate to this covering which is flat at z.

Let first 2y € Q. Let U be a neighborhood of xg such that Uy N (2 is starlike with respect to a ball,
Vo another neighborhood of z such that Vo C Uy and xo € 6§°(R™) such that supp xo C U
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and xo = 1 on a neighborhood of Vj. We may assume that 2 \ V is still Lipschitz. Choose a
finite open covering (U;)i=1,...m of £ \ Vj such that each U; N Q is starlike with respect to a ball.
Let {x;|i=1,---,m} be a subordinate partition of unity which therefore satisfies

m

Z Xi(z) =1 for all z in a neighborhood of Q \ Vj .

i=1
Then defining for: =1,--- ;m:

Xi = (1= Xo)Xi

we have a starlike covering (U;)i—o,..m of  and a subordinate partition of unity (x;)i=o,..m
which is flat at x.
If now 2o € R™\ Q, then from any partition of unity subordinate to an open covering of {2 we get
another one which is flat at zo by multiplying with a cut-off function which is 1 on a neighborhood
of (2 and vanishes on a neighborhood of z.
In a second step we choose R > 0 such that @ C Br(0). To any zy € Br(0) there exists, as we
have proved in the first step, a neighborhood V' (x() and a starlike open covering (Ui(mo) )i of Q with
a subordinate partition of unity (ngo))i which is flat at any point of V' (z(). The open covering
(V(azo))x0 <Brl0) of the compact set Br(0) contains a finite subcovering associated with points
To = 21,...,7) € Bg(0). The corresponding family of open coverings (Ui(xj )) and partitions of
unity (Xl@j )) for j = 1,...,k will have the required properties for all points o € Bg(0). For
the remaining points o € R™ \ Br(0), one adds one of the previous partitions of unity, after
multiplying each of its functions by a ¥ cut-off function that is 1 in a neighborhood of €2 and
has its support in Bg(0). O

Theorem 4.6 Let ) C R"™ be a bounded Lipschitz domain. Then for £ = 0,1, ..., n, there exist
pseudodifferential operators Ry, Ty of order —1 and Ky, Ly of order —oco on R™ with the following
properties:

(1) The operators define continuous mappings

Ry : €2 (Q, AY) — €°(Q, A and T;: G (R",AY) — (R, ATH),
and for any s € R

Ry : H5(Q, A% — HTH(Q, A and Ty : HE(R",A*) — HEH(R" AT,
Ky H*(Q, A" — €>(Q, A and Ly : HE(R", AY) — (R, AY) .
(ii) On a neighborhood of Q, there holds for { = 0,1, . .. ,n and any {-form u on R"™ with compact

support
dRwu+ Rpy1du=u—Kpu and dTyu+Tpdu=u— Lyu. 4.6)

(iii) In particular, K is a finite-dimensional operator mapping H* (2, A®) continuously to € (Q, A?)
forany s € R, L, is a finite-dimensional operator mapping H%(]R", A™) continuously to ‘5500 (R™, A™)
for any s € R, and one has in a neighborhood of Q) :

Ridu=u—Kyu, Tidu=wu— Lou, whent =0,
dRywu=u—Kuu, dT,u=u— Lyu, whent=n.



4.3 BOUNDED LIPSCHITZ DOMAINS 17

Proof: We give the details of the proof for the Poincaré-type operators ;. For the Bogovskii-
type operators 1y, the proof is the same.

The crucial observation is that in the definitions (4.2) of the perturbation operator Ky and (4.4) of
Ly, the factors dy; are all zero in a neighborhood of any point x( in which the partition of unity
(Xi)i=1,...,m is flat. The images K,u and L,u are therefore € in the neighborhood of such a
point (in fact, Kyu is even zero there).

We choose now a finite number of starlike finite open coverings (Ui(j ))i:]_’”.7m(j) g =1,...,k,
of  and subordinate partitions of unity (XZ(-j ))izlmm(j), 7 = 1,...,k which exist according to
Lemma 4.5 in such a way that for any o € R" at least one of the partitions of unity is flat at xg.
Foreach j = 1,..., k, we construct the operators Ré] ) and K é] ) associated with the corresponding
partition of unity. They satisfy the equivalent of (4.3) on a neighborhood of €2, namely

(@RY + RV d)u=u— KD u,

KD = K9, du. @
We can then define
Ro=RY 4+ KO RP + KO KO RP + . 4 kI . kDR
K=K . k"
Using the relations (4.7), one can easily verify that on a neighborhood of 2 we have
(ng+Rg+1d)u:u—Kgu and dKyu = Ky idu . 4.8)

In addition, we find that the operator K, is not only a pseudodifferential operator of order —k
as a product of pseudodifferential operators of order —1, but actually of order —oo, that is, an
integral operator with "> kernel, continuously mapping 2’ (R") to ¢°°(R™). The reason for this

is that for any 2o € R", at least one of the partitions of unity (Xz('] ))i:1 ) y 1s flat at g, and that

.,mU
therefore the corresponding factor K lf” ) maps to functions which are °° in a neighborhood of z(.
The other factors in the definition of K, are pseudodifferential operators, hence pseudo-local, and
therefore the product K, maps to functions that are 4> in a neighborhood of z, too. U

The relations (4.6) imply regularity results for the d operator. These can be expressed as
existence of solutions of maximal regularity if the solvability conditions are satisfied. We consider
this first for the inhomogeneous equation dv = v and then for the homogeneous equation du = 0.
Finally we obtain a regularity result for the cohomology spaces of the two de Rham complexes
(2.1) and (2.2).

Corollary 4.7 Let §2 be a bounded Lipschitz domain in R".
For1 </{ <mnandanys,t € R we have:
(@) If u € H(Q,AY) satisfies u = dv for some v € H'(Q,A'"1), then there exists w €
H5TH(Q, A1) such that w = dw, and there is a constant C independent of u and v with

[wll =10y < C ([ull sy + 0l He()) -
(b) Ifu € H%(]R”,Ae) satisfies u = dv for some v € H%(R",Ae_l), then there exists w €
H%H(R", A such that w = dw, and there is a constant C' independent of w and v with

lwll a1 gny < C (Jlull grsgny + [0 e rny) -
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Proof: (a) If u = dv, then with v = dRy_1v + Redv + Ky_1v we get u = d (Ryu + K¢_1v),
and w = Ryu + K, v belongs to H*T1(Q, A1) if u € H*(Q, AY). The estimate follows from
the fact that Ry is of order —1 and that K,_; maps H*(Q, A*~!) continuously to H**1(€, A¢~1)
for any s and t.

(b) Likewise, u = dv implies u = dw with w = Tpu + Lyyv € HEP(R™, AT if u €
HE(R™, AY). a

Next we consider the special case of relations (4.6) where du = 0.

Corollary 4.8 Let € be a bounded Lipschitz domain in R". Forany s € Rand 1 < { < n we
have:

(@ ueH A, du=0inQ = wu=dRu+Kmu in Q
Here Ryu € H*TH(Q, A1) and Kyu € €°(Q, AY).

(b)) we H%(R”,AZ), du=0inR" =— wu=dlyu+Lu in R"
Here Tyu € H%H(R”, A=Y and Lyu € (R, AY).

For a bounded Lipschitz domain €2, we consider now the cohomology spaces of regularity s of
the two de Rham complexes, without boundary conditions (2.1), and with compact support (2.2).
Thus we introduce the corresponding two variants of the cohomology spaces, without boundary
conditions

_ ker(d: HS(Q,AY) — H*1(Q, A1)

A = 4.9
r@ im(d : HS‘H(Q,Af—l) _ HS(Q,AZ)) 4.9
and with compact support:
ker(d : HE(R™, AY) — H L (R™, A
5 ,(R™) = ( al ) g ( ) 4.10)

im(d : HZT(R?, A1) — HE(R™, AY))

Here we can consider the full range 0 < ¢ < n, if we complete the complexes by 0 as we did in
(2.1) and (2.2).

Theorem 4.9 Let 2 be a bounded Lipschitz domain in R", and let 0 < £ < n.
(a) For any s € R, the exterior derivatives

d: HPHQ,AY — H3(Q, A9 and d: HZ' (R, A7) — HE(R", A"

define bounded operators with closed range dH*t1(Q, A“™ 1) and dH%H(R", AT
(b) The dimension of ,°(Q2) is a finite number b, independent of s € R. Moreover there is a
be-dimensional subspace 7(Q) of € (Q, AY) such that, for all s € R,

ker(d L H (9, AY) — Hs—l(Q,A”l)) = dH* QA @ Q). @.11)

That is, for any u € H*(Q, AY) satisfying du = 0 in Q, there exist v € H*TH(Q,A") and a

unique w € (), such that

u=dvt+w with |[v|gs+iq) + |lwllgs@) < Csllullps@) -
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(¢) The dimension of f%%s K(R”) is a finite number be independent of s € R. Moreover there is a
by-dimensional subspace Ha (R™) of €57 (R", AY) such that, for all s € R,

ker(d . HA(R™, AY) — Hgl(R",A“l)) = dHZ R AT @ g (RY). (412)

That is, for any u € H%(]R”, AY) satisfying du = 0 in R", there exists v € H%H(R”, AT and
a unique w € g ,(R™), such that

u=dv+w with |Jv]|gsi1gn) + [|w[lgs@ny < Csllullgsmn) -
(d) The dimensions by and Z)g are related by

bys = by .

Proof: We give the proof for the case without boundary conditions. The proof for the case with
compact support is similar if one takes into account the mapping properties of the operators Ty
and L,.

Fix £ € {0,...,n}. For s € R, define
N; =ker(d: H¥(Q,AY) — H7H(Q,AT))
with in particular, N7 = H*(2, A™). This is a closed subspace of H*(£2, A), and for the study of
the range of d, we can replace H**1 (2, A“~1) by the quotient space
f—
Xpo = 1 QAT /N

with its natural quotient norm. We will now study the properties of d as a mapping

d: X;t — N . (4.13)

We know from (4.8) that the nullspace of d is an invariant subspace of the operator Ky, and Ky is
a compact operator in N;. By the same token, K,_; is defined in a natural way on the quotient
space X jfll, and it is a compact operator there.

Also from (4.8) follows that for v € H**1(Q, A*~1) we have
Redu=u— Ky _qu—dRjy_1v =u— Ky;_ju mod N;jll ,

and for v € N; we have
dRw =v — Kyv .

Together, this means that if we consider [y as a bounded operator from Nj to X esfll it defines
a two-sided regularizer (inverse modulo compact operators) of the operator d in (4.13). By the
well-known theory of Fredholm operators, this implies that d in (4.13) is a Fredholm operator. Its
image is therefore closed, which proves point (a), and it has finite codimension, which shows that
7¢,°(12) is finite dimensional.

Let us now define the direct summand .74(€2). Let b, = dim %0. It is a consequence of the above
results that dH' (Q2, A~1) has a by-dimensional direct summand, say (2, A*) in N?. That is

NY = dHY(Q, A" @ 2(Q,AY) .



4.3 BOUNDED LIPSCHITZ DOMAINS 20

Define ~
H(Q) = Ko (Q, ) € €°(Q,A") .

Then, by (4.8), #(2) C Nj for all s. Moreover dH*T1(Q, A1) N J4(Q) = {0}. To see
this, suppose that dv = Kyw where v € H*T1(Q, A1) and w € 2(Q, AY). Thus, using (4.6),
d(Rydv + Ky_1v) = w — dRyw and hence du = w where u = R;Kyw + Ky_1v + Ryw €
F°(Q, A1) ¢ HY(Q, A1), So, by the definition of #(2, AY), w = 0 and then again, dv =
Kyw = 0. In a similar way, we can show that K is one—one on .57;(2), so that dim .5(2) = b,.

We next prove (4.11). Given u € Nj, write u = dRyu + K¢(dRyu + Kpu). Now Kyu €
€>°(Q, AY) c HO(2, AY), so by the definition of .77 (2, A?), we can write

Ku=dv +w'  with o € H(Q,A"Y), w' € 2 (Q,AY) .

Hence u = dv +w withv = Ryu+ Ky, 1 Ryu+ K, v’ € HTH(Q, AT, w = Kow' € 7#4(Q),
and [[v]| =1 + [[w]| s < Csllullgs.

It is a consequence of (4.11) that 7;°(£2) is isomorphic to .#(€2), and hence dim 7*(Q) = by
for all s.

To prove part (d), observe that
. s V4 s—1 {+1 - _ —s+1 n Al+1
ker(d: H*(Q,A%) — H*H(Q,A") —5H§ (R™, A"
= «dHZ*'(R", A1)

and

S - L —S n n— —S— n n—

{dHH(Q, A1)} = *ker(dzﬂﬁ (R",A"Y) — H-*"'(R", A ”1)) .

Therefore, by duality,
ker(d : H5(9, AY) — Hs—l(Q,AfH))
im(d: H5T1(Q, A1) — H5(Q, AY))

ker(d : Hg®(R", A"~*) — H_*"H(R", Am=t41))
e dlm . g—zs—f—l y=) (9] — ;
im(d : Hy""H (R, An—t-1) — H_S(Rn, An-t))

= Bn—ﬁ .

Remark 4.10 When ¢ = 0, then
H5(Q) = ker(d : H¥(Q,A°) — H*'(Q,A")) =R (the constant functions) and
My o(R") = ker(d : Hy(R",A%) — HEH(R", A1) = {0}
s0, by duality,
dH*TH(Q, A" = H*(Q,A") . 4,(Q) = {0},
dHZTHR, A = {u € HG(R",A") : [u=0},

and %, (R™) can be taken to be {cL,1g | ¢ € R} where 1g is the characteristic function of Q.
Therefore by = En =1landdb, = l~>0 =0.
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When 1 < ¢ < n — 1, we can take .7 (€2, A?) to be the orthogonal complement of dH (2, A
in N?, so that

H5(Q) = Kp{u € L*(Q,A") | du = 0,6u=0and v Ju = 0on dQ},
Similarly we can take
Ha(R") = L&{u € L2, A" | du=0,6u=0and v A u = 0 on 90}

where & : L?(Q, AY) — L?(R, A?) denotes extension by zero.

The integers by are the Betti numbers of (2. JAN
Note that the sequence of Betti numbers by, . .., b, will in general be different from the se-
quence by, .. ., b,. For example, for the standard torus embedded in R3, one finds without diffi-

culties the two sequences 1,1,0,0 and 0,0, 1,1, and for the ball with a hole B2(0) \ B1(0), one
gets the two sequences 1,0,1,0 and 0, 1,0, 1.

Classically, one considers the de Rham complexes for differential forms with smooth coeffi-
cients

0 — €AY L @@ A L ... L@@ A" — 0 (4.14)
and
0 — E(R"A%) L G2R, AN Lo L GRRYL AT - 0 (4.15)

With the same arguments as in the preceding proof one can see that the associated cohomology
spaces are isomorphic to those with finite regularity considered in Theorem 4.9. It suffices to
notice that pseudodifferential operators map 6 °° functions to ¥ functions.

Corollary 4.11 Let ) be a bounded Lipschitz domain in R™ and 0 < £ < n .
(a) The cohomology space without boundary condition

ker(d : €°(Q,A") — €°(Q, A1)

im(d - (0, A1) — o (0, AD))

of the de Rham complex (4.14) has dimension by and is isomorphic to 7;(Q). There is a splitting
ker (d LG, A — €0, A”l)> = dE @A) @ 4O
(b) The cohomology space with compact support

ker(d : €°(R", AY) — €°(R™, A1)
im(d : €2°(R", A1) — €°(R", AY))

of the de Rham complex (4.15) has dimension Z;g and is isomorphic to E(R"). There is a
splitting

ker(d:%ﬁoo(R”,Ag) = %g(R”,M“)) = dE(R"ATY) © A, (RY).
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Remark 4.12 All the results of this section remain valid when H* is replaced by B, 0<p<
00,0 < g < o0),orby F5 (0 <p<o00,0<q<o00).
We make the following additional comments.

In Corollary 4.7, all that is required of v is that, in part (a), v be the restriction to €2 of a distribution
(with compact support) on R”, while in part (b), v be a distribution on R™ with support in €.
Indeed, it is well known that distributions with compact support are of finite order, so there exists
then a finite index ¢ such that v belongs to one of the spaces required in the corollary.

The dimension of the cohomology spaces .7;°(2) and %%3 »

H?, are still equal to b; and b;. A

defined using By, or I, in place of

We conclude by mentioning that we have now proved Theorem 1.1, stated in the Introduction.
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